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Preface. 

"The  unity  of  nature  is  discovered  in  the  "remarkable  analogy"  of 
differential  equations,  which  relate  to  the  different  regions  of 
phenomena". 

V.  I.  Lenin. 

A  rise  in  productivity  of  labor/work,  which,  regarding  V.  I. 
Lenin,  is  "...  in  the  latter/last  calculation,  most  important, 
important  itself  for  the  conquest  of  the  new  social  system",  1  is 
based  first  of  all  on  the  overall  automation  of  production  processes. 

FOOTNOTE  1 .  V.  I.  Lenin.  Complete  collections  of  works  Vol .  39,  page 
21.  ENDFOOTNOTE. 


The  automation  of  production  stipulated  the  rapid  development  of 
the  theory  of  automatic  control,  which  on  the  eyes  of  one  generation 
had  time  to  occupy  its  honorary  place  in  one  series/row  with  the  long 
ago  prevailing  "classical"  sciences,  after  soaking  into  itself  their 
best  achievements  and,  first  of  all,  the  results,  obtained  in  the 
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region  the  theory  of  differential  equations.  However,  already  it  was 
established/installed  at  the  glow  of  the  development  of  the  theory  of 
automatic  control  that,  besides  the  simplest  linear  systems,  the 
nonlinear  automata  control  systems  possess  the  large  prospects  for 
practical  use/application.  Moreover,  in  a  number  of  cases  they  can 
ensure  the  considerably  better  quality  of  control.  Therefore 
nonlinear  automatic  control  systems  were  the  object/subject  of 
numerous  experiments. 

Page  6 . 

In  the  theory  of  nonlinear  systems  the  problems,  connected  with 
analysis  and  synthesis  of  systems  taking  into  account  the  interaction 
of  random  disturbances,  at  present  occupies  the  central  place.  This 
region  of  research  was  called  the  statistical  dynamics  of  nonlinear 
automatic  control  systems.  Statistical  analysis  and  synthesis  of 
dynamic  systems  and,  in  particular  automatic  control  systems,  has 
great  practical  value  because  the  real  functioning  of  these  systems 
always  occurs  under  the  conditions  of  the  interaction  of  different 
interferences,  which  can  have  a  character  of  external  random 
disturbances  or  be  random  changes  in  the  parameters  of  system. 

Independent  of  the  character  of  interferences,  with  the  synthesis  of 
dynamic  system  computed  values  of  its  parameters  must  be  selected  so 
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that  it  could  in  the  best  way  fulfill  its  functions.  For  the 
automatic  control  system  this  requirement  can  be  reduced,  for 
example,  to  the  guarantee  of  a  minimum  error  in  the  value  of  the 
output  parameter. 

Beginning  from  the  basic  works  of  A.  Ya.  Khinchin  in  the  region 
of  the  theory  of  random  processes  and  work  of  A.  N.  Kolmogorov, 
dedicated  to  the  solution  of  the  problem  of  the  synthesis  of  dynamic 
systems  under  the  random  influences  and  made  even  in  the  prewar 
period,  the  statistical  dynamics  of  automatic  control  systems 
receives  further  development  in  the  numerous  research  of  Soviet  and 
foreign  scientists.  Special  role  in  the  development  of  the 
statistical  dynamics  of  automatic  control  systems  in  the  postwar 
period  belongs  to  V.  S.  Pugachev  and  V.  V.  Solodovnikov,  which  gave 
not  only  further  development  of  theory,  but  also  laid  paths  to  its 
practical  applications/appendices . 

The  tasks  of  the  statistical  theory  of  the  transmission  of 
signals  tightly  border  on  the  classical  tasks  of  statistical  analysis 
and  synthesis  of  automatic  control  systems.  The  gradual  association 
of  the  methods  of  the  solution  of  these  problems  at  present  is 
observed. 

Despite  the  fact  that  the  series/row  of  the  methods  of  analysis 
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and  synthesis  is  worked  out  in  the  region  of  the  statistical  dynamics 
of  nonlinear  systems,  until  this  time  there  >.  re  no  works,  which 
reflect  the  variety  of  these  methods. 

The  proposed  to  reader  book,  entering  the  six-languid  series 
"nonlinear  automatic  control  systems",  sets  as  its  goal  to  a  certain 
extent  to  complete  this  gap/spacing.  The  book  is  the  collective  work, 
whose  authors  took  direct  part  in  creation  and  development  of  the  new 
methods  of  analysis  and  synthesis  of  nonlinear  automatic  systems. 

Methods  of  statistical  analysis  and  synthesis  of  nonlinear 
automatic  control  systems  and  questions  of  the  use/application  of 
digital  computers  for  the  solution  of  practical  problems  are 
presented  in  the  monograph. 

Ye .  Popov . 


B.  Dostupov. 
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Chapter  I . 

Fundamentals  of  statistical  methods  of  the  study  of  nonlinear 
systems, 

1.  Role  of  statistical  methods  in  research  of  automatic  control 
systems. 

Under  the  actual  conditions  to  the  work  of  automatic  control 
systems  besides  useful  input  signals  a  greater  or  smaller  effect  have 
all  possible  random  disturbances  (interference).  Therefore  the  values 
of  the  output  parameters  of  the  systems,  which  subsequently  we  will 
call  output  coordinates,  always  differ  from  computed  values,  found 
for  some  idealized  conditions  for  the  work  of  system.  In  other  words, 
the  real  dynamics  of  automatic  control  system  due  to  the  effect  of 
random  disturbances  differs  from  ideal  (calculated)  dynamics. 

Random  disturbances  with  respect  to  the  system  being 
investigated  can  be  external  or  internal. 

To  the  external  random  disturbances  can  be  attributed  such. 
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which  distort  the  useful  input  signals  (input  coordinates).  Sometimes 
these  disturbances/perturbations  (interference)  can  be  such 
considerable  that  the  straight/direct  use  of  an  input  signal  together 
with  the  interference  proves  to  be  impossible. 

Page  10. 

In  these  cases  it  is  necessary  to  resort  to  the  preliminary 
filtration  of  input  signal  in  order  to  decrease  the  interference 
effects. 

To  the  functioning  of  automatic  control  system  a  definite  effect 
can  have  also  the  probable  deviations  of  the  parameters,  which 
characterize  the  conditions  for  the  work  of  system,  from  their 
computed  values  (deviation  of  temperature,  humidity,  supply  voltages, 
etc.).  We  will  consider  also  such  divergences  external 
disturbances/perturbations . 

To  the  internal  random  disturbances  we  will  carry  such,  whose 
sources  are  laid  in  system  itself  (random  noises  in  the  radio  parts, 
the  divergence  of  the  design  parameters  of  system  from  calculated 
values ,  etc . ) . 

For  the  explanation  of  the  introduced  concepts  let  us  turn  to  an 
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example  of  the  motion. of  aircraft  with-  the  autopilot.  It  is  obvious 
that  with  the  work  of  autopilot  on  each  of- its  inputs  will  enter  to 
one  of  the  angular  coordinates  of  aircraft,  measured  with  certain 
error,  which  in  this  case  plays  the  role  of  input  interference. 
Furthermore,  on  the  motion  of  aircraft  they  will  prove  to  be  effect 
also  environmental  factors,  connected  with  the  state  of  the 
atmosphere  (wind,  the  fluctuation  of  air  density,  etc.).  Such,  factors 
are  the  sources  of  external  disturbances/perturbations.  At  the  same 
time  in  the  autopilot  itself  there  can  be  the  noises  in  the 
amplifiers,  the  divergences  of  gear  ratios  from  the  calculated  ones, 
etc.  These  are  internal  random  disturbances . 

It  is  natural  that  research  of  automatic  control  systems  in  the 
conditions  of  the  interaction  of  random  noise  can  be  realized  only  by 
probabilistic  or  statistical  methods. 

For  brevity  subsequently  we  will  conditionally  call  all  these 
methods  statistical. 

The  need  for  the  account  of  the  effect  of  random  disturbances  on 
the  work  of  automatic  control  systems  stipulated  the  considerable 
volume  of  scientific  theoretical  and  experimental  studies  in  this 
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Especially  numerous  of  the  development  of  statistical  methods 
for  the  linear  automatic  control  systems.  The  solution  of  many 
problems  in  this  region  is  led  to  the  final  results,  suitable  for  the 
use  in  the  engineering  practice. 

The  statistical  methods  of  analysis  and  synthesis  of  nonlinear 
systems  are  worked  out  to  a  lesser  degree,  although  the  size  of  the 
literature  and  in  this  region  at  present  is  sufficiently 
considerable. 

The  for  the  first  time  simplest  tasks  of  the  statistical 
calculation  of  nonlinear  systems  were  examined  in  the  works, 
dedicated  to  research  of  the  transmission  of  signals  in  the  presence 
of  the  interferences,  where  was  investigated  the  transformation  of 
random  functions  by  inertia-free  nonlinear  filters  in  the  open 
circuits  without  feedback  [14]. 

Page  11. 

For  the  study  of  the  special  features/peculiarities  of  the 
passage  of  the  amplitude-modulated  harmonic  signal,  which  enters  the 
input  of  the  inertia-free  nonlinear  detector  together  with  random 
noise,  worked  out  Rice's  method  [79],  who,  however,  leads  to  the 
complicated  results,  expressed  as  special  functions. 
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It  is  necessary  to  make  more  precise  the  determination  of 
nonlinear  system  from  the  point  of  view  of  setting  statistic  studies. 

Nonlinear  we  will  call  such  system,  in  which  between  the  output 
coordinates  and  the  input  random  disturbances  there  are  nonlinear 
dependences. 

During  this  determination  the  system,  linear  with  respect  to  the 
useful  input  signal  and  some  parameters,  the  simplest  first-order 
system,  described  by  the  differential  equation  of  the  form 

1(7*,  + VO*  +  UK  -X 

at  the  initial  condition  Y(0)=0, 

where  T0  -  computed  value  of  time  constant; 

V  -  probable  deviation  of  time  constant  from  the  calculated 
( ideal ) . 

This  system,  obviously,  is  linear  relative  to  the  input  signal  X 
and  it  is  at  the  same  time  nonlinear  relative  to  the  random  parameter 
V,  that  it  is  possible  to  note,  after  recording  the  solution  of  the 
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in  question. 


The  dynamics  of  automatic  control  system  can  be  described  by  the 
set  of  the  differential  equations,  led  to  Cauchy's  form: 


iK, 

dt 

h(y,  Yit. 

■■.Yn,  Xu  Xt  .  . 

•  ,  Xm,  /); 

1 

dY. 

dt 

-  f,(y,  y, . 

■ .  .yn,  x„  x„ . . 

• ,  xm.  ty. 

(i.D 

dY„ 

dt 

-  u  y,  y\. . 

• .  ,  Fni  X„  X,.  . 

■  ■ ,  X„„  /), 

where  Yu  Y2 .  y„—  output  coordinates  of  system; 


A,,  ,V2 . Y„,  —  input  coordinates. 


The  part  of  the  input  coordinates  can  be  random  disturbances. 
Function  f>.  fi . />»  they  can  be  both  the  linear  and  nonlinear. 
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In  the  more  general  case  of  equation  (1.1)  they  can  be  partially 
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replaced  by  some  final  functional  dependences  between  values  Y,  and 
X,  or  by  finite-difference  equations.  However,  whatever  there  was  the 
character  of  these  equations,  in  any  automatic  control  system  there 
is  certain  connect ion/communi cat  ion  between  the  input 
disturbances/perturbations  and  the  output  coordinates: 

Yt  A,(t,  t,  X„  X. . Xm) 

(t  —  1.2 . /»),  (1.2) 

where  .  certain  functional. 

We  will  assume  that  subsequently  relative  to 
disturbances/perturbations  this  functional  is  nonlinear. 

Analysis  and  synthesis  of  the  nonlinear  automatically  controlled 
systems,  which  undergo  the  interaction  of  random  disturbances,  is  one 
of  the  most  complicated  regions  of  the  contemporary  theory  of 
automatic  control.  At  the  same  time  this  region  of  research  in  the 
practical  sense  is  very  important,  since  the  nonlinear  automatic 
systems,  which  possess  a  series/row  of  advantages,  find  ever 
increasing  use  during  the  control  of  different  objects  and  of 
processes. 

Hence  completely  understandably  steady  expansion  and  the 
deepening  of  the  scientific  development  of  questions  of  the  theory  of 
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nonlinear  automatic  control  systems  taking  into  account  the  effect  of 
random  disturbances.  This  region  of  the  research  by  the  statistical 
dynamics  of  nonlinear  systems  briefly  is  called. 

The  methods  of  the  solution  of  the  problems  of  the  statistical 
dynamics  of  nonlinear  systems  depend  on  the  complexity  of  the  system, 
presence  in  it  of  inertial  elements/cells,  and  also  feedback. 
Nonlinear  systems  can  be  divided  into  four  fundamental  classes  in 
accordance  with  the  classification,  represented  in  Fig.  1.1. 
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Fig.  1.1.  Classification  of  nonlinear  systems. 


Key:  (1).  Nonlinear  systems.  (2).  Inertia-free.  (3).  Inertial.  (4). 
Without  feedback.  (5).  With  by  feedback. 

Page  13. 

The  field  of  the  tasks  of  the  statistical  dynamics  of  automatic 
control  systems  at  present  considerably  was  widened  and  it  begins  to 
encompass  not  only  tasks  of  the  accuracy  analysis  of  the  automatic 
control  systems,  but  also  of  task  of  research  of  their  reliability, 
economic  efficiency,  or  questions  of  the  synthesis  of  the  optimum 
control  systems  on  the  base  of  the  use  of  statistical  criteria. 


2.  Characteristics  of  coordinates  and  disturbances/perturbations. 

The  simplest  method  of  the  representation  of  the  random 
functions  and  parameters  is  the  assignment  of  many  of  their 
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realizations  respectively 

X,(s  —  l,  2 . N)  h*h  Vt(s  =1,2 . N). 

Key:  (1).  or. 

During  the  unlimited  expansion  of  the  sample  size  this 
representation  in  the  statistical  sense  can  be  as  to  exact  ones  as 
desired.  However,  the  need  for  the  generation  of  a  large  number  of 
realizations  of  real  random  functions  or  random  variables  is  a 
deficiency/lack  in  the  method.  In  practice  can  be  met  the  cases,  when 
this  generation  will  be  complex  problem  both  in  the  fundamental  and 
in  the  technical  sense.  Therefore  frequently  it  is  necessary  to  be 
limited  to  a  small  number  of  realizations,  in  consequence  of  which 
the  representation  of  the  random  functions  and  parameters  proves  to 
be  very  inadequate. 

I 

The  comprehensive  characteristics  of  the  coordinates  of  the 
automatic  control  system,  and  also  input  disturbances/perturbations 
are  their  distribution  laws.  However,  obtaining  such  laws  is 
conjugated/combined  with  the  great  fundamental  and  computational 
difficulties.  These  difficulties,  when  input 

disturbances/perturbations  are  not  the  random  parameters,  but  the 
random  functions  of  the  time,  any  other  coordinates  of  system  or  to 
their  set,  are  especially  great.  As  the  obvious  case  to  this  random 
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function,  which  depends  on  the  time  and  other  three  coordinates  of 

system,  can  serve  wind  velocity.  Any  of  the  components  of  wind 

velocity  is  changed  randomly  on  the  time,  and  also  in  the  dependence 

on  the  coordinates  of  the  point  of  the  earth's  surface. 

•  ■ 

The  account  of  the  interaction  of  similar  random  disturbances  is 
complicated  by  the  fact  that  the  peculiar  feedback  with  the  random 
transmission  factor  is  established/installed  through  the 
disturbance/perturbation  in  the  system. 

For  the  explanation  let  us  consider  the  axial  motion  of  aircraft 
taking  into  account  the  interaction  of  the  longitudinal  random  wind. 

Let  the  aircraft  move  relative  to  the  Earth  with  a  velocity  of 
dY/dt,  and  wind  velocity  is  equal  to  U(t,Y).  Then  the  velocity  of 
aircraft  v  relative  to  air  flow  (airspeed)  will  be 


Page  14. 

In  the  first  approximation,  the  equation  of  longitudinal 
dynamics  of  aircraft  can  be  recorded  in  the  form 
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where  T  -  given  thrust  of  engine; 

kvJ  -  given  drag. 

For  simplicity  of  value  T  and  k  we  will  assume/set  by  constants. 

Substituting  for  airspeed  v  its  expression,  we  will  obtain 

Fig.  1.2  gives  the  block  diagram  of  the  simulation  of  this 
equation.  Components/ links  1  and  2  ~  integrating.  The  feedback  loop, 
formed  by  components/ links  3,.  4,  5,  6,  includes  nonlinear  element  5, 
and  also  component/1 ink  3,  which  possesses  random  transmission 
factor.  It  is  obvious  that  the  presence  of  this  component/1 ink 
substantially  complicates  the  solution  of  the  problems  of  analysis 
and  synthesis  of  the  system  in  question. 

Random  function  X(t)  can  be  preset  with  the  help  of  the 
multidimensional  distribution  law: 

P,  -  p{x{tx),  x(IJ . X  (/„)).  (1.3) 
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Since  a  number  of  points  t,  virtually  final,  this  representation 
proves  to  be  in  the  general  case  approximate. 

The  use  of  moments/torques  of  the  connection/communication  of 
the  form 

I**  -  M  |X  (/,)  X  (/,) ...  X  (Ol.  M> 

where  point /(j /2  > they  belong  to  the  interval  of  the  assignment  to 
function,  is  the  propagated  method  of  the  assignment  to  random 
function.  Especially  frequently  is  applied  the  simple  assignment  to 
random  function  X(t)  with  the  help  of  the  first  two  moments/torques: 

HX(  ---  \I  (X  (/t)|; 

I*„  *  M  |X  (/,)*  (/,)). 

However,  these  characteristics  only  very  approximately  and 
ambiguously  determine  random  function  X(t).  There  is  a  countless  set 
of  functions  X(t),  possessing  identical  moments/torques  of  the  first 
and  second  order. 


DOC  =  83173401 


PAGE  J* 


Fig.  1.2.  The  block  diagram  of  the  simulation  of  the  axial  motion  of 
the  aircraft:  1,  2  -  integrating  components/1 inks;  3  -  the  nonlinear 
element,  which  forms  the  nonlinear  random  function  U(t,Y);  4,  6  - 
subtracting  components/1 inks ;  5  -  squaring  component/link. 

Page  15. 

Therefore  this  limited  determination  of  random  disturbances  is  hardly 
suitable  for  the  solution  of  the  problems  of  the  statistical  dynamics 
of  nonlinear  systems.  To  more  simply  deal  concerning  the  random 
parameters,  time- independent  and  coordinates  of  system. 

In  practice  frequently  they  attempt  to  avoid  the  straight/direct 
account  of  random  functions,  replacing  by  their  all  possible 
expansions  in  terms  of  the  nonrandom  functions.  In  these  expansions 
the  random  turn  out  to  be  only  the  coefficients,  which  do  not  depend 
on  the  arguments  of  random  function.  It  is  natural  that  this 
representation,  generally  speaking,  will  be  also  approximate,  since 
in  the  actual  conditions  it  is  necessary  to  be  limited  to  a  finite 
number  of  terms  of  the  expansion  of  random  function  in  terms  of  the 
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nonrandom  ones. 

So-called  canonical  expansion  [77]  is  the  propagated  version  of 
the  expansions  of  random  function  in  terms  of  the  nonrandom  ones, 
when  random  function  X(t)  is  represented  in  the  form 

*(/)  +  vi>  (■-«) 

/-i 

where  <t\i (/)(/  =  0,1,..., oo)  —  i nonrandom  (the  so-called  coordinate)  functions 
of  canonical  expansion; 

—  .  random  pair-wise  uncorrelated  coefficients. 

It  is  possible  to  apply  also  all  possible  series/rows  (Fourier, 
Hermite,  etc.).  If  we  bound  the  expansion  of  function  by  certain  X(t) 
n  term,  then  it  will  be  represented  by  set  N  of  random  variables 
(parameters ) 

v»  vv . VN 

and  (N+l)  nonrandom  functions  M>o. 


In  principle  many  random  variables  Vit  Vt .  V.v  can  be  preset  by 

its  multidimensional  differential  law  of  distribution 

Pv  P(*> l.  b, . y,v)- 


(1.0) 
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Instead  of  the  differential  law  of  distribution  (1.6)  for  the 
assignment  of  many  random  variables  V,  it  is  possible  to  use  other 
functions,  for  example,  integral  law  F(v],  u2,...,  vy)  or  the 
characteristic  function  of  the  distribution 


. m 

However,  to  more  simply  assign  the  set  of  the  moments/torques  of 
connection/communication  for  values  V> ,  to  certain  q  order:. 

C .  „  (1.8) 


Page  16. 

It  is  natural  that  as  a  result  of  the  limitation  of  order  q  many 
random  variables  V)  will  be  determined  (preset)  only  approximately. 

Analogous  methods  can  be  applied,  also,  for  describing  the 
output  coordinates  of  system. 
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3.  Versions  of  the  tasks  of  the  statistical  dynamics  of  nonlinear 
systems. 

The  diverse  variants  of  the  formulation  of  the  problems  of  the 
analysis  of  the  statistical  dynamics  of  nonlinear  automatic  control 
systems  are  possible  depending  on  the  method  of  the  assignment  of 
input  random  disturbances  and  form  of  the  representation  of  the 
output  coordinates  of  system.  We  will  be  bounded  only  to  the  most 
widely  used  and  important  in  the  practical  sense  versions. 

Input  disturbances/perturbations  are  preset  in  the  form  of  many 

realizations  Xls  „ .  S)  of  input  random  functions  or 

realizations 

y  /  /  ~  1.  2,  ....  m\ 

‘\s=  1,2,  _ n)  inPut  random  parameters.  This  information  during  the 

infinite  expansion  of  these  sets  is  sufficient  for  determining  the 

laws  of  distribution  of  output  coordinates  *'<('/■» '1,2 .  n)  of  system,  and 

also  single  characteristics  of  these  laws  (moments/torques  of 
connection/communication,  etc.).  Only  finite  number  N  realizations 
virtually  can  be  preset,  the  laws  of  distribution  of  output 
coordinates  they  are  determined  approximately  in  connection  with 
which. 

Are  preset  the  laws  of  distribution  of  input  random  functions 
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iJx  and  parameters  This  information,  as  in  the  preceding  case,  it 
is  sufficient  for  determining  the  laws  of  distribution  of  the  output 
coordinates  of  system,  and  also  their  characteristics. 

Are  preset  the  moments/torques  of  connection/communication  M.t  of 
input  random  functions  or  the  moments/torques  of 

connect ion/communicat ion  of  the  input  random  parameters.  It  is 
obvious  that  in  the  general  case  only  at  the  moments/torques  of 
connection/communication  and  mv  it  is  not  possible  to 

restore/reduce  the  laws  of  distribution  of  output  coordinates,  and  it 
is  possible  to  determine  (and  that  not  always)  only  the  single 
characteristics  of  these  laws. 

For  the  explanation  let  us  consider  the  simplest  example.  Let 
the  element  of  system  be  the  square  law  detector,  described  by  the 
equation 


y  =  kx\ 

where  k  -  constant  nonrandom  coefficient. 

Then  for  determining  M  ( Y 3  it  suffices  to  assign  the 


moment/torque 
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Page  17. 

It  is  obvious  that 

M[.n  =  *|ilx- 

However,  for  determining  the  dispersion  D  [Y]  it  is  necessary, 
besides  ju*.  to  assign  even  and  the  moment/torque 

ji4X  .  M  [X*l. 

since 

D  m  =  M  [P]  -  (M  [Y])*  =  M  -  (k^xy  =  V  (|»4*  -  Ax)- 

There  are  systems,  for  which  with  the  fact  or  another 
approximation/approach  the  law  of  distribution  of  the  output 
coordinate  .Y  can  be  determined  according  to  the  characteristics  (but 
not  to  the  distribution  laws)  of  input  random  disturbances.  For 
example,  in  the  linear  systems  with  a  large  number  of  small  input 
disturbances/perturbations,  which  operate  independently  and  having 
one  order  of  smallness,  the  law  of  distribution  of  output  coordinate 
can  be  close  to  the  normal  despite  the  fact  that  the  laws  of 
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distribution  of  input  random  disturbances  can  be  distant  from  the 
normal  ones.  Analogous  effect  can  sometimes  be  observed,  also,  in  the 
nonlinear  systems.  However,  this  question  is  not  thus  far  yet  worked 
out. 


The  classification  of  the  basic  versions  of  the  tasks  of  the 
statistical  dynamics  of  nonlinear  systems  depending  on  the  form  of 
the  assignment  of  the  input  random  disturbances  X  and  V  and  the  form 
of  the  representation  of  the  output  coordinates  Y  is  given  in  table 
1.1.  In  this  table  signs  "+"  and  "X"  designated  the  versions  of 
tasks,  which  make  sense.  The  special  versions  of  the  tasks,  when  the 
law  of  distribution  of  output  coordinate  must  be  determined  at  the 
moments/torques  of  the  connection/communication  of  input 
disturbances/perturbations,  are  designated  by  sign  "X".  In  all  in  the 
table  are  contained  16  versions  of  tasks.  Let  us  note  that  each 
version  of  task  can  be  realized  for  any  of  four  classes  of  the 
nonlinear  systems,  designated  in  Fig.  1.1. 
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"table  X.l. 


•iKipM*  UpeACTB MftMtt N  MMOAHUI 

CX) 

top**  »tinM  uoaNua 

ikyHHim*  n  iiaiwwrriiua 

MOO PAM MAT 

(0 

V‘l 

px 

*x 

Mv 

PeuiHaauHH  Y  (?) 

+ 

+ 

+ 

+ 

SaKOHbi  pacnp«AweHHn  Py  (h)  ' 

+ 

■ 

+ 

1 

+ 

+ 

X 

X 

Momchtu  M  y 

+ 

+ 

+ 

+ 

+ 

+ 

Key:  (1).  Form  of  the  representation  of  output  coordinates.  (2).  Form 
of  assignment  of  input  random  functions  and  parameters.  (3). 
Realizations.  (4).  Distribution  laws.  (5).  Moments/torques. 

Page  18. 

Thus,  in  the  full/total/complete  examination  of  the  tasks  of  the 
statistical  dynamics  of  nonlinear  systems  within  the  framework  of  the 
classification  accepted  necessary  to  investigate  16x4=64  the  diverse 
variants  of  tasks  which  must  be  further  varied  depending  on  the 
stated  goal  (analysis  or  the  synthesis  of  system),  the  form  of  the 
nonlinear  elements/cells,  connected  with  the  system,  the  type  of 
feedback,  order  of  system,  etc.  It  is  obvious  that  this  presentation 
of  the  statistical  theory  of  the  dynamics  of  nonlinear  automatic 
control  systems  would  be  inadmissible  to  bulky  ones  and  tiresome 
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ones.  Since  one  and  the  same  method,  as  a  rule,  is  applied  for 
solving  the  series  of  problems  of  statistical  dynamics,  is  more 
expedient  to  use  a  classification  not  of  tasks  themselves,  but 
methods  of  their  solution.  In  this  case  the  presentation  of  theory 
acquires  large  purposefulness  and  generality. 

Let  us  consider  the  fundamental  methods  of  the  statistic  studies 
of  nonlinear  systems  briefly,  bearing  in  mind  that  their 
comprehensive  illuminat ion  is  given  in  the  appropriate  chapters. 

4.  Fundamental  methods  of  the  statistic  studies  of  nonlinear  systems. 

Method  for  statistical  testing  (Monte  Carlo  method)  [15,  16].  At 
present  the  method  for  statistical  testing  solidly  entered  into  many 
regions  of  scientific  research.  It  obtained  use/application,  also, 
during  the  solution  of  the  problems  of  the  statistical  dynamics  of 
nonlinear  automatic  control  systems.  Its  essence  is  reduced  to  the 
input/ introduction  of  the  random  realizations  of  input  random 
functions  X„  or  parameters  V„  to  the  appropriate  inputs  of  the 
system  being  investigated. 

One  realization  of  input  disturbance/perturbation  must  be  given 
for  each  of  the  inputs  of  system  during  one  testing,  in  this  case  the 
realization  of  each  of  the  output  coordinates  will  be  obtained. 
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Repeating  similar  tests  repeatedly,  we  will  obtain  the  set  of 
realizations  for  each  of  the  output  coordinates.  Subjecting  further 
these  sets  to  statistical  processing,  we  determine  the  laws  of 
distribution  of  output  coordinates  or  that  are  simpler,  the  single 
characteristics  of  these  laws. 

The  physical  or  mathematical  simulation  of  the  random  functions 
and  parameters  is  applied  for  reproduction  and  input/ introduction  of 
input  disturbances/perturbations  together  with  the  use  of  real 
recordings  of  their  realizations.  For  this  purpose  is  created  a  large 
number  of  diverse  physical  sensors  of  random  functions  and  random 
variables,  and  also  programs  for  obtaining  on  the  computer (s) 'of  the 
so-called  pseudorandom  numbers,  on  base  of  which  are  synthesized  the 
realizations  of  the  random  functions  (see  Chapter  XI). 

Page  19. 

Universality  and  simplicity  are  the  obvious  advantages  of  the 
method  for  statistical  testing.  Method  can  be  used  in  connection  with 
any  nonlinear  systems,  the  fundamental  complexity  of  method  not 
depending  on  the  complexity  of  the  very  control  system. 

Method  allows/assumes  the  use  not  only  of  mathematical  models  of 
systems,  but  also  half-scale  models,  which  contain  the  single  units 
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of  system.  In  the  principle  the  method  can  be  realized  directly  on 
system  itself,  if  only  it  is  technically  possible  the 
input/ introduction  of  different  random  disturbances  into  system  and 
change  in  its  parameters. 

The  need  for  the  accumulation  of  the  large  files  of  information 
about  the  output  coordinates  of  system  at  the  same  time  is  a 
deficiency/lack  in  the  method  for  statistical  testing,  which  is 
connected  with  the  fulfillment  of  the  considerable  space  of 
computations.  In  order  to  obtain  the  laws  of  distribution  of  the 
output  coordinates  of  system  or  at  least  their  single  characteristics 
with  the  accuracy  acceptable  for  the  practice,  are  required  to 
compute  hundred  even  thousands  of  values  of  these  coordinates. 

In  this  case  one  should  stress  that  with  an  increase  in  the  size 
of  statistical  sample  together  with  an  increase  in  the  degree  of 
confidence  in  the  correctness  of  the  determination  of  result  it  will 
always  remain  and  the  certain  degree  of  the  risk  of  obtaining 
erroneous  data. 

The  necessary  evaluations/estimates  can  be  made  on  the  known 
statistical  criteria.  Without  stopping  on  this,  let  us  only  stress 
that  it  is  desirable,  after  preserving  simplicity  and  universality  of 
the  method  for  statistical  testing,  to  decrease  the  space  of  the 
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necessary  computations  and  to  be  freed  from  the  statistical 
uncertainty/indeterminacy  of  the  obtained  results.  To  a  certain 
extent  the  methods  of  the  equivalent  disturbances/perturbations  (see 
Chapter  IV,  V,  VI)  satisfy  these  requirements. 

Methods  of  equivalent  disturbances/perturbations.  The  essence  of 
these  methods  is  reduced  to  the  fact  that  instead  Of  the  random 
realizations  of  parameters  Vu  of  the  utilized  in  the  method 
statistical  tests,  previously  are  designed  nonrandom  values  (j=l, 
2,  . . . ,  m;  s-1,  2,  ...,  N) ,  called  equivalent 
disturbances/perturbations. 

Equivalent  disturbances/perturbations  are  input /embedded  to 
the  appropriate  inputs  of  the  nonlinear  system  being  investigated,  in 
this  case  by  computations  or  simulation  are  determined  some  values 
Y,  of  output  coordinate.  The  unknown  probabilistic  characteristics  of 
coordinate  Y  are  formed/shaped  from  values  Z* 

It  is  obvious  that  the  fundamental  task,  which  appears  in  the 
methods  of  equivalent  disturbances/perturbations,  is  this 
determination  of  values  with  which  it  would  be  provided  simplicity 
of  the  computation  of  the  unknown  probable  characteristics  of  the 
output  coordinates  of  system  it  would  be  required  a  comparatively 
small  number  of  solutions  of  the  equations  of  the  control  system 
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being  investigated. 

The  aforesaid  let  us  clarify  by  the  simplest  example. 

Page  20. 

Let  us  assume  that  is  examined  the  system  with  one  random 
parameter  V,  functional  connection  of  which  with  the  output 
coordinate  can  be  with  a  sufficient  accuracy  described  by  the 
quadratic  polynomial  of  the  form 

Y  =  A  +  BV  +  CV\  .  (1.9) 

where  A,  B  and  C  -  nonrandom  constant  or  variable  coefficients. 

Let  us  pose  the  problem  of  determining  the  mathematical 
expectation  M  [Y]. 

If  for  the  solution  of  this  problem  of  using  the  method  for 
statistical  testing,  then  it  is  necessary  to  input/embed  the  random 
realizations  of  parameter  V  and  after  accumulating  statistical 
material  to  value  Y,  further  from  the  ordinary  formulas  of 
statistical  processing  of  values  to  find  M  [Y]. 


Let  us  solve  this  task  by  the  method  of  equivalent 
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disturbances/perturbations . 

Let  us  assume  for  simplicity  that  M  [V]  =0.  This  assumption, 
obviously,  will  not  break  the  generality  of  reasonings. 

Passing  in  recorded  functional  dependence  (1.9)  to  the  right  and 
to  the  left  of  the  random  variables  to  their  mathematical 
expectations  we  will  obtain 

Mi/]  =  A  +  C<tv,  (1. 10) 

where  av— <the  root-mean-square  deviation  of  value  V. 

In  order  to  compute  M  [Y]  according  to  this  formula,  it  suffices 
initial  dependence  (1.9)  to  substitute  only  two  different  values  of 
value  v,  namely: 


Si  —  +  <Jv; 

S,  =  —  ov 


As  a  result,  of  such  substitutions  we  will  obtain 

Yi  —  A  -f-  Bov  -f-  Coy! 

Y%  —  A  —  Bov  -|-  Coy  • 
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After  determining  the  average  of  values  Yt  and  Y,,  let  us  find 


A  +  Co*. 

2 


Comparing  this  expression  with  expression  (I. 10),  obviously,  we 
can  record 


M[K| 


Page  21. 

Thus,  as  a  result  only  of  the  two  substitutions  (but  not  hundred 
or  thousand,  as  in  the  method  for  statistical  testing)  is  obtained 
the  exact  value  M  [Y].  Values  i- j  and  in  this  case  are  equivalent 
disturbances/perturbations . 

On  the  basis  of  this  example  it  is  possible  to  do  only  the 
conclusion  that  there  are  tasks,  for  solving  which  the  method  of 
equivalent  disturbances/perturbations  proves  to  be  more  effective 
than  the  method  for  statistical  testing. 

In  actuality  there  are  borders,  with  which  the  method  of 
equivalent  disturbances/perturbations  retains  its  advantages  [34]. 
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The  method  of  determining  the  equivalent 
disturbances/perturbations  presented  is  not  single.  Depending  on  the 
method  accepted  appear  the  numerous  varieties  of  the  methods  of  this 
group. 

Method  of  statistical  linearization.  At  the  basis  of  the  method 
of  statistical  linearization  lies/rests  the  idea  about  the 
possibility  of  this  replacement  of  the  nonlinear  elements  of  the 
automatic  control  system  by  some  linear  components/1 inks,  in  which 
the  statistical  characteristics  of  output  coordinates  would  coincide 
with  the  analogous  characteristics  of  nonlinear  elements  or  they 
would  be  close  to  them. 

For  the  explanation  let  us  consider  the  nonlinear  element,  which 
is  described  by  the  equation 

Y  =  F(X),  (Ml) 

where  F  -  nonlinear  function. 

Let  us  assume  that  law  p(x)  of  distribution  of  the  random  input 
coordinate  X  is  preset.  Then  the  mathematical  expectation  of  the 
output  coordinate  Y  is  equal 
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ay  -  Ml Y)  -  \  F(x)p(x)dx,  ..(1.12) 

»  — ® 

but  the  dispersion 

+« 

Dy  =D|K|  =  M|y*|-fiv=  j  P(x)p(x)dx  —  a}.  (1.13) 

*  —  00 

Let  us  replace  nonlinear  element  with  certain  linear,  after 
preserving  input  and  output  coordinates,  i.e.,  let -us  take  the 
component/ link,  described  by  the  equation 

Y~kX,  (l-14) 

let  us  select  coefficient  of  k  so  that  the  moments/torques  of  the 
first  and  second  orders  would  preserve  their  values,  i.e.,  they  would 
be  as  before  equal  to  ar  and  fV' 


Page  22. 

On  the  basis  of  equality  (1.12)  and  (1.14)  let  us  find 

ay  =  kax  =  \  F  (x)  p(x)dx\ 


DOC  =  83173401 


PAGE  jfj 


hence 


+OQ 

J  F(x)p(x)ix 


(1. 15) 


Further  from  expressions  (1.13)  and  (1.14)  we  will  obtain 

+CO 

Dy  ~  k*Dx  =  j  Ft(x)p(x)dx^  a}; 

— <ao 

4*00 

J  F*(x)p(x)dx—<tY 


It  is  obvious  that  the  values  of  coefficient  of  k,  found  from 
formulas  (1.15)  and  (1.16),  in  the  general  case  do  not  coincide, 
i.e.,  for  computing  of  mathematical  expectations  and  dispersions  it 
is  necessary  to  choose  different  linear  components/1 inks .  However, 
this  is  not  so  essential  a  difficulty.  That  is  important, 
coefficients  k  can  be  determined  for  the  preset  form  of  nonlinearity 
F(x)  and  the  preset  law  of  distribution  of  input  coordinate,  i.e., 
the  statistical  linearization  of  nonlinear  elements  is  possible. 


Let  us  note  that  it  is  possible  to  require  instead  of  the 
register  of  the  moments/torques  of  the  output  coordinates  of 
nonlinear  and  linear  components/1 inks  so  that  only  the  sufficient 
approximation/approach  of  these  coordinates  would  be  realized.  One  or 
the  other  variety  of  the  methods  of  statistical  linearization  can  be 
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obtained  depending  on  the  selected  method  of  approximation/approach. 
Since  in  the  real  automatic  control  systems  usually  are  linear  and 
nonlinear  elements,  the  methods  of  statistical  linearization  give  the 
possibility  to  replace  the  nonlinear  systems  with  linear  ones,  to 
which  can  be  used  the  detailed  methods  of  analysis  and  synthesis  of 
linear  systems.  In  this  the  fundamental  advantage  of  the  methods  of 
statistical  linearization. 

The  moments/torques  of  higher  orders  can  be  taken  into 
consideration  in  principle  during  the  statistical  linearization. 

However,  during  the  practical  use  of  methods  of  statistical 
linearization  can  arise  the  difficulties,  connected  with  the  fact 
that  law  p ( x )  of  distribution  of  coordinate  X  is  not  always  known 
previously,  but  it  must  be  determined  in  the  process  of  research  of 
automatic  control  system.  This  difficulty,  which  is  especially 
developed  during  the  research  of  looped  systems,  nevertheless  can  be 
surmounted.  In  more  detail  this  question  will  be  examined  in  chapter 
II. 


The  methods  of  statistical  linearization  are  generalized  both  to 
the  components/1 inks  with  many  input  parameters  and  also  to  the 
inertial  components/1 inks . 
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Exact  analytical  methods.  Weight  the  enumerated  above  methods  in 
the  general  case  are  approximate.  Of  great  interest,  especially  for 
the  theory,  is  the  development  of  the  exact  methods  of  the 
statistical  dynamics  of  nonlinear  systems.  Unfortunately,  this  task 
proves  to  be  extremely  complicated.  Especially  it  is  complicated  in 
that  version  of  its  setting,  when  input  disturbances/perturbations 
are  preset  in  the  form  of  random  functions,  i.e.,  when  even  the  exact 
assignment  of  quite  input  disturbances/perturbations  in  general  form 
is  not  worked  out.  Therefore  we  will  be  bounded  to  the  simpler 
version  of  setting  the  task,  when  to  the  inputs  of  the  nonlinear 
system,  described  by  equations  (1.1),  are  fed  not  random  functions 
Xj  (j*l,  2,  . . . ,  m) ,  but  random  parameters  ^  (j*l,  2,  . . . ,  m) .  Let 
us  assume  also  that  the  law 


Po(*/ia>  !/io<  i  y, i O'  yt>  Vv  ■  ■  •  >  vm ) 

is  known  allocation  of  parameters  V,  and  initial  conditions 

y i  (0)  -  Yia  (»  -  1.2 . n). 

Upon  this  setting  it  is  possible  to  determine  the  law  of 
distribution 


p(i/».  . yn .  v«.  »* . l’».) 
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of  output  coordinates  w(i*l,  2,  n)  system  in  the  form  of  the 

integral  of  certain  linear  differential  equation  in  the  partial 
first-order  derivatives,  which  has  form  [27] 

i  I  V/.JL  |.pViL  0,  (1.17) 

Ot  dy/  p *  dui 

where  /,—  nonlinear  functions,  which  figure  in  the  system  of 
equations  (1.1),  which  corresponds  to  the  automatic  control  system 
being  investigated. 

Unfortunately,  the  cases,  when  the  exact  solution  of  equation 
(1.17)  can  be  obtained,  virtually  are  encountered  extremely  rarely. 
In  general  form  to  integrate  this  equation  is  possible  only  with  the 
help  of  the  approximate  numerical  methods,  i.e.,  is  created  the 
position,  in  which  the  task,  solved  in  principle  accurately,  cannot 
be  led  to  the  accurate  numerical  results,  and  method  as  the  final 
result  is  approximate.  Moreover,  if  we  take  into  account  that  during 
the  solution  of  equation  (1.17)  it  is  possible  to  use  the  equivalent 
system  of  ordinary  differential  first-order  equations,  which  in  this 
case  coincides  with  system  (1.1),  then  further  procedure  of 
computations  will  be  reduced  to  substitution  into  system  (1.1) 
instead  of  the  input  random  parameters  of  the  series/row  of  their 
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nonrandom  realizations.  This  procedure  of  computations  is  analogous 
to  the  application  of  the  method  of  equivalent 

disturbances/perturbations.  In  more  detail  the  development  of  method 
examined  in  chapter  VII. 


end  section. 
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Chapter  II. 

Calculation  of  control  processes  in  nonlinear  systems  by  the  method 
of  statistical  linearization. 

1.  Statistical  linearization  of  nonlinearity. 

In  this  chapter  we  will  be  bounded  to  the  examination  of  the 
widespread  class  of  the  control  systems  with  the  lumped  parameters, 
which  work  in  the  continuous  or  discrete  modes/conditions  during  the 
random  disturbances.  In  the  theoretical  examination  all  nonlinear 
properties  of  such  systems  are  conveniently  related  to  the 
inertia-free  nonlinear  elements/cells  ( components/1 inks ) , 
characterized  by  the  functional  connections  between  the  variables 
without  the  time  lag.  These  functional  connections  between  the 
variables  of  nonlinear  elements/cells  are  called  their 
characteristics,  and  elements/cells  themselves  -  nonlinearity.  Signal 
lag  during  the  transformation  by  its  system  let  us  relate  completely 
to  the  linear  inertial  parts  ( components/1 inks ) .  Consequently,  any 
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continuous  or  discrete  system  can  be  considered  consisting  of  the 
connect/ joined  together  linear  systems  and. the  nonlinear 
elements/cells . 

Page  25. 

Nonlinearity  in  the  automatic  systems  with  a  small  range  of  a  change 
in  the  input  signal  can  be  replaced  by  nonlinear  elements/cells.  On 
the  high  input  signal  level  in  the  nonlinear  elements/cells  their 
substantially  nonlinear  properties  (for  example,  the  limitation  of 
output  signal)  are  developed.  In  these  cases  it  is  necessary  during  • 
the  calculation  of  system  to  take  into  account  the  effect  of 
nonlinear  characteristics  or  to  design  system  so  that  the  processes 
in  the  system  would  proceed  in  the  range  of  their  linearity.  The  part 
of  the  elements/cells  has  in  principle  nonlinear  characteristics  with 
any  input  signals.  In  this  case  for  some  nonlinearity  output  variable 
can  depend  not  only  on  the  value  of  input  variable,  but  also  on  the 
direction  of  its  change  (ambiguous  characteristic).  The  presence  of 
such  fundamental  nonlinearity  in  the  system  changes  not  only  the 
quantitative  characteristics  of  processes  in  it,  but  it  is  possible 
to  lead  to  the  appearance  of  the  qualitatively  new  processes,  which 
are  not  characteristic  to  linear  system. 

Let  us  consider  the  tasks  of  the  evaluation  of  the  accuracy  of 


DOC  =  83173402 


PAGE 

reproduction  and  transformation  of  the  preset  or  random  useful 
signals  in  the  presence  of  interferences,  accuracy  of  control 
processes  under  the  effect  of  random  disturbances  and  with  a  random 
change  in  the  parameters  of  system,  and  also  task  of  the  study  of 
oscillations  during  the  random  disturbances.  Let ’us  use  the  method  of 
statistical  linearization  for  the  solution  of  the  enumerated  problems 
in  the  nonlinear  systems. 

In  the  automatic  systems  is  most  widely  used  single-valued 
inertia-free  nonlinearity,  characterized  by  the  nonlinear  dependence 
of  the  general  view  between  by  the  variables  Y  and  X: 

Y  ~F(X).  (II.  I) 

Let  the  input  random  signal  X(t)  be  represented  in  the  form  of 
the  sum  of  mathematical  expectation  mx(t)  and  central  component 
X#(t),  i.e. 

X(/)  =  mx(0  +  X'(0.  (II.  2) 

The  method  of  the  statistical  linearization  of  nonlinearity  is 
of  the  replacement  of  the  nonlinear  function  F  the  linearized 
dependence  equivalent  in  the  probability  sense  between  random 
variables  X*  and  Y: 

(H.3> 


K«F,  +  W*. 
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Function  F„  is  the  statistical  (average/mean)  characteristic  of 
nonlinearity;  kj  -  statistical  factor  of  amplification  of  nonlinear 
element/cell  on  random  central  component.  For  the  odd  functions  F 
statistical  characteristic  can  be  represented  in  the  form 

F0  k»mx,  (H.4) 

where  k0  -  statistical  factor  of  amplification  of  nonlinearity  on  the  - 
mathematical  expectation  of  input  signal. 

Page  26. 

Function  Fa  and  coefficients  k0,  kx  are  determined  from  the 
condition  of  the  probabilistic  equivalency  of  functions  (II. 1)  and 
(I I. 3).  The  criterion  of  the  minimum  of  root-mean-square  error  of  the 
approximation  is  simplest: 

a,  =  M{[K  —  F0  —  *,*•]•)  -  min,  (II. 5) 

where  M  -  operator  of  mathematical  expectation. 

We  convert  expression  (1 1. 5)  to  the  form 

a,  r,  M  m  b  Fl  +  k\Dx  —  2Famy  —  2k,M  [KX°|  -  min.  (11.6) 

With  the  the  known  to  M  [Yl],  Dx,  mY,  M  [YX#]  value  a,  is  the 
function  of  parameters  F0,  kx.  Calculating  particular  derivatives  of 
a,  on  F0  and  kl  and  equalizing  to  their  zero,  we  obtain 

F 0  -  mY',  (H-7) 

ki  -  -J—  M  [KX°|.  (II. 8) 

ux 
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It  is  easy  to  demonstrate  that  dependences  (1 1. 7)  and  (1 1. 8) 
provide  the  minimum  of  error  a,  [34]. 

For  computing  the  functions  F,  and  kx  it  is  necessary  to  know 
the  one-dimensional  probability  density  p(x,  t)  of  random. function 
X(t).  In  this  case  formulas  (II. 7)  and  (II. 8)  take  the  form 

F„  j  F  (x)p(x,  t)dx\  (H. 9) 

— « 

Ai  =  j  f(x)(x  —  mx)p{x,  t)dx.  (II.  10) 

— <*> 

The  density  function  of  probability  p(x,  t)  in  the  general  case 
is  previously  unknown.  It  is  at  the  same  time  established/installed 
[34,  69],  that  a  change  in  the  form  of  the  law  of  distribution  p(x, 
t)  does  not  exert  a  substantial  influence  on  function  F,  and 
coefficient  kx.  More  essential  proves  to  be  their  dependence  on 
mathematical  expectation  mx  and  dispersion  Dx  of  random  function 
X(t).  Therefore  in  the  method  of  statistical  linearization  admissibly 
to  approximately  determine  function  F,  and  statistical  factors  of 
amplification  k„,  kx  for  the  equivalent  normal  distribution  law  with 
the  parameters,  equal  to  rnx,  Dx.  Further  foundation  for  this 
assumption  is  also  the  fact  that  the  nonlinear  elements/cells  in  the 
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if 

complex  control  systems  are  connected  with  the  inertial  linear 
networks,  which  normalize  the  law  of  distribution  of  signal.  Let  us 
take  the  law  of  density  distribution  of  probability  in  the  form 


Page  27. 


pW  -  77— ~exP 

y  2nD~ 


The  statistical  characteristic  F#  and  statistical  factors  of 
amplification  k0,  kx  for  any  nonlinear  element/cell  now  can  be 
calculated  previously  and  expressed  through  parameters  mx  and  ux  of 
input  signal. 

Besides  the  nonlinear  elements/cells  of  the  simplest  form, 
described  by  equation  (II. 1),  in  the  automatic  control  systems 
multiplicative  and  other  elements/cells  with  the  more  complicated 
ambiguous  characteristics  are  applied.  Finally,  the  parameters  of 
nonlinear  element/cell  can  be  random.  Therefore  in  the  general  case 
inertia-free  nonlinear  control  components  can  be  considered  as 
multidimensional  functional  dependences  with  nonadditive  correlated 
input  signals  X . .  Xn  [32]: 

Y~F[X, \ . X„).  (11.12) 

where  F  -  arbitrary  single-valued  nonlinear  function. 

By  the  equations  of  form  (11.12)  are  described  also  ambiguous 
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nonlinearity,  for  example  hysteresis  type,  the  depending  on  the 
direction  changes  in  the  input  signal,  if  we  in  a  number  of  arguments 
include/connect  derivative  by  this  variable.  For  the  statistical 
linearization  of  nonlinearity  (11.12)  let  us  represent  output 
variable  in  the  form 

n 

V  /•'„ -H  V  k,X°t.  I  1 . H.  (11.  hi) 

/-i 

The  statistical  characteristic  F„  and  statistical  factors  of 
amplification  kt  let  us  determine  from  the  condition  of  the  minimum 
of  root-mean-square  error  of  the  approximation 


M 


F(Xt . X^-F.-ykX. 

Iasi 


—  min. 


(11.14) 


Applying  the  conditions  of  the  extremum  of  expression  (11.14) 
from  parameters  k(  and  F„,  we  will  obtain  equations  [32] 


'  fu  :-  M[F(X1 . X„)l;  (11.15) 

V  k,Du  -  DFj,  j  =  l . n,  (11.16) 

where  Dit  -  M  [X?  (r)  D,r>  M| FXf(t)\. 


Solving  system  of  equations  (11.16)  relative  to  kit  we  will 
obtain 

kt  -  V(-  1 )‘+/  — f-  DFj,  1 . n, 

&  I 

/'*»  I 

where  A  -  determinant  of  system  (11.16); 


(11.17) 
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■1/  -  the  cofactor  of  the  element/cell  of  the  i  column  of  the  j 
line  of  determinant  A. 


Page  28. 


In  the  special  cases  of  the  uncorrelated  variables,  entering 
dependence  (11.12),  formulas  (11.17)  are  simplified: 


m  ffxj 

k»  — -  /  S3  I,  ,  .  .  , 

1  D,t  ' 


(11.18) 


Let  us  assume  on  the  basis  of  the  same  considerations,  which 
were  expressed  above,  that  the  probability  density  of  the  joint 
distribution  of  variables  Xt,...,Xn  is  normal: 

>{x' . Tabs  “p  [ir]-  "us» 

where  A*  -  bordered  definition,  obtained  from  A  via  adding  of  one  n+1 
column  and  n+1  line  of  terms  . . .  Xn  —  mx„,0. 


Differentiating  expression  (11.15)  for  function  F,  on  m,Y,  under 
the  normal  law  of  distribution  (11.19)  and  comparing  result  with 
formula  (11.17),  we  will  obtain  new  expression  for  the  coefficients 
of  statistical  linearization  [32,  34,  76]: 


‘=> . «• 


(11.20) 


» 
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Let  us  consider  examples  of  nonlinearity  and  their  statistically 
linearized  equivalents. 

Example  1.  Nonlinearity  of  the  type  of  ideal  relay  (Fig.  II. 1) 
Y=h  sign  X.  The  linearized  equivalent  takes  form  Y^Fo+kjX0,  where 
Fo-komx  in  view  of  the  oddness  of  characteristic.  For  computing  the 
function  F,  we  use  formula  (1 1. 9)  under  the  normal  law  of 
distribution  (II. 11)  of  probability  density  p(x): 

f,~  VSB;  j'H 

— oc 
00 

+7SBT.H 

After  the  replacement  of  variable  *—  m x  =.  t  y' we  will  obtain 

i« 

J  * 

nt  y 

V°x 

x  (« 

where  3  dt  ~  function  of  Kramp,  the  table  of  values  of 

o 

which  is  given  in  the  application/appendix. 


V°x  . 
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Fig.  II. 1.  Relay  ideal  characteristic. 
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Coefficient  k0  is  calculated  from  formula  For 

mx 

determining  the  coefficient  let  us  use  formulas  (I I. 10)  at  the  normal 

probability  density  p(x)  or  formula  (11.20).  As  a  result  we  obtain 

2.1 

*1  =  exp 

|/2nDx 

Example  2.  Nonlinearity  of  the  type  of  quadratic  function  (Fig. 
II. 2)  Y=XJ .  The  linearized  equivalent  takes  form  Y=F,+k1X#.  Function 
F0  in  this  case  on  the  basis  of  formulas  (II. 7)  or  (II. 9)  takes  the 
form 

f  i  —  01% -f- Of .  (11.23) 

For  the  determination  of  coefficient  kt  let  us  use  formula 
(11.20).  As  a  result  we  obtain 

*i-2  mx.  (11.24) 

Example  3.  Ambiguous  nonlinearity  (Fig.  II. 3).  This  dependence 


mx 

~20x  • 


(11.22) 
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can  be  recorded  in  the  single-valued  form,  if  we  into  number  of 
arguments  introduce  the  derivative  X: 


Y 


F{X.  X)  = 


h  X>c,  X>0, 
-C<x<c.  X  <  0; 
h—c<x<c,  x>4, 

X<-C,xi  0. 


(11.25) 


Let  us  designate  the  variable  X=Xi  and  X=X,.  Let  us  record  the 


linearized  dependence  in  the  form 
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Y 

t _ 

^  - 

0 

|  „ 

t  *c 

1 _ 

c 

Fig.  II. 3. 

Fig.  II. 2.  Characteristic  of  square-law  function  generator, 
Fig.  II.  3.  Ambiguous  relay  characteristic. 
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For  computing  the  function  F0  let  us  use  formula  (11.15) 

r  -c  c 

=  PixJdxt-h  j  pfxodn+h  j  dxtx 

®  — „  ~r 

x  j  P(*i.  —  j  p(xlt  x%)  dxt 

■  0 


(11.26) 


where 


p(*  i.  <>)’ 


231  VD.X,DX,  —  Dx,x, 


-X 


xe 


00 

j*  p  (Xi.  Jf,)  djc,. 
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After  the  fulfillment  of  the  operations  of  integration  we  obtain 
odd  function  m,: 


Statistical  factors  of  amplification  k0,  kx  and  k,  are 
determined  from  the  formulas 

f*  .  JFn_  dF«_ 

;  kl  "  dmXt  ■  **“  dmXi- 

Example  4.  Multiplicative  type  nonlinearity  Y=X1X1. 

Statistically  the  linearized  equivalent  takes  form  Y-F.+^X* ,+kjX0 2 . 
For  function  F0  and  coefficients  kt  and  k,  in  this  case  we  obtain  the 
formulas 


"x^x,  +  Dx,x,’  *i  “  mx,:  *,  “  mx,. 


(11.28) 


Example  5.  Nonlinearity  of  the  type  of  ideal  relay  with  the 
random  level  of  the  output  signal  Y=Xx  sign  X,.  Statistically 
linearized  equivalent 


Y  *  F0 +  + *2*2  • 


Formula  for  determining  the  function  F,  in  this  case  takes  the 
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The  mode/conditions,  which  was  steady  after  transient  decay 
under  the  continuous  influence  of  stationary  random  disturbances,  is 
one  of  the  characteristic  modes/conditions  of  the  functioning  of  the 
fixed  systems  of  control.  In  many  cases  during  the  design  of  system 
this  mode/conditions  can  be  considered  calculated.  Therefore  has 
sense  to  consider  it  in  more  detail.  In  the  general  case  the  control 
system  can  contain  several  inputs  and  outputs.  For  the  simplification 
let  us  consider  system  with  one  output  Y(t)  and  one  input  U(t).  At 
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the  input  of  system  operate  the  determined  useful  signal  f(t)  and  the 
additive  stationary  random  noise  n(t)  with. the  zero  mathematical 
expectation: 


U(t)~f(i)  +  n(t).  (11.31) 

Nonlinear  systems  frequently  are  designed  as  a  whole  as  linear. 
In  other  cases  of  the  system  of  control  they  are  projected/designed 
as  nonlinear,  in  which  are  included  the  nonlinear  inertia-free 
elements/cells ,•  which  do  not  have  linear  zones.  Such  systems  include 
the  stabilization  systems  and  followers  with  the  nonlinea.  actuating 
elements/cells  and  nonlinear  equalizers.  Dynamic  processes  in  these 
systems  can  be  more  compl icatedly  than  in  the  linear  systems.  The 
onset  of  the  auto-oscillations  of  the  specific  amplitude  and 
frequency  is  possible  in  the  steady-state  mode/conditions.  We  will 
assume  that  they  are  absent  in  the  steady-state  mode/conditions  of 
auto-oscillation.  The  analysis  of  auto-oscillations  during  the  random 
disturbances  let  us  lead  below.  The  task  of  each  systems  consists  of 
the  reproduction  on  the  output  of  useful  signal  or  certain  function 
from  it,  in  particular,  of  the  maintenance  of  the  constant  value  of 
output  variable. 

We  will  consider  that  the  nonlinear  system  is  intended  for 
obtaining  on  the  output  of  signal  YT(t)~  Lf(t),  where  L  -  certain  linear 
operation: 

4(0  4(0  i  a.-Jj-  i-  ,.+a  Jl.  (|| .32) 

dt  cUn 
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In  particular,  for  the  servo  system  a,l;  a1*a,  =  ...  *  <x„  0.  The 

guidance  dispersion  is  determined  by  the  expression 

8(0  -  Lf(t)  —  Y(t), 

where  Y(t)  -  actual  output  signal. 

Page  32. 

Let  us  assume  that  for  certainty  the  system  contains 
one-dimensional  nonlinear  element/cell  with  the  odd  characteristic 
and  has  equations 

Ex(s)Y  —  fil(s)F(X)', 

£J(S)K,  =  //J(S)K; 

where  Et(s);  E,(s);  E,(s);  H^s);  H,(s);  H,(s)  -  polynomials  relative 
to  s  with  the  constant  coefficients?  F(X)  -  nonlinear  function.  The 
structural  scheme  of  system  is  depicted  in  Fig.  1 1. 4.  After  the 
replacement  of  function  F  (X)  statistical  linear  equivalent 
F(X)  *  k0{mx,  Dx)mx  +  Mm*.  Dx)X°  of  equation  (11.33)  let  us  record  in  the 
form  of  two  connected  systems 

E\ (s)  my  —  H i (s) kf/n x',  Et(s)tnx  =  ^t(0(/  ^Yi)>  1 

£j(s)my(  =  //,(s)my;  k9  =  ka{mx,  Dx)\ 

Ex  (s)  Y°  -  //,  (s)  kxX»-  £,  (s)  -  -  Ht  (s)  Y°u  | 

£,  (s)  Y°i  =  Ha(s)  Y*\  *,  =  k^mx,  Dx).  j 


(11.35) 
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Equations  are  formally  linear  with  the  the  known  k,  and  kx  and 
determine  respectively  mathematical  expectations  and  random 
components  of  signals  in  the  system.  However,  they  are  connected 
through  values  mx,  Dx,  entering  coefficients  of  k„  and  k^  In  the 
steady-state  mode/conditions,  if  such  in  the  system  exists,  the 
values  of  mathematical  expectation  mx  and  dispersion  Dx  are 
constant.  Consequently,  coefficients  k0  and  kt  are  constant,  and 
systems  as  a  whole  are  stationary.  The  theory  of  linear  fixed  systems 
for  determining  of  mathematical  expectations  and  dispersions  of 
variables  in  steady-state  mode/conditions  [34],  [76]  is  applicable  in 


this  case  to  them. 
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Fig.  II. 4.  Structural  scheme  of  nonlinear  system. 
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Following  this  theory,  for  the  steady-state  mode/conditions  from  the 
system  of  equations  (11.34)  we  will  obtain  expressions  for  the 
mathematical  expectations  of  output  signal  and  error: 

my  (0  =  2  T*  (0)  ** (0  +  WoY  (0)  m*  (U  • 36) 

r»l 

M. (/)  -  (0  ”  (0)  (U  <37) 

where  l  W{r)  (M"'~ — AT  -  error  coefficients;  /(°( 0  - 

Cr  *  Ctr  “  '  ~  "»*•••• 

derivatives  of  the  r  order  of  useful  signal;  mn  -  constant  value 
(mathematical  expectation  of  interference);  ^(0^(0)  -  derivatives  of 
the  transfer  function  of  system  (11.34),  calculated  from  input  U(t) 
to  output  Y(t)  with  argument  s=0.  Transfer  function  U?W(s)  is  obtained 
for  the  steady-state  mode/conditions  from  equations  (11.34): 


^  _ y/»  (>)  lU  (•<)  £*  W _ 

“r  V  til  (')  til  (S)  til  (*)  I  V'l  (*)  tl*  (»> « 


(11.38) 


For  computing  the  coefficients  of  k,  and  k. will  be  required 
also  the  formula  for  mx  in  the  steady-state  mode/conditions,  which 
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also  can  be  obtained  from  equations  (11.34)  and  takes  the  form 


mx  =  2  ~r  (0)  r  (0  +  W'ox  (0)  mn. 


(11.39) 


where  1^0jc(s)  -  transfer  function  of  system  (11.34)  for  the 
steady-state  mode/conditions  from  input  U  to  output  X: 


El  (s)  £,  (s)  £j  (s)  •  ktHl  (s)  W,  (s)  ,  (s) 

Since  useful  signal  f(t)  is  frequently  polynomial,  and  system 
possesses  astaticism  of  the  necessary  order,  then  series/rows  in 
formulas  (11.36)  (11.37)  (I I. 39)  are  broken  and  contain  a  finite 
number  of  terms. 


Assuming  also  kt  known  and  by  constant,  from  linear  stochastic 
equations  (11.35)  in  the  steady-state  mode/conditions  we  compute  the 
dispersions  of  the  variables  X,  Y,  using  the  formulas  of  the 
statistical  dynamics  of  the  stationary  linear  systems 


Dx  -  ]'  |Ur,x(/o>)| •$,(«)<&»; 

QO 

Dr  ■=  f  l^,r(/(u)|,Sn  (<o)do,t 


(11.41) 


(11.42) 


where 


W,*(ju)  - 
W'|*(/®)  = 


_ (/hi)  E-,  (>a>) _ 

t'i  (/«)  £*U“)  (/<*>)  -  (/«■>)  W,  (/to)  H,  (m>) 

_ £  L  ( /to)  E3lj<a)Hi(j m) _ 

£i  (/<*»)  £»(/«)  £»  (/«*  ( /to)  A/j  (/u>)  A/j  (/<u) 
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C 

K 


The  frequency  characteristics  of  the  physically  possible  stable 
system,  described  by  ordinary  differential  equations,  is  the 
rational-linear  function  of  frequency  o>.  Spectral  density  SB( w)  of 
stationary  random  process  also  can  be  represented  or  approximated  in 
the  form  of  the  rational-linear  function  of  frequency  a>. 
Consequently,  integrands  in  formulas  (11.41)  and  (11.42)  can  be 
represented  in  the  form  of  rational-linear  functions.  For  example, 
formula  (11.41)  takes  the  form 

Dx  =  2ic/„;  (11.43) 

in  =  -L-  ? - U& - do>, 

2n  J  ti(iu)n(-  joil 


where 

tu  (X)  -  OoX"  +  +  •  •  •  +  a,; 

g„( X)  =  6oX2"-2  +  bxX2n~*  +  . . .  +  6«-i . 

For  integrals  In  are  comprised  the  tables,  with  the  help  of 
which  these  values  are  expressed  as  the  coefficients  of  functions 
jTn(y'o))  and  M/o))  (appendix  5).  Equalities  (11.39)  (11.41)  together 
with  the  expressions  for  £0  =  M"1*,  Dx),  k,  =  ki(mx,  Dx)  are  the 
equations,  which  mutually  connect  values  mx,  Dx,  k0,  kj.  Solving  them 
together  in  any  numerical  manner,  we  determine  mx,  Dx  and  k0,  k^ 
After  this,  after  using  formulas  (11.36)  (11.37)  and  (11.42),  we 
determine  my,  m.  and  Dy  and,  therefore,  D„  since  in  this  case 


I 
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e  «=-y # ,  and  D,  -  Dy. 

Equations  (11.39)  and  (11.41)  can  be  solved  by  successive 
approximations  or  graphically.  During  the  use/application  of  a  method 
of  successive  approximations  should  be  assigned  the  values  of 
coefficients  of  k„,  klf  also,  according  to  formulas  (11.39)  (11.41) 
determined  '"x.Dx  in  the  first  approximation,  then  used  the  formulas 
for  k0(mx,  Dx),  k i  =*i((»*x.  Dx)  for  computing  the  new  values  of  k,  and 
klf  after  which  the  procedure  of  calculations  is  repeated.  As  a 
result  they  are  calculated  in  second  approximation/approach  mx  and 
Dx.  Computations  are  finished,  when  two  successive  approximations 
coincide  with  an  accuracy  to  errors  in  the  calculations. . Calculation 
formulas  easily  are  generalized  to  the  case  of  system  with  the 
further  inputs  and  the  interferences.  Let  us  consider  this 
generalization  based  on  example. 

Page  35. 

Example  1.  To  determine  mathematical  expectation  and  variance  of 
error  the  servo  fixed  system  under  the  effect  of  the  stationary 
uncorrelated  random  disturbances  at  two  inputs  and  upon  consideration 
of  the  limitation  (saturation)  of  the  amplifier  of  control  signal,  if 
equations  take  the  form 


(T»j+  l)4K  (X)  +  ",;  1 

x-*(r5+i)(/  +  n,-n. ) 


(IM4) 
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a.r>d_ 

where  f=b,+bt;  b„Ab  -  constant  coefficients; 


j 


•  < 


nx  and  n,  -  stationary  random  functions  of  time,  which  have 


=■  °=  mn,  -  °5 


;  $n.  (®) 


Tto*  +  l 


: 


const;  5* 


const. 


The  structural  scheme  of  system  is  depicted  in  Fig.  I I. 5,  and 
II. 6  the  characteristic  of  nonlinearity  F(X)  is  given. 


Let  us  fulfill  the  statistical  linearization  of  nonlinearity 
FIX)  —  +  M°  and  will  record  instead  of  equation  (11.44)  two 

systems  of  equations 


(T,*+ l)*mr-0A#mx;  i 

mx-A<r.+  l)(/-my);j 

(7,*+  |)jK«-«A,X»  +  /i1;  1 
X*  -*  (7.  +  !)</.,  -K"),  j 


(I*  45| 


(II.A8) 


where 


» 


t 


» 


» 


From  equations  (11.45)  for  the  steady-state  mode/conditions  we 


Fig.  5. 


Fig.  II. 6. 


1 

Fig.  II. 5.  Stabilization  system. 

Fig.  II. 6.  Nonlinear  characteristic. 
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From  equations  (11.46)  for  the  steady-state  mode/conditions  we 
obtain  the  formulas,  which  determine  dx  and  o.  -  oY .  These  formulas 
are  the  generalization  of  formulas  (11.41)  and  (11.42)  to  the  case  of 
two  inputs  in  the  system: 

oa  oo 

“  {  I^IX  (/“)  (w)  d*+  jl  W[x  (/CO)  |*snj  («)  do>;  (II  .51) 

00  00 

-  j  |  W'ik  (/“)  |* («)  du>  +  J  |  flriW/w)  JX  (u»)  (11.58) 


where  the  frequency  characteristics,  entering  the  formulas,  take  the 
following  form: 
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®r ,  x  (/“)  — 

V\x  (W- 


l?'i  (/m)1  +  y<ii|  | rjm  4-  1 1 
T i  (/«)*  +  +  1)  /«  +  akkx ' 

_ kQju+J) _ 

T i  ( /<*>)*  +  [aThkx  -j-  ! )  ;u*  4"  akkx ' 


l r,y(M 


_ u'.A-i  (7* /in  -I-  |) _ 

7\  (/'">*  I-  (uTkkt  +  l)  /<u  |  uWt ' 


^iy  (/«*») 


_ 1 _ 

T ,  (/w)J  4-  (afWi,  4-  1)  jut  +  akkx ' 


(11.53) 


Calculating  integrals  in  formulas  (11.51)  (11.52)  at  the  preset 
above  spectral  densities  of  interferences  we  obtain 


M  (St  4-  S<)  nkk  t 

x“  (14 -ahktT)a 
nSAT  +  Tt  +  akktT «) 

Y  ”  aWfj  (T  +  Tx  +  Zr’al!*,)  ( 1  +0*^7-)  + 

_ nStak  kx  (2 T  4-  mkktTTt ) _ 

+  (2T  4-  ofcAjrTOU  +  ukkx  (T  +  TO!  - 


(»164) 


(1155) 


Let  us  execute  concrete/specific/actual  calculation  with 
following  data: 


aul;  h  =  C  =  0, 1;  T  =  0,8  S  T^O.l  S;  k*2; 
b  =  0,05;  Si  =  4  •  10-3;  S,  =  10  •  10“3. 


Substituting  these  values  in  equations  (11.49)  and  (71.54),  we 
obtain 


Ox)  -0,06; 
O.QMtifei  Dx) 
°X“  t  4-  1.6k,(»iXt  Dx)' 


(11.66) 


but  coefficients  k,  and  k!  are  preset  by  formulas  (11.47)  and 


DOC  =  83173402  PAGE 

(11.48).  Let  us  solve  equations  (11.56)  by  graphic.  For  this  let  us 
designate  the  right  side  of  the  first  equation  through  2t=0.05,  and 
left  -  through  *>  -  mxM***'  dx).  Let  us  construct  these  dependences  in 
function  "»*.  after  using  formula  (11.47)  (Fig.  II. 7a),  accepting  ox 
for  the  parameter.  Let  us  plot  the  points  of  intersection  of  these 
dependences  in  Fig.  II. 7b  in  coordinates  mx,  dx  and  we  draw  curve  1. 
For  the  points  of  this  curve  we  further  compute  the  right  side  of 
second  equation  (11.56)  during  the  use  of  formula  (11.48)  and  we 
depict  obtained  dependence  Dx(mx)  on  the  graph  as  curve  2  (Fig. 

II. 7b) . 

Page  37. 

The  point  of  intersection  of  curves  1  and  2  determines  values 
mx  - 0,103;  Dx  - 0,02,  which  satisfy  equations  (11.55).  In  this  case 
k, =0 . 494 ,  and  kj=0.424.  Substituting  k,  and  k;  into  formula  (11.55), 
we  will  obtain  Dr-O.  <-0,012. 

The  calculation  procedure  presented  applies  to  the 
multidimensional  stable  fixed  systems,  which  contain  several 
nonlinear  elements/cells.  In  this  case  only  increases  a  number  of 
together  decided  algebraic  and  transcendental  equations  of  type 
(11.39)  and  (11.41)  in  accordance  with  an  increase  in  the  number  of 
nonlinearity. 


The  dynamics  of  discrete/digital  system,  as  is  known,  is 
described  by  the  functions  of  discrete/digital  argument  [76,  104]. 
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operation  and  continuous  parts,  and  nonlinearity  can  be  both  in  the 
discrete/digital  and  in  the  continuous  parts.  For  the  presentation  of 
the  entity  of  task  and  simplification  in  the  calculations  let  us 
consider  one-dimensional  fixed  system  with  one  odd  nonlinearity  in 
the  continuous  part,  in  which  is  absent  self-vibrating 
mode/conditions .  In  the  sufficiently  general  case  the  difference 
equations  of  this  system  for  the  continuous  moments/torques  of  time 
i<-A7\,  +  v  take  the  form 

£(?)«/(*.  v)  =  H(y)Flx(x,  v)J; 

Fa\  (V)  *  (k,  v)  =  Hm  (v)  [U  ( K)—yx  ( k ,  v)J;  (U  •  57) 

Fjn  (v)  yx  (k,  *)  =  (v)  y  (*,  v), 

where  V  -  translation  operator,  for  which  Vy(<)-y(A:+l)«y(«)=Vy(*) ; 

/C »  t/Tn-,  Tn  -  step/pitch  of  discreteness;  0Sj»£1;  E(V),  h(V)  -  the 
polynomials  relative  to  operator  V  with  the  constant  coefficients, 
which  characterize  the  continuous  part  of  the  system; 

Fat  (v).  Hai  (v).  Fa*  (v).  Hat  (v)  -  polynomials  with  the  constant  coefficients, 

the  characteristic  discrete/digital  parts  of  the  system; 


F  -  nonlinear  characteristic.  The  structural  scheme  of  system  is 
depicted  in  Fig.  II. 8,  where  is  marked  =H(z)/F(z)  -  the  transfer 
function  of  linear  part  relative  to  discrete/digital  argument  z  = 

^  '  Fai(i) 

H 

(2)  =  -—■■■  -  the  transfer  functions  of  the  first  and  second 

?(*) 

discrete/digital  parts  of  the  system.  At  the  input  of  system  operate 
the  useful  nonrandom  signal  f < t )  and  the  additive  stationary  random 
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noise  n(t),  so  that  for  the  particular  moments  of  time  let  us  record 

U(k)  =  f(K)  -(-  n(fc),  k  =  0,  1, . . .  (11.58) 

Let  the  ideal  operation  L,  which  characterizes  desired  output 
signal  yr(«).  take  the  form 

yT  (/c)  =  aj*  (*)  +  aj  (k)+  ...  +  aNfN)  (/c).  (II .  59) 


Pig.  11.8.  Structural  diagram  of  discrete  nonlinear  system. 

Instantaneous  error  is  expressed  by  the  dependence 

Pcicj<i38. 

e(/c,  v)  -=  yT(K,  »)—y(i c, »).  (11.60) 

Applying  the  statistical  linearization  of  odd  nonlinearity,  let 
us  record 

F  ( X )  =  *,  (mx.  Dx)  mx  +  kx  (mx.  Dx)  X",  (U .  6 1 ) 

where 

=  feo(/nx,  Dx)\  )  (11.62). 

kx  —  kx  (mx,  Dx)-  J 

After  this  replacement  of  nonlinearity  discrete/digital  system 
(11.57)  can  be  formally  described  by  two  systems  of  linear  difference 
equations  with  respect  to  the  average/mean  and  random  signals.  For 
the  steady-state  mode/conditions  in  the  fixed  system,  which  possesses 
the  necessary  level  of  astaticism,  values  mx  and  Dx  are  constants. 
In  this  case  the  discrete/digital  system  in  question  is  characterized 
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by  stationary  transfer  functions.  As  a  result  for  the  steady-state 
mode/conditions  we  will  obtain 


mx  (K)  =  2  J=T~  W  +  m n  (*>  'fox  (1);  (11 .63) 

r— 0 

oo 

(*)  -  2  c^"  (*>  “  ov  ( 1  )•  (11.64) 

<■— o 


In  these  expressions  cT  -  error  coefficients,  which  in  this 
case  are  calculated  from  the  formulas 


cr  ~  ar 


'fov  ( 1).  /"  =  0,  1 . /», 


Cf  ,  _  J-J£- <j>$(l),  r  -  n  +  1 . 


(11.66) 


where  ij>0x(2)  and  vf0y(2)  -  transfer  functions  of  discrete/digital  system 
from  input  U  to  outputs  X  and  Y  respectively  from  the  mathematical 
expectation,  defined  as 


'fox  (z)  = 


'fov(z)  = 


_ ■fai  (*) _ 

1  +  A,  (mx ,  £>*)  <{iai  (z)  J  (z)  <!>  (z) 

kt(mx,  Dx)<jiai  (z)<|i(z) 

1  +  *«  K’  °x)  +ai  (*)  +43  (*)  +  (*) 


(11.66) 

(11.67) 
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For  determining  the  dispersions  Dx  andD,=Drwe  will  use  the 
linearized  system  of  difference  equations  for  random  components.  Let 
us  determine  transfer  functions  'ftx(2)  and  'fiy(z)  from  input  U  to 
outputs  X  and  Y  respectively  from  them  in  the  steady-state 
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mode/condi t ions : 


^ix(z) 


♦  irW 


_ ■i'ji  (?) _ 

I  +  ("*x  •  Dx)  (?)  Itjn  (?)  ♦  (?) 

Dx)*a\  (?)H?) 

1  +  *1  («x  •  DX )  Ki  w  *.82  (?)  +  (?) 


(11.68) 

(11.69) 


After  this  should  be  computed  the  integrals,  which  determine  the 
dispersions  of  variable/alternating  linear  stationary 
discrete/digital  stable  systems  in  steady-state  mode/conditions  [76, 
104]: 


D*<*>  -  j  h^-r^r^TT^  <"-™» 


.  *«- JM-Sfr) 


where 


XW-77 <(7 


1_ 

<7„ 


In 


t  +  fr  V 
1-/0  /’ 


SJ(<i>)  -  the  spectral  density  of  the  discrete/digital  stationary  random 
process  n*(  «). 


Integrals  in  formulas  (11.70)  and  (11.71)  are  calculated 
according  to  the  tables,  given  in  the  application/appendix. 

Formulas  (11.63)  and  (11.70)  are  equations  for  determination 
™.x(k)  and  Dx(k).  Connecting  to  them  equations  for  Mm.v,  Dx),  k\(mx.  Dx) 
and  solving  them  together  by  successive  approximations  or 
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graphically,  ve  determine  mx,  D.r,  k0,  kt.  Then  according  to  formulas 
(11.64)  and  (11.71)  we  compute  values  m,  and  D,  for  the  steady-state 
mode/conditions  for  the  particular  moments.  The  procedure  of  the 
calculation  of  the  accuracy  of  the  simplest  discrete/digital  system 
presented  is  analogous  to  the  calculation  of  the  accuracy  of  the 
simplest  discrete/digital  system  it  is  analogous  to  the  calculation 
of  continuous  systems;  therefore  it  easily  is  generalized  to  the 
multidimensional  systems,  which  have  several  nonlinearity. 

Example  1.  The  stabilization  system  of  gyro  horizon,  which 
contains  the  corrected  gyroscope  with  the  transfer  function  k/S, 
nonlinear  compensator  of  the  type  of  ideal  relay  with  characteristic 
F(x)»h  sign  x  and  pulse  element/cell  with  6-characteristic,  is 
located  under  the  interaction  of  the  stationary  random  disturbance  n 
of  the  type  of  white  noise  with  the  constant  mathematical 
expectation.  The  structural  scheme  of  system  is  depicted  in  Fig. 

II. 9. 

Page  41. 

It  is  necessary  to  determine  mathematical  expectation  and 
variance  of  error  of  the  stabilization  of  vertical  line  in  the 
steady-state  mode/conditions. 
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For  the  composition  of  the  equations  of  discrete/digital  system 
let  us  determine  the  before  discrete/digital  transfer  function  of  the 
linear  part  of  the  system  with  6-pulse  discrete  element,  after  using 
z-conversion  of  the  output  signal  of  the  linear  part  of  the  system. 
With  the  transfer  function  of  the  linear  part  k/S  according  to  the 
table  of  z-conversion  we  find 

VW-yyy.  (U.72) 


This  transfer  function  also  can  be  determined,  if  to  compose  the 
difference  equation  of  the  continuous  part  of  the  system.  The 
difference  equation  of  closed  system  now  can  be  recorded  in  the  form 

X  (*)  •  n  (<c)  -  Y  (*);  j  1  '  ’ 

Is  realized  the  statistical  linearization  of  nonlinearity  F(X): 


mY  («)  -  v  (v)  M»x  (*>:  | 

mx  (*)  =  m„  (k)  — mY  («);  j 

=  V(V)*,X»(i c);  | 
X*  (x)  =  n»  (k)  -  y»(«)-  ) 


(U.75) 

(11.76) 
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In  steady-state  mode/conditions  m  and  d*  they  are  constant 

values  at  the  particular  moments  of  time  in  question  Therefore 

systems  of  equations  (11.75)  and  (11.76)  for  this  mode/conditions  are 

stationary.  Using  them,  let  us  determine  the  discrete/digital 

•  • 

transfer  functions  of  closed  systems  for  outputs  mx,  mr,  x •.  y*: 


Fig.  11.9.  Structural  diagram  of  nonlinear  system. 

P« at  Hd. 

1  These  transfer  functions  in  this  case  take  the  form 


^oxW 
?uW 
^oy  M 
V.yW 


_ £—J _ 

[l  +  fcA#(*x,h,))*-l  : 

_ X  —  I 

(«+**,('»x.Dx)l*-‘  : 

**o(mx.  Dx)x 
l‘+**o(mx.  0*)|«-l  ' 
**1  (mx.  Dx)  X 
[1  +**,(*x.°x)l*-i 


'(11.77) 


After  using  formulas  (11.63)  and  (II>64)  and  bearing  in  mind 
that  in  this  case  the  desired  value  of  output  coordinate  yr-o  and 
f»0,  we  determine  m*  and  m.  -  —  mr: 


nx  =  m»'pox  (!)  =  0-,  m,  -  -  (11.78) 

Thus,  coefficient  kx  depends  in  this  case  only  on  value  £>x.  For 
determining  the  value  Ox  we  will  use  formula  (11.70),  having 
preliminarily  computed  the  spectral  density  of  the  discrete/digital 
stationary  white  noise  n*(x).  Spectral  density  s*  of  this  stationary 
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random  sequence  of  uncorrelated  pulses  is  equal  to 


,  TnD 

s»— tr 


where  D  -  dispersion  of  impulse/momentum/pulse. 


Passing  to  variable  z~e‘“T"  .  let  us  record  spectral  density  in 
the  form 


Tn  S"(.Tfl  ln2)='  2ji  ■ 


After  passing  now  to  by  the  variable  w  according  to  formula 
z*( 1+w)/ (1-w) ,  we  will  obtain 

o 


2k 


In  the  formula  for  'Pi*  it  is  realized  also  replacement  by  the 
variable  z  on  the  variable  w: 


Mi *2)s 


2 ai 


+  «,]*  +  kkx 


(11.79) 


We  substitute  expression  (11.79)  in  formula  (11.70),  after 
replacing  w=ia: 


2k 


2 /a 


{2  +  kkx(Dx)\i<J  +  kkl(Dx) 


2D 

H-o* 


da.  (11.80) 


Calculating  integral  in  formula  (11.80)  according  to  tables,  we 
obtain 

_ 20 _ k  2h 

(2  +  **j(0*)| II  +  **1(£>X)|  1  '  /2 kOx-  - 


(11.81) 
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From  equations  (11.81)  we  determine 

Now  according  to  formula  (11.715  we  determine  the  variance  of 
error  of  stabilization,  which  after  the  replacement  .of  variables 
takes  the  form 


'  2*  J  (2 


kkxia 


+  kkj)  la  +  kk\ 


a  2D 
l+o» 


da. 


(11.83) 


Calculating  integral,  we  will  obtain 


Dy-D 


y  **i  +  2 


(11.84) 


4.  Calculation  of  the  accuracy  of  control  processes  in  the  transient 
nonlinear  systems  by  the  method  of  canonical  expansions. 


A  large  number  of  objects  of  control  is  characterized  by 
transient  equations,  therefore,  processes  in  these  objects  are 
transient.  Furthermore,  during  the  study  of  transient  process  in  the 
fixed  system  also  we  come  to  the  transient  task.  For  solving  the 
whole  series  of  tasks  during  the  research  of  control  processes  in  the 
transient  nonlinear  systems,  on  which  act  random  disturbances, 
successfully  are  applied  the  methods  of  canonical  expansions  and  the 


DOC  =  83173402  PAGE 

Page  43. 

From  equations  (11.81)  we  determine 

(1L82) 

Now  according  to  formula  (11.71)  we  determine  the  variance  of 
error  of  stabilization,  which  after  the  replacement  .of  variables 
takes  the  form 


*-=-f 


kkjia 


ia  2  D 


(2  -(-**,)  la  +  kkx  i  t+o» 


da. 


(11.83) 


Calculating  integral,  we  will  obtain 


Dv-D 


M, 


(11.84) 


4.  Calculation  of  the  accuracy  of  control  processes  in  the  transient 
nonlinear  systems  by  the  method  of  canonical  expansions. 


A  large  number  of  objects  of  control  is  characterized  by 
transient  equations,  therefore,  processes  in  these  objects  are 
transient.  Furthermore,  during  the  study  of  transient  process  in  the 
fixed  system  also  we  come  to  the  transient  task.  For  solving  the 
whole  series  of  tasks  during  the  research  of  control  processes  in  the 
transient  nonlinear  systems,  on  which  act  random  disturbances, 
successfully  are  applied  the  methods  of  canonical  expansions  and  the 
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integrations  of  the  equations  of  probabilistic  moments/torques,  based 
on  the  statistical  linearization  of  nonlinearity.  In  this  paragraph 
let  us  consider  the  method  of  canonical  expansions. 

In  the  Sufficiently  general  case  in  the  presence  of  one 
one-dimensional  nonlinearity  the  behavior  of  continuous  transient 
nonlinear  system  is  characterized  by  the  following  equation  relative 
to  output  by  the  variable  Y(t)  with  the  preset  input  function  U(t): 

E(t,s)Y  +  R(t,s)F(Y)  ~  H {/,  s) U,  (11.85) 

where 

n  i 

E(t,  s)  =  2  MO  a".  E(t,  5)  =  2  cr  (/)  S'; 

<—i  /•— i 

V  b,(t)sr- 

rm 1 1 

F(Y)  -  nonlinear  function. 

Page  44. 

After  the  statistical  linearization  of  nonlinearity  equation 
(11.85)  can  be  rewritten  in  the  form  of  the  system  of  two  connected 
equations  -  nonlinear  (for  the  mathematical  expectation)  and  linear 
(for  random  component): 

E  (/,  s)mY  +  R  (t,  s)  F,  (my,  DY)  H  (t,  s)  (II .  86) 

£(/,  s)K" +  /?(/,  s)*t(my,  Dy)Y#  -  H  (I,  s)U°,  (11.87) 

where  F0(mr,  DY)\  k{(mY,  DY)  have  concrete/specific/actual  analytical 
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expression  depending  on  the  form  of  nonlinearity. 


Let  us  assume  that  the  input  signal  U(t)*f (t)+n(t)  is 
represented  by  any  canonical  expansion  [34,  76] 

N 

</(0»-«i(,(0+  V  VlU,(l),  (11.88) 

y-t 

where  mu(t)  =  /(/)  +  mn(t)  -  mathematical  expectation  of  function; 


Mi(0  -  coordinate  functions; 


Vj  -  random  not  connected  coefficients,  which  have  dispersions 
Dj  and  equal  to  zero  mathematical  expectations. 


Equation  (11.86)  should  be  integrated  under  preset  initial 
conditions  <  =  0,  my(0), ....  m^~‘>  (0).  The  solution  of  equation  (11.87)  is 
found  out  in  the  form  of  canonical  expansion  with  the  same  random 
coefficients  and  new  unknown  coordinate  functions 

y°(  o=2 

i=i 

Substituting  this  expression  and 

Ua(  0  =  2K'u'(/) 

/=! 

in  equation  (11.87)  and  using  formally  the  principle  of 
superposition,  we  obtain  the  equation 

E(l,  s)Yj  R(t,  s)kv(mY,  DY)yr  H(t,s)uhj  1 . /V.  (11.89) 

for  determining  the  coordinate  function  of  number  j. 
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equations  also  must  be  integrated  under  the  specified  initial 
conditions,  if  initial  conditions  for  random  dispersions 
Dy . Dy<n-u .  component  in  the  form  are  preset 


Page  45. 


Thus,  for  instance,  initial  conditions  can  be  selected  not  zero  only 
for  the  coordinate  function  yA(t): 


t  s  0,  «/<'>  1/  _  >  ,  r  --  0,  1 . II  —  1, 

'  n 


and  equations  for  coordinate  functions  yi,  .... yN  are  integrated  under 
the  zero  initial  conditions.  Obtained  equations  (11.86)  and  (11.89) 
must  be  supplemented  with  formulas  for  functions  F0=  F0(m y,  Dr)  and 
k{  ==  A|(my,  Dy),  and  also  with  expression  for  dispersion  DY: 


Oy  ^U,y,(i)-  y,(0, 

/-i 

where  yj (t)  -  complexly  adjoint  function. 


(11.90) 


Thus,  the  problem  of  determining  of  mathematical  expectation  and 
dispersion  by  the  variable  Y,  which  satisfies  equation  (11.85),  is 
solved  by  the  combined  integration  of  one  equation  for  mathematical 
expectation  (11.86),  N  of  equations  for  coordinate  functions 
(11.89)  during  the  use  of  formula  (11.90)  and  two  formulas  for  F0  and 


1 
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If  the  desired  value  of  output  function  yr(t)  =  Lmv,  is  preset 
mathematical  expectation  and  variance  of  error  are  determined  from 
the  formulas 


mt  yT  (t)  -  ntY  (/);  D,  -=  Oy.  (U .  9 1 ) 

As  a  result  can  be  calculated  the  mean  square  of  the  error: 

a  (11.92) 

The  described  algorithm  of  the  solution  of  problem  virtually  can 
be  realized  in  the  digital  computer.  It  should  be  noted  that  during 
the  use/application  of  the  algorithm  in  question  can  be  calculated 
all  correlation  functions  of  variables.  For  example,  instead  of 
formula  (I I. 90)  there  can  be  used  more  general/common/total 
expression  for  the  correlation  function 

KY(t,tl)  =  yDlyl{t)yl{tl).  (11.93) 

/-i 

The  procedure  of  research  of  the  simplest  system  presented  with 
one  nonlinearity  applies  to  continuous  and  discrete/digital  systems 
with  several  nonlinearity  and  inputs.  In  this  case  increases  the 
number  of  final  formulas,  from  which  are  calculated  statistical 
amplification  factors.  Furthermore,  it  is  necessary  to  additionally 
calculate  the  dispersions  of  variables  at  the  inputs  of  nonlinearity 
according  to  the  formulas  of  type  (11.90).  For  the  discrete/digital 
systems  all  differential  equations  must  be  replaced  differential.  The 
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practical  use/application  of  a  method  of  canonical  expansions  is 
expedient  with  a  small  number  of  members  of  the  canonical  sum,  by 
which  can  be  represented  the  random  disturbances. 
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Example  1.  Nonlinear  stationary  stabilization  system  has 
equations 

£(s)Y  **H(s)F(X);  X-U—Y,  (11.94) 

where  E(s)  and  H(s)  -  polynomials  with  the  constant  coefficients;  F  - 
odd  nonlinear  characteristic  of  an  arbitrary  form,  for  example,  of 
the  type  of  clipping  (Fig.  II. 6).  Stationary  random  noise  of  the  type 
of  the  white  noise  U(t).  with  mathematical  expectation  operates  on 
the  system.  The  structural  scheme  of  system  is  represented  in  Fig. 

1 1. 10.  It  is  necessary  to  determine  mathematical  expectation  and 
dispersion  of  the  output  variable  Y(t)  in  the  transient 
mode/conditions  under  the  initial  condition  t®0, '"»»•(<»  -  y«.  Qr.(O)  -  o0.  All 
remaining  initial  conditions  are  equal  to  zero. 

After  using  the  statistical  linearization  of  nonlinearity  F,  let 
us  record  instead  of  equation  (11.94)  the  following  equations  for  the 
mathematical  expectations  and  central  components: 


DOC  *  83173403 


PAGE  ?V 


£  (s)  my  =  H  (s)  k0  (mXi  Dx)  mx; 

IJIj£  *  ““  | 

f(S)V"-//(s)Av(*x,  Dx)  X«;  j 
X®  =  U»  —  K*.  | 

The  integration  of  equation  (11.95)  should  be  conducted  under 
the  initial  condition  t-o,mr~yo-.  remaining  initial  conditions  they 
are  equal  to  zero.  Coefficients  k,  and  in  this  case  are  determined 
from  the  formulas 


The  random  stationary  perturbation  U#(t)  let  us  present  to 
approximation/approach  in  the  form  of  canonical  expansion  with  a 
limited  number  of  members  of  the  sum: 

2lv'.cos“.<  +  yisin<Ml.  (11.98) 

0)n 

where  n  -  number  of  small  intervals  Aw  -  — ; 

n 

-  the  maximum  frequency  of  the  passband  of  the  system  in  question, 

.  .  .  3 

which  is  approximately/exemplarily  equal  to  «><.*  — .  and  T  -  transit 
time  in  the  system. 


(11.95) 

(11.96) 
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JL&L 


6hF 


H(S) 

£(s) 


Fig.  II. 10.  Nonlinear  continuous  stabilization  system. 
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The  random  coefficients  of  expansion  v,,  are  subordinated  to 
the  conditions 


(  o  .  v*)i 
2nS^n  (11.99) 

i  n  ' 

M  -  H'.W'hI  -  0.  v.  H-  1 . n. 

where  S,  -  the  spectral  density  of  the  white  noise  U#(t). 


As  it  was  indicated  above,  all  random  variables,  entering 
equations  (11.96),  must  be  represented  also  in  the  form  of  canonical 
expansions  with  the  same  random  coefficients,  but  unknown  coordinate 
functions: 


F*-  21W  +  r.»0: 

»i 

*•-  £  (v\  *:+*'/,)• 


»— i 


(II. 100) 


For  determining  the  unknown  coordinate  functions  serve  the 
equations,  obtained  from  system  (11.96): 
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E  (s)  y,=H(s)ki  (mx,  Dx )  <;  *;  -  cos  «,/  -  £ 
E  (s)  y'  -H(s)k i  (mXt  Dx)  -  sin  »,/  -  y' , 


(II. 101) 


During  the  integration  of  equations  (II. 101)  let  us  take  the 

Let  us  take  as 


following  initial  conditions:  /~o,  y'(0)«  j/  . 

remaining  initial  conditions  equal  to  zero. 


Dispersions  or  and  dx  we  determine  from  the  formulas 


Dx 

Dy 


^■2  (<<'> +<•»!= 

^llOo +<•«]. 


•  i 


(II. 102) 


As  a  result  for  determination  «»(')  and  Dr[t)  it  is  necessary  to 
together  integrate  systems  of  equations  (11.95)  (I I. 101)  upon 
consideration  of  formulas  (11.97)  and  (11.102). 


5.  Calculation  of  the  accuracy  of  control  processes  in  the  transient 
nonlinear  systems  by  the  method  of  integrating  the  momental 
equations . 

Page  48. 

Second  method  considered/examined  here  of  the  study  of  the 
transient  nonlinear  control  systems  under  the  effect  of  random 
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disturbances/perturbations  is  based  on  the  representation  of  dynamic 
equations  in  the  canonical  form  relative  to  the  first  derived  phase 
coordinates  with  the  additive  white  noises  - 
disturbances/perturbations  in  the  right  sides: 

Y,  =  FK(t,Yx,  +  1 . (U.  103) 

where  F,  -  nonlinear  functions  of  general  view,  into  which  enter 
linear  terms;  -  random  functions  of  the  type  of  gaussian  white 

noises.  After  the  statistical  linearization  of  nonlinearity  F,  we 
obtain  two  systems  of  the  linearized  equations 

my,  F*o  +  k  i . n;  (II.  104) 

yi  *  2  k*'Y°r  +  *  -  •*  •  (ii.  io5) 

r-m  I 

where  F,a  ~  M(FK).  k,r  -  statistical  amplification  factors  depending  on 
the  mathematical  expectations  and  covariances  of  the 
connection/communication  of  phase  variables. 

The  method  of  determining  the  instantaneous  values  of 
covariances  of  coordinates  consists  of  the  replacement  stochastic 
equations  (11.105)  by  the  equations,  which  relate  covariances 
Du  =  MlV? (/) y “ (/)]  of  coordinates  with  the  probabilistic  moments/torques 
of  external  disturbances/perturbations.  For  obtaining  these  equations 
let  us  compute  time  derivative  of  Dn(t): 


D„  M[WJ+M[K?y«l. 

i,  i  -  1 . n. 


(11. 106) 


I 
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Using  equations  (11.105),  we  will  obtain 
0,1  -  y^lkuDr,  +k„Drl\  +  M  [YUt)VUt)\  + 

/"—l 

+  M[K?(/)V'?(/)|.  i,j  I . (11.107) 

Covariances  V} (0J,  enter  ing  equations  (11.107),  are  easily 

calculated  from  the  formulas 


M  |  K®  (/)  v°,  (/)]  V  ( g„  (/,  x)  M  i v°,  (/)  x 

l~l  0 

X  V ?  (t))  dx,  t,  /  =  1  . . . ,  n, 


(II.  108) 


where  g«(t,x)  -  weight  functions  of  system  (11.105).  Taking  into 
account  that  ^  U)  -  white  noises,  for  which 

(<) V® (t)]  -  Gj,(t)b(t  —  t),  Gj,(t)  -  mutual  intensities,  and  the 


functions 


£«('.  0  * 


1.  i  t 
0,  i  +  /. 


we  will  obtain 


M  [K?  (/)]  =  yG‘C 


(11.109) 
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Consequently,  equations  (11.107)  take  the  form 


0„  -  2  [k‘'D'i  +  M>nJ  +  0„,  (Ii.  1 10) 


».  i  =  i . 


1 
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It  is  necessary  to  take  into  account  in  equations  (1 1. 110)  that 
Da-Da,  therefore  a  number  of  independent- equations  (1 1. 110)  is 
equal  to  - ~ where  n  -  order  of  the  reference  system  of  equations. 
Equations  (11.104)  and  (1 1. 110)  are  the  unknown  system.  Must  be 
integrated  them  under  the  preset  initial  conditions  t=0, 
mY,( °).  Dai 0).  <»  /  "  1 . .... /».  One  should,  however,  take  into  account  that 
these  equations  are  connected  through  functions  FH u  and  coefficients 
h»r,  which  depend  on  the  mathematical  expectations  and  covariances  of 
the  corresponding  variables.  Therefore  to  equations  (11.104)  and 

(1 1. 110)  it  is  necessary  to  connect  formulas  for  Fno  and  knr: 

F«  ■  FKg(t,  my,,  ...  i  1  (11  1 1 1) 

k/tr  -  •  •  »  &nn)  I 

K,r--l . n. 

Thus,  it  is  necessary  to  together  integrate  equations  (11.104) 

(11. 110)  taking  into  account  formulas  (II. Ill),  i.e.,  in  all  is 

obtained  differential  first-order  equations. 

The  methods  of  the  study  of  dynamic  stochastic  systems, 
presented  in  this  and  in  previous  paragraphs,  lead  to  the  need  for 
the  combined  single  integration  of  the  system  of  ordinary 
differential  equations.  The  comparison  of  the  space  of  computations 
during  the  use/application  of  a  method  of  canonical  expansions  and 
method  of  the  integration  of  momental  equations  shows  that  with 
(n+l)/2<N,  where  n  -  order  of  the  reference  system  of  equations,  and 


DOC  =  83173403 


PAGE  JO 


N  -  number  of  terms  of  the  combined  canonical  expansion  of 
disturbances/perturbations,  the  second  method  on  the  labor  expense  is 
more  advantageous. 

The  accuracy  of  the  work  of  system  during  the  use/application  of 
the  method  presented  in  this  paragraph  in  any  of  the  variables  also 
can  be  evaluated  according  to  formulas  (11.91)  (11.92),  if  is  preset 
input  useful  and  desired  output  signals. 

Page  50. 

The  method  of  integrating  the  instantaneous  values  of 
covariances  of  connection/communication  is  applicable  also  to  the 
discrete/digital  systems  of  control,  whose  dynamics  is  characterized 

by  difference  equations  in  the  normal  form 

A Yk  (q)  -  FK  (q,  Yv . Y„)  +  VK  ( q ),  (II  .112) 

/ 

where  &Yn(q)  •-  first  differences; 


t 


V*(q)  -  random  white  noises. 

After  the  statistical  linearization  of  nonlinear  functions 

Fn(q,  Y . Yn)  we  obtain  the  statistically  linearized  difference 

equations  for  the  mathematical  expectations  and  central  components: 
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&mYK  to)  =  F K(t(q,  mYi . Dna)  +  mV(t  (q),  (11.113) 

*  =  1 . n 

±YUq)=Vk„(q.mYi . Dnn)  Y°r  (q)  +  V°K  (q),  (11.114) 

I 

k  —  1,  ....  n 

where  ^*to)  -  covariances  of  the  connection/communication  of 
variables  I'®  to)  and  Y°(q)\ 

f«o  -  statistically  averaged  functions 

*nr  -  statistical  amplification  factors. 

Equations  (11.114)  serve  for  the  composition  of  the  difference 
equations,  which  determine  covariances.  These  equations  are  composed 
by  the  path,  analogous  to  the  procedure  of  obtaining  equations  for 
the  continuous  systems,  and  take  the  form 

&Dtj  (q)  =  2  !*«•  to)  D'i  to)  +  kir  (q)  Dn  to)  + 

r»! 

+  kir  ( q )  2  fc/p  ( q )  Drp  (q)  +  G</  (q),  (II  .115) 

p—i 

i.j-  1,  •  •  •  ,  n 

where  Goto)  -  mutual  intensities  of  discrete/digital  white  noises 
V*(q)  and  Vf{q). 


Connecting  to  equations  (11.113)  (11.115)  formula  for  F.}  and 
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k«r^  we  obtain  full/total/complete  system  of  equations  for  the  joint 
decision. 

Page  51 . 

Being  given  the  initial  values  of  the  first  and  second 
moments/torques  for  q=0  and  solving  these  equations  in  the  digital 
computer,  we  determine  for  the  consecutive  particular  moments  of  time 
mathematical  expectations  and  covariances  of  the 
connect ion/conununi cat  ion  of  all  variables.  For  the 

evaluation/estimate  of  the  accuracy  of  discrete/digital  systems  serve 
the  same  formulas  (III  91 )  and  (11.92). 

Example  1.  It  is  necessary  to  investigate  the  transient  process 
of  the  establishment  of  mathematical  expectation  and  variance  of 
error  of  gyro  horizon  with  the  nonlinear  correction  of  the 
interactions  of  stationary  random  disturbance/perturbation  in  the 
presence  of  random  initial  error  with  the  preset  mathematical 
expectations  and  the  dispersion.  The  equations  of  gyro  horizon  take 

the  form  y -F(xy.  x-u-y.  (ii.ne) 

where  U(t)  -  the  stationary  random  process,  which  has 
mu  —  const  and  U*(t)  with  a  spectral  density  of 

StrM  -  —  •  ~ — -  ?{X)  - fcsign*.  The  structural  scheme  of  gyro  horizon  is 

n  a*  +  <i»* 

given  in  Fig.  II. 11. 
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Let  us  reduce  equations  (11.116)  to  the  system  of  normal 
equations  with  the  white  noises  in  the  right  side.  For  this  we  will 
use  the  expression  of  random  function  U#(t)  through  the  white  noise 
with  the  help  of  forming  filter  [76].  Let  us  represent 
rational-linear  function  SuM  in  the  form 


s„  («>-]/ 


_J _ 1  f 

a +  y  n  a— /«' 


(11.117) 


On  the  other  hand,  if  there  is  forming  filter  [76]  with  the 
transfer  function  W(s),  then  spectral  density  $!/(«»)"  of  random  process 
at  the  output  of  this  filter  under  the  effect  at  the  input  of 
stationary  white  noise  with  the  single  spectral  density  and  an 
intensity  of  G-2ir  is  equal  to 


SW(w)  -V(l<o)V(—iio). 


(11.118) 


On  the  basis  of  expressions  (11.117)  and  (11.118)  we  conclude 
that  the  transfer  function  of  the  forming  filter  takes  the  form 


w<*)-  |/  —  • 

V  «  a  +  s 


(11.119) 


Thus,  the  stationary  random  function  U°(t)  is  connected  with  the 
white  noise  V"(t),  which  has  spectral  density  sv  -  i.  with  the  equation 


(s  +  a) 


(11.120) 


Consequently,  equations  (11.116)  are  replaced  by  the  following 


system: 


y-F(X);  x-u-y-, 


U  “  —  aU  +  a  lit/  + 


(11.121) 
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Fig.  II. 11.  Structural  scheme  of  gyro  horizon. 
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Let  us  fulfill  the  statistical  linearization  of  the  function 

f  (X)=*  *„»«.* +  *,X®.  (11.122) 


where 


Substituting  expression  (11.122)  into  equations  (11.121)  and 
separating/liberating  mathematical  expectations  and  random 
components,  we  will  obtain  the  equations 

my  »  mx  <m  rtlfj  —  mYi  (II .  12a) 

Y •  -  X«  =  U*  —  K»;  0*  *  —  aU*  +l  /  —  /«.  (II .  124) 

for  them.  1 


To  equations  (11.123)  correspond  the  following  equations  for 
covariances,  in  which  it  is  taken  into  consideration,  that  U'(t)  - 
stationary  random  function  Duu  **  Do  ■  const: 

Dyy  as  —  2 AjOyy  4*  2A,Oyy;  Dyy  =  —  (*l  +  X 

xDyy  +  **  —  2£,yy- 


(11.125) 
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During  the  integration  of  equations  (11.123)  it  is  necessary  to 
take  into  account  the  initial  conditions  t*0;  my(0)-mr..  while  during 
the  integration  of  equations  (11.124)  -  the  initial  conditions  t*0; 
or(0)  -  Ur.;  hyu(0)  T'o.  Equations  (11.123)  (11.124)  together  with  formulas 
(11.122)  for  k0  and  kt  are  closed  system,  and  they  integrate  them 
together.  As  a  result  of  integration  are  determined  unknown 
dependences  m»-(0  and  Dr(t). 

6.  Calculation  of  systems  with  the  random  parameters. 

The  theoretically  identical  automatic  control  systems  have  the 
random  parameters  due  to  the  tolerances  at  the  production  of  the 
single  elements  of  systems,  and  also  in  view  of  a  change  of  their 
properties  in  the  process  of  work.  In  the  majority  of  the  cases  these 
random  parameters  can  be  considered  random  variables  with  the  given 
average/mean  values  and  dispersions. 

The  possible  values  of  the  parameters  are  located  in  the 
tolerance  range.  The  random  parameters  as  has  already  been  spoken  in 
Chapter  1,  even  in  the  system,  linear  relative  to  variables,  enter 
multiplicatively .  Therefore  any  system  with  the  random  parameters  is 
stochastic  nonlinear.  The  use/application  of  a  method  of  statistical 
linearization  is  one  of  the  approximate  methods  of  the  analysis  of 
such  systems. 
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Let  us  examine,  for  example,  linear  stabilization  system  with 

the  random  parameters: 

E(s,  a,)Y  =  Q(s,  b,)U  (11.126) 

(i  —  1.  2 . k;  j  ■—  1,2 - -  /), 

where  U(t)  -  the  random  stationary  interference,  which  has  constant 
value  of  mathematical  expectation  mv  and  spectral  density  Su(to); 

E(s,  aj,  Q(s,  bj)  -  polynomials  relative  to  s  with  the  random 
parameters 

£ (s,  a,)  =  c0sx  -j-  ...  -r  aK,  Q(s,  bf)  =  b^s1  +  ...  +  b,. 

Random  parameters  at, a„,  b,, ...,  bi,  are  not  connected  and  with  the 
random  disturbance  U(t).  Let  us  represent  these  parameters  in  the 
form 

ai  =  mai  -h  a?  (i  =  1 . k)\ 

bi  =  "»»,  +  b°  U  =  1,  •  •  • .  0. 

where  '»*/  -  nominal  values  of  the  parameters  or  their 

mathematical  expectations; 

a®,  b°!  -  central  random  variables  with  preset  dispersions  Dat,Dl>l  . 
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The  nonlinearity  of  the  type  of  the  product  of  random 
coefficients  to  the  i-th  derivative  or  the  variable  enter  into 
equation  (11.126).  Applying  to  these  nonlinearity  the  methodology, 
presented  in  p.  1  of  this  chapter  we  will  obtain 

UfY  —  ~b  y(()  -|-  niaX  ^y(0^? » 

bjU^  mbfmuU)  +  mbjUm  +  (11.127) 

*b  i  ^  '  0t  1,  •  •  •  ,  /C,  /  0,  •  •  •  ,  /, 

where  0«,y«)  -  moment/torque  of  the  connection/communication  of  random 
coefficient  at  and  i  derivative  y(<)- 

After  the  fulfillment  of  linearization  we  obtain  system  of 
equations  for  the  mathematical  expectations  and  random  components  of 
the  variables: 

K  1 

E  (s,  mat)mY  +  V  £>a^(„  =  Q  (s,  (II .  128) 

rmmQ 

E(s,  mai)V  +  Q(S,  mtl)U*  + 

+  Q(s.  b°i)nuj  —  £(s,  u?) my.  (11.129) 

The  system  and  disturbances/perturbations  are  stationary  in  the 


case  in  question. 
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Obtained  formulas  (11.130)  (11.131)  (IX. 132)  determine  the 
mathematical  expectations  and  dispersions  of  output  variable  taking 
into  account  the  straggling  of  the  parameters  of  systems. 

The  methodology  presented  easily  is  generalized  to  the  system 
with  the  substantially  nonlinear  elements/cells  with  random 
parameters  [31]. 

7.  Combined  statistical  and  harmonic  linearization. 
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During  the  analysis  of  nonlinear  systems,  which  are  located  in 
the  self-vibrating  mode/conditions  or  subjected  to  the  interaction  of 
periodic  signal,  in  the  presence  of  random  disturbance  can  be  used 
the  method  of  statistical  linearization  in  combination  with  the 
harmonic  linearization.  It  is  virtually  important  to  consider  the 
case,  when  at  the  input  of  nonlinear  element/cell  with  characteristic 
F  the  signal 

U  -  xmsin<D0/  +•  X, 

where  X(t)  -  random  noise  with  mathematical  expectation  mx(t)  and 
central  random  component  X"(t),  operates. 

Page  55. 

If  F  in  the  general  case  ambiguous  nonlinearity,  for  example  the 
type  of  relay  with  hysteresis,  the  output  signal  Y  takes  the  form 

Y  -F(X  +  o,  X  +  o).  (11.133) 

where 

v(t)  =  sin  art. 


For  linearization  of  nonlinear  dependence  (11.133)  let  us  use 
combined  statistical  and  harmonic  linearization.  This  can  be  done  in 
two  stages.  It  is  preliminarily  realized  the  statistical 
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linearization  of  function  (11.133)  relative  to  the  random  signal 
X(t),  as  it  is  recommended  in  p.  2  of  this'  chapter.  As  a  result  we 
will  obtain  the  linearized  dependence,  in  which  the  statistical 
characteristic  F0  and  statistical  factors  of  amplification  kx  and  k, 

will  be  the  nonrandom  periodic  functions  of  the  time: 

K(/)  =  F0(mx  +  xm sin (o„/.  mx  Jr<s>xmco&a>9t,  Dx,  Dx,  ^x*) + 

+  (mx  +  sina»o/,/nx  +  008 

Dx.  D,.  Dxi)  JP  +  k,  (mx  +  x„  Jin  oV.  +  “V*.  “»  “V.  Dx, 

Dx.Dti)!C.  (H.IM) 

As  a  rule,  mathematical  expectations  mx  and  mx,  and  also  dispersions 
Dx,  Dx  are  changed  sufficiently  slowly,  and  it  is  possible  to 
consider  as  the  their  constants  within  the  limits  of  the  period  of 
the  harmonic  component  of  signal.  Then,  realizing  an  harmonic 
linearization  of  functions  F0,  kx,  k,,  let  us  expand  them  in  Fourier 
series  and  let  us  preserve  the  necessary  number  of  terms  so  as  to 
exclude  nonlinear  components.  As  a  result  we  will  obtain 

K  (/)  - .  Fo  -H  +'b‘u9Xm  X 

x  sinw./ -M;x0  + aU0,  (II.  135) 

where  Ft  -  statistical  characteristic  of  nonlinearity  averaged  during 
the  period  of  a  change  in  the  harmonic  signal; 

A*  and  *2-  ~  time-averaged  statistical  coefficients  of  the 
amplification  of  random  components; 
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a  f 


1 


a*,  b*  -  statistically  averaged  harmonic  coefficients  of  the 
linearization  of  the  statistical  characteristic  Fa. 

Page  56. 

These  coefficients  and  averaged  statistical  characteristic  are 
expressed  by  the  formulas 

2* 

F°  =irj  +*msiniMmcosi|>1  Dx,  Dx,  Dxx)dr 
0 

2jx 

=  it:  j  F°(m*  +  Ar"sin**  cos  if,  Dx,  Dx,  Dxx)  x 
0 

X  cost|xty; 


b *  — 


1 


2n 

•J  Fn(m 


x  +  xrn  sin  y,  xm  cos  ip,  Dx,  Dx , 


Dxk)  sin  ipdip; 

*'  r“  k *  (mx  +  *«.  s‘n  S’.  xm  cos  ip,  Dx,  Dx,  Dxx )  dip; 


(II.  136) 


2n 


tn 

J  **(mx  +  *msini|>,  xmcosijj,  Dx,  Dx,  Dxj[)d>p. 


Functions  F,,  kw  k,-  in  accordance  with  the  method  of 
statistical  linearization  are  expressed  by  the  formulas 


Fo  i  \  F  (x  -h  v,  x  v)  p  { x ,  x)  dxdx\ 


k  —  -dF*  ■  k  —  dF° 
dmx  dmk 


(II.  I37> 


During  the  theoretical  studies  input  signal  is  conveniently 
represented  in  complex  form  U  -  Xmeln,tl  -t-  X.  in  this  case  output  variable 


( 
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also  is  represented  in  the  complex  form 

where  y  -  ft  +  fxj*  +  k\X°  +  klX\  (l! .  I38> 

J*  =  a*  +  ib*. 

Combined  statistical  harmonic  linearization  can  be  also  used  to 
the  multidimensional  nonlinearity  of  more  general  view  [31]. 

8.  Calculation  of  oscillations/vibrations  in  the  nonlinear  systems 
during  the  random  disturbances. 

Auto-oscillations  are  one  of  the  possible  modes/conditions  of 
the  work  of  nonlinear  fixed  systems.  During  the  random  disturbances 
the  characteristics  of  the  self-vibrating  mode/conditions  of  system 
are  changed  up  to  the  full/total/complete  disruption/separation  at 
the  specific  intensity  of  disturbances/perturbations. 

Page  57. 

The  task  of  research  of  the  dynamics  of  hunting  systems  in  the 
presence  of  random  disturbances  consists  of  the  study  of  the 
conditions  for  existence  of  auto-oscillations  and  of  the 
determination  of  their  amplitude  and  frequency.  The  approximation 
method  of  combined  statistical  and  harmonic  linearization  is  used  for 
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the  solution  of  this  problem.  The  set-forth  below  procedure  of 
calculation  of  auto-oscillations  in  the  nonlinear  system  in  the 
presence  of  random  disturbances  in  essence  is  analogous  to  known  to 
procedure  harmonic  linearization.  Let  us  illustrate  this  methodology 
based  on  the  example  of  system  with  one  nonlinearity,  whose  dynamics 
is  characterized  by  the  equation 

£(s)X  +  H(s)F(X,  X)  --  R(s)U,  (II.  139) 

where  F  -  nonlinearity,  for  example  the  type  of  relay  with 
hysteresis; 

U(t)  -  random  stationary  disturbance; 

E ( s ) ,  H(s),  R(s)  -  polynomials  relative  to  s  with  the  constant 
coefficients . 

Let  us  assume  that  the  single-frequency  auto-oscillations  are 
possible  in  the  system  and  system  possesses  sufficient  filtering 
properties.  Then  in  the  steady-state  mode/conditions  we  approximately 
record  the  variable  X(t)  in  the  form 

X  (!)  mx-h. r,,,*'"-' +  *•(/).  (II.  140) 

where  « x  —  const; 


xm,  cm  -  amplitude  and  the  frequency  of  fundamental  harmonic  component 
of  auto-oscillations;  X*(t)  -  central  random  component. 
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Let  us  replace  nonlinearity  with  statistically  equivalent  linear 
dependence  according  to  formula  (11.138)  under  the  assumption  of  a 
good  filtration  of  oscillations: 

F(X.  X)  k'0mx  |  J'xj^  -h  k]X°  +  k\X°,  (H.  141) 

where  k’0/nx  F‘0,  and  functions  Fa,  k\,  kj,  J'  are  determined  by  formulas 
(11.136).  Substituting  expressions  (11.140)  and  (11.141)  into 
equation  (11.139)  and  separating/liberating  constant  oscillatory 
harmonic  random  component  for  the  steady-state  mode/conditions,  we 
will  obtain 

E(0)mx  ±H(0)kjnx  -  (0)my;  (II.I42)- 

£  (s)  ■+■  H  (s)  xj' '«/“•'  -  0;  ( 1 1 . 1 43) 

£  (s)  X°  +  H  (s)  (k\  +  kls)  X°  -  R(s)U°.  (11.144) 

Equation  (11.142)  serves  for  determining  the  mathematical 
expectation  mx. 

Page  58. 

Equation  (11.143)  must  be  used  for  determining  of  amplitude  *m  and 
frequency  of  possible  auto-oscillations  .  For  this  purpose  for  the 
steady-state  mode/conditions  it  is  possible  to  convert  it  to  the  form 

[E  (ja9)  xn  +  H  xmJ *]  «'"•<  0.  (II .  145) 
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It/S. 

ft 

The  left  side  of  equation  (11.145)  becomes  zero,  if  expression 
in  the  brackets  is  equal  to  zero,  i.e.,  characteristic  equation  has 
pure  imaginary  root:  - 

£(/©,)  +  (IL146) 


The  left  side  of  expression  (11.146)  is  the  complex  quantity, 
for  which  it  is  possible  to  record  [75] 

Re  (£  (;a>*)  xM  +  H  (/«,)  xmJ* J  =  0,  |  147) 

Jm  [£ (/< u0)  x„  +  H  (/«,)  xmJ*  1  =  0.  ) 

From  these  equations  they  determine  xm  and  cj.  of 
auto-oscillations. 


#• 


Equation  (11.146)-  can  be  represented  also  in  another  form 

^  u**.)-  -  7T-  (n-l48> 


where 


w<j<x>t)= ,4-- 


- » 


ft 


ft 


ft 


From  equation  (11.144)  let  us  determine  Dx,  Dx,  Dxx: 


ft 


R(ju\ 


E  (/'«)  +  W  (/w)  (*[  +  *J('w) 


(H-149) 

Sy  (<•))  du; 


«0 

M! 


R  (/<■>)  /<■» 


£  (/<D)  +  H  (/< D)  (*|  +  *i/w) 


Sy(a))du);  (11.150) 


*  (/to) 


£(/«)+//(/«)(*;+*» 


ju>S  v  (oi)  du>,  (11.151) 


ft 
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where  S(/(u>)  -  the  spectral  density  of  random  process  U(t). 

Equations  (11.142)  (11.147)  (11.149)  (11.150)  (11.151)  are 
actually  equations  for  determination  mx.  xm,  Dx,  Dx,  Dxx,a>0.  They  are 
connected  with  variables"^’  which  depend  on  the  same  unknown 

values. 

Page  59. 

Connecting  to  these  equations  of  the  dependence 

liQ  ■  k0  ^ XX 

* 1  (mx>  xm<Dx,  Dx,  Dxx),  (II.  152) 

kt  --  kj  (mx,  Dx>  °x>  Dxx)’ 

J  —  J  (/H^,  ^*1  ^x*  ^X'  ^ XX 

we  obtain  the  full/total/complete  system,  whose  decision  must  be 
sought  by  successive  approximations. 

The  method  of  successive  approximations  in  this  case  can  be 
applied,  for  example,  in  the  form  of  the  following  algorithm. 

We  are  assigned  in  the  zero  approximation  by  values  ko,  k\,  k\  and 
we  determine  from  formulas  (11.142)  (11.149)  (11.150)  and  (11.151) 
values  mx,Dx,Dx,Dxx  in  the  first  approximation.  This  gives 


possibility  on  the  basis  of  formula  for  J*  to  construct  on  the 
complex  plane  (Fig.  11.12)  the  reverse  amplitude-phase  characteristi 
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of  nonlinearity  with  the  opposite  sign  —  •  The  amplitude-phase 

,  '  h  (/«) 

characteristic  of  linear  part  w uw>  “  " 1S  constructed  m  the  same 

figure  The  point  of  their  intersection,  if  it  exists,  in  accordance 
with  equation  (11.145)  determines  values  and  cj0  in  the  firs* 
approximation.  After  using  values  xm,  mx,  D x.  D*.  DXx,  calculated  in  the 
first  approximation,  according  to  formulas  (11.152)  we  compute  new 
values  kg,  k‘it  k\  and  we  repeat  computations  in  the  second 
approximation/approach.  The  procedure  of  calculations  is  finished  in 
obtaining  of  the  close  consecutive  values  of  the  unknown  values.  The 
stability  of  auto-oscillatory  mode/conditions  is  determined  by 
ordinary  methods  [75]  existing  for  this. 

The  random  high-frequency  disturbance,  which  operates  on  hunting 
system,  changes  the  characteristics  of  auto-oscillations  and,  after 
achieving  the  specific  level,  it  can  tear  away  the  self-oscillating 
process  of  system.  If  during  the  solution  of  the  equations,  in 
particular  equations  (11.147)  given  above  or  (11.148),  it  is  not 
possible  to  determine  actual  values  xm  and  u0  (curves  W(j u)  and  -1/J* 
they  do  not  intersect),  then  there  is  no  self -oscillating  process  in 
the  system. 
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Fig.  11.12.  Amplitude-phase  characteristic  of  linear  part  and 
nonlinearity. 

Page  60. 

The  obtained  formulas  give  the  possibility  to  establish  some  limiting 
values  of  noise  level,  with  which  the  auto-oscillations  in  the  system 
cease.  Thus,  assuming/setting  in  these  formulas  xm  •  0,  we  will  obtain 
equations  for  determining  the  critical  values  mx  and  Dx,  at  which  in 
the  system  auto-oscillations  cease. 

Example.  On  the  self-vibrating  fixed  system,  which  contains  one 
nonlinear  element/cell  of  the  type  of  two-position  relay  with 
hysteresis,  stationary  white  noise  operates.  The  equations  of  system 
take  the  form 

(c»s*  +  fi*‘  +  c*s  +  c>)  Y  —  6,  IF  (x.si  +  n\; 
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where  n(t)  -  the  stationary  normally  distributed  white  noise,  which 
has  spectral  density  S0; 


o; c, c„ c. c,. -  constant  coefficients; 


my  —  const . 


The  structural  scheme  of  system  is  depicted  in  Fig.  11.13.  To 
determine  the  conditions  for  existence  and  stopping  the  natural 
oscillations. 


For  solving  stated  problem  let  us  use  the  method  of  the 
statistical  linearization  of  the  ambiguous  nonlinearity  F(X,  X)  on 
the  assumption  that  single-valued  auto-oscillations  are  possible  in 
the  system  in  the  steady-state  mode/conditions.  Let  us  assume  that  in 


this  case  the  variable  X  takes  the  form 


X  ""  mX  +  **  +  xm  co*  ■ 


(11.15-1) 


After  the  statistical  linearization  of  function  F(X,  X)  on  the 
basis  of  formula  (11.141)  we  will  obtain 


F  (X.  X)  -  F J  +  *;x°  +  *jx°  +  o’xm  CO*  uj  -r 
+  bmx„,n)t  sin  u>J. 


(II.  156) 


where  f’a,  k],  o'.  bm  are  determined  from  formulas  (11.136)  (11.137). 


Substituting  expression  (11.155)  into  equation  (11.153)  and 
selecting  constant  component,  periodic  signal  and  central  random 
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function,  we  will  obtain  system  of  equations  for  determining  all 
components  in  the  steady-state  mode/conditions: 


D*.  Dx'  Dxk’  x">;  I 

mx  —  trifj  fflyj  I 

(c0i3+C|s2+c,s  +  «s)K0»60(*;  +  *Ji)  +  X°  =*  —  Y°, 
lct  (iat,)3  +  ct  («■»»)*  +  c*  (•<»,)  +  e, I  —  it  (a*  +  -  0 . 


(11.156) 

(11.157) . 
(11.156) 
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Fig.  11.13.  Nonlinear  auto-oscillatory  system. 
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Equation  (XI. 158)  let  us  represent  in  the  form  of  expressions 
(11.147) : 


—  ci  w0  +  C1  +  b0a 

—  eo“o  +  (c,  *0*"  )  “  0  • 


(11.169) 


From  the  second  equation  of  system  (11.159)  we  obtain  the 
frequency  of  auto-oscillations 


(11.160) 


First  equation  (11.159)  taking  into  account  formula  (11.160) 
takes  the  form 

—  Ci  (e»  +  &’»&•)  +c^c, '4-'6«a*c(  —  0.  (11.161) 

After  using  equation  (11.157)  and  known  formulas  for  computing 
the  steady  dispersions  ox,dx  Qf  stable  stationary  linear  system,  we 
will  obtain 
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^O^Ocl 


(c3  +  *l*o)[cl(c2  +  *2*0)  ~eo(c»+*|*o)j  * 

0. 


_i+M. 


XX 


(11.162) 


Dependences  (11.156)  (11.160)  (11.161)  (11.162)  together  with 
the  formulas  for  f0,  k,,  k2,  a  ,  b  serve  as  the  equations,  which  determine 
values  Ox.  o*.  Their  solution  can  be  obtained  by  the  method  of 

successive  approximations. 


We  analyze  the  obtained,  for  the  formula  in  question,  system  for 
the  purpose  of  the  establishment  of  asymptotic  relations.  In  the 
steady-state  mode/conditions  X(t)  -  stationary  normal  process. 
Therefore  X(t)  and  X ( t )  are  not  connected,  while  In  this  case, 

formulas  F, ,  kx  and  k,  for  the  relay  in  question  take  the  form 
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,  L/C  +  »tA-  +  *meosV\  ,C-mx—zmcosa> 

— vR - )-*(■ - 7W~  )-2** 

(  X,„ui„  Mil  (Jij  \  /  C  +  mx+  xHlcos<att  \ 

\  V  DX  ).  [  V  Dx  )  + 

J  C->nx-xmCos%t  \)\ 

\  V°~x  jW 


+['-"W)]; 


(c-'T,r-xmco‘“o')* 
20  ~ 


C4-m,.+*  chiiI) 
•'  m  u 


o  o  2 
xm“uJ,fl  “O' 


_ *Lmf  2Ux  L/g-^-jy^v 

j/2iiOA  [  (  y  Dx 

tf  C  +  mX  +  xm^^  1  Y 
\  VT»  )  ' 


<  y 

'Ox  /  ' 


(11.163) 


Let  m„-o.  Then  from  expression  (11.156),  first  formula  (11.163) 
and  first  formula  (11.136)  it  follows  that  «»r-o,  mx-o.  xn  this  case 
from  second  and  third  formulas  (11.136)  in  the  extreme  case  (absence 
of  auto-oscillations  when  *-»  —  oj  we  will  obtain  the  limiting  values  of 


a*  and  b*: 


.  2 h  V  2n  ^ 

a*  *  — e 

V°x 


* 


(A)- 


(11 . 164> 


From  formulas  (11.163)  it  is  possible  to  obtain  also  the  values 
of  coefficients  ’*«  and  *2*  when  xm-0: 


*'  ”  V2nDx‘ 


' ;  -  - 


\  inDX  \  V  Dx 


*  T7?r  •  (1 1 . 165) 
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Substituting  the  limiting  values  of  a*,  b*  in  equation  (11.161) 
and  taking  into  account  second  formula  (11.162)  for  Ox  and  first 
formula  (11.165)  for  we  obtain  the  equation  for  determining  the 
limiting  value  for  which  break  loose  themselves  the 
auto-oscillations : 

/"lit  -23^1/  2 h  -237') 

c*,-cxc%  +  C'f,t2hy  *j^,  +  p=,  xj  + 

+  ]/2«  =0-  (II.  166) 

After  the  determination  of  limiting  value  D*  from  formulas 
( II -162)  and  (11.165)  we  find  the  limiting  value  of  spectral  density 
S,  of  the  random  disturbance  n(t),. during  which  break  loose 
themselves  the  auto-oscillations: 

s 

Practical  use  in  the  control  systems  find  nonlinear  meters  - 

filters  for  measuring  the  slowly  changing  signals  in  the  presence  of 

random  steady  noise.  For  an  increase  in  the  effective  value  of 

signal-to-noise  ratio  at  the  output  of  such  nonlinear  filters  it  is 

expedient  to  have  the  forced  harmonic  oscillatory  or  self-oscillating 

process  with  the  acceptable  amplitude  of  oscillations  in  the  circuit 

of  filter.  Fig.  11.14  depicts  the  standard  structure  of  the  nonlinear 

filter,  whose  equations  take  the  form 

_Y  fjx);  x  —  U  —  Y,  (LL168) 

where  F(X)  -  nonlinearity  of  the  type  of  clipping  or  ideal  relay; 


(c3  *0*1)  [cl  (c2  -t  ^0*a)  —  cO  (c3  +  *0*l)| 


(11.167) 


W(s)  -  rational-linear  operator. 
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Fig.  11.14.  Nonlinear  filter. 
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I 

f 


Let  the  input  signal  U  contain  slowly  varying  component  U. , 
which  it  is  necessary  in  the  best  way  to  isolate,  harmonic 
fluctuating  component  a,sinu,t  and  the  stationary  random  noise  U°(t), 
which  has  equal  to  zero  mathematical  expectation  and  spectral  density 


i 

«*  +  p*  ’ 


Let  us  consider  different  cases  of  filtrating  the  slowly  varying 
signal  U.  by  this  filter.  In  this  case  we  will  consider  signal  U,  as 
that  slowly  changing  or  in  effect  constant,  if  its  change  can  be 
disregarded/neglected  during  the  period  of  oscillatory  process  2x/oj0  . 


Case  1 .  Let  w (s)  — 5 —  ; 

Ts  + 1 


F(X)*sign  X;  a,=0,  i.e.,  oscillational 


component  is  absent.  Signal-to-noise  ratio  at  the  input  into  the 


f ilter 


<7« 


vd; 
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Let  us  determine  signal-to-noise  ratio  at  the  output  of  the 


filter: 


For  this  it  is  realized  the  statistical  linearization  of 
nonlinearity,  also,  from  the  obtained  linear  equations  for  the 
steady-state  mode/conditions  we  find 


Page  64. 


Dx ) 

1  +  kkt(mx,  Dx) 
V*?  (mx,  Dx) 


[1  -MM™*.  DX)\[T$+  1  +  Wx  (mx,  Ox>| 

_ _ Uo 

mX  i  +  kk„  (mx,  Dx)  ' 

_ D'lT+l) _ _ 

1 1  Dx)\  |rp  +  l  +  «i  (mx,  Dx)\ 


nx  \VDx) 


2 

Y2nDx 


(II.  169) 


(II.  170> 


Signal-to-noise  ratio  at  the  output  of  filter  in  this  case  takes 


the  form 


q  =  q  *»  /(T+te*1)(r|>+  1  JrkkT) 

Y  #  MU-***) 


(II. 171) 


Example.  Let  the  filter  and  input  signal  have  the  following 
parameters:  k=l;  T=l;  D0  =  l;  /3=0.5  and  the  arbitrary,  but  constant 


I 
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value  U„=0-4.  We  preliminarily  make  calculations  according  to 
formulas  (11.170)  for  the  given  values  of  the  parameters  and  we 
compute  m*-  Ox  graphically  for  each  value  of  UB  employing  the 
procedure,  presented  in  p.  3.  In  this  case  we  determine  coefficients 
of  k0  and  kx.  Further  according  to  -formula  (11.171)  we  compute 
s ignal-to-noise  ratio  <?r  at  different  values  of  q„.  Fig.  11.15  gives 
the  final  graph/diagram  of  dependence  q'v  on  q„  for  the  examined  case 
(curve  1).  In  the  same  place  for  comparison  is  given  dependence  (line  2)  for 


the  linear  filter,  when  *o  *  *i  —  1;  <?r 


Case  2.  Let  W(s)=k/s;  F(X)=sign  X  and  fluctuating  component  be 
absent  (a,*0).  After  leading  the  statistical  linearization  of 
nonlinearity,  from  the  linear  equations  in  the  steady-state 
mode/conditions  we  will  obtain  the  formulas 


mY  ^O'  Dy  -  Dq  - 


(Dx) 

P  +  **i(  Ox)  '■ 


(II.  172) 


"i,*  0;  Dr  ^z.  £)« 


( Dx ) 


yss;-  t"-l73> 


In  this  case  the  system  of  equations  (11.173)  can  be  solved 
relatively  amV^x- 


Url/ -  D„. 

2  n  V  2ntt* 


(II.  174) 


Ratio  of  signal  mY  to  noise  V Dr  at  the  output  of  the  filter 


Qy 


l/— 

y  i*i 


»|  (Ox) 
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Substituting  the  value  k\(Dx)  for  the  present  instance  and 
expression  for  Dx  in  relationship/ratio  (II. 174),  we  will  obtain 
f inally 


<7y 


V  1  +  T  j/ 


+ 


k * 


2 


(li.  175) 


DOC  =  83173403 


PAGE  1 49 


Fig.  11.15.  Signal-to-noise  ratio  is  for  the  nonlinear  filter. 
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If  filter  is  linear  with  k^l,  then  signal-to-noise  ratio  at  the 
output  of  filter  is  equal 

=  <7o  j/"t  + 

Since 


the  signal-to-noise  ratio  at  the  output  of  nonlinear  filter  is 
greater  than  analogous  relation  at  the  output  of  linear  filter. 

Case  3.  Let  there  be  OP(s)  =  ■  + 1)" :  F(X)=sign  X  harmonic 

fluctuating  component  in  the  input  signal,  which  for  convenience  in 
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the  calculations  let  us  take  in  the  form  ao2/“*'- 


Assuming/setting  in  this  case  signal  at  the  output  of 
nonlinearity  in  the  form 

X  —  mx  +  axeilu't+ax)  +  X°,  (II .  1 76) 

where  ct.t-  phase  displacement  of  oscillation,  which  appears  in  the 
system,  let  us  perform  the  combined  statistical  and  harmonic 
linearization  of  the  nonlinearity 

sign  X  =  k‘0mx  +  aaxeiM+a #  +  k\X\  (II.  177) 

where  kl,a\kl  -  averaged  statistical  amplification  factors  for  this 
nonlinearity,  determined  from  formulas  (11.136): 

'Jit 

k'o  =  — - —  f  F0  (mx  +  a„sunj>,  Dx)dMp-, 

mY  2n  .1 
0 

•jt 

a*  ^  F{i(mx  +  axsirn|\  Dx)sin (11. 178) 

o 

2n 

k\  •=-  kx(mx  +  ax^n^9  Dx)d^. 

b  ' 
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Chapter  III. 

ANALYSIS  OF  RANDOM  PROCESSES  IN  NONLINEAR  SELF-TUNING  SYSTEMS. 

1.  Conditions  for  work  of  nonlinear  self-tuning  systems. 

The  fundamental  information  about  the  nonlinear  self -tuning 
systems,  and  also  the  methods  of  the  study  of  auto-oscillations  and 
transient  processes  in  these  systems  is  presented  in  the  book  "Method 
of  harmonic  linearization  in  the  design  of  the  nonlinear  automatic 
control  systems"  M. ,  "Machine  building",  1970.  Therefore  here  we  will 
be  bounded  only  to  the  presentation  of  the  methodology  of  the  study 
of  some  nonlinear  self-tuning  systems  under  the  influence  of  random 
signals.  It  should  be  noted  that  in  the  general  case  the  fundamental 
outline  of  the  self-tuning  system  is  subjected  to  the  interaction  of 
two  types  of  the  disturbances/perturbations:  parametric  ones  and 
signal  ones.  Parametric  disturbances/perturbations  are  determined  by 
changes  in  the  parameters  of  the  object  of  control;  in  certain  cases 
the  changes  in  the  parameters  of  regulator,  caused,  for  example,  by 
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aging  or  breakdown  of  the  single  elements/cells  of  regulator,  are 
also  the  source  of  parametric  disturbances/perturbations. 

Page  69. 

In  the  general  case  parametric  disturbances/perturbations  can  be 
described  by  certain  random  function  of  time.  Frequently  the 
parametric  disturbances/perturbations  are  multiplicative  interference 
with  respect  to  the  useful  signal,  passing  through  the  object  of 
control.  Let  us  assume,  for  example,  that  in  the  object  of  control 
randomly  is  changed  the  factor  of  amplification  K(t),  and  the 
harmonic  signal  A  sin  wt  enters  the  input  of  object.  Usually  the  band 
of  the  frequencies  considered  in  the  spectral  plane  of  function  K(t) 
is  arranged/located  much  lower  than  frequency  u  of  harmonic  input 
signal.  In  other  words,  function  K(t)  is  the  slowly  varying  random 
function  (in  comparison  with  the  input  signal).  Then  signal  X(t)  at 
the  output  of  the  object  of  control  is  approximately  described  by  the 
formula 

X  (/)  K  (t)  A ,  sin  (w t  +  tp), 

where  A  j.  and  <p  are  determined  through  the  transfer  function  of  the 
object  of  control. 

Since  parametric  disturbances/perturbations  are  usually 
described  by  the  slowly  varying  functions  of  time,  then  during  the 
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research  of  the  self-tuning  systems  with  respect  to  the 
disturbances/perturbations  indicated  is  applied  the  method  of  the 
"frozen  coefficients".  It  should  be  noted  that  the  parametric 
disturbances/perturbations  in  the  fundamental  outline  are  the  source 
of  useful  (with  respect  to  the  self-tuning  loop)  signals,  since  the 
task  of  self-tuning  loop  consists  of  the  evaluation/estimate  of 
parametric  disturbances  on  the  basis  of  the  analysis  of  the  signals 
of  fundamental  outline  and  of  the  compensation  for  the  parametric 
disturbances/perturbations  by  changing  the  parameters  of  regulator. 
Signal  disturbances/perturbations  operate  on  the  automatic  system 
together  with  the  control  pressure.  Usually  signal 
disturbances/perturbations  are  additive  interference,  i.e.,  signal 
S(t),  which  influences  the  fundamental  outline,  is  determined  by  the 
formula 

S(t)  u(/)  +  M0. 

where  u(t)  -  the  control  pressure; 

fx(t)  -  the  interference  (signal  disturbance/perturbation),  led 
to  the  input  of  the  fundamental  outline  of  system. 

In  certain  cases  of  the  interferences,  which  influence  the 
fundamental  outline,  they  are  used  for  the  self-adjusting.  Let  us 
consider,  for  example,  the  self-tuning  system  with  two  frequency 
filters  [39],  whose  simplified  block  diagram  is  given  in  Fig.  III.l. 
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The  fundamental  outline  of  the  system  consists  of  object  0,  on  which 
acts  the  signal  disturbance/perturbation  f(t),  the  unit  of  the  varied 
coefficient  of  regulator  BK  and  amplifier  Y.  Self-tuning  loop 
contains  two  channels  -  channel  of  an  increase  in  the  varied 
coefficient  and  channels  of  its  decrease. 

Page  70. 

The  first  channel  consists  of  high-frequency  band-pass  filter  0,  and 
detector  D,  second  channel  -  from  low-frequency  band-pass  filter -0,, 
and  detector  D.  Signal  the  self-tuning  loop  enters  from  point  a 
(error  signal  e  of  fundamental  outline)  or  from  point  b  (output 
signal  of  the  X(t)  fundamental  outline).  Difference  — * .  between 

the  signals  of  respectively  high-frequency  and  low-frequency  channels 
enters  integrator  of  the  I  self-tuning  loop,  and  then  the  unit  of  the 
varied  coefficient  BK. 

The  principle  of  the  work  of  the  self-tuning  system  in  question 
consists  of  the  following. 

If  the  fundamental  outline  of  the  self-tuning  system  approaches 
a  stability  limit,  then  the  fraction/portion  of  high-frequency 
components  in  comparison  with  the  low-frequency  ones  increases  in  the 
spectrum  of  the  error  signal  e(t).  Therefore  difference  zH  —  z. 
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becomes  negative,  which  causes  the  decrease  of  the  varied  coefficient 
until  the  difference  indicated  becomes  equal  to  zero.  During  the 
considerable  removal/distance  from  the  stability  limit  the 
fundamental  outline  of  the  system  becomes  slow-acting,  and  therefore 
increases  the  fraction/portion  of  low-frequency  components  in 
comparison  with  the  high-frequency  ones.  Difference  zH~ z,  becomes 
positive,  and  integrator  VL  feeds  the  signal  of  an  increase  in  the 
coefficient.  At  the  stationary  signal  disturbances/perturbations  the 
preset  stability  factor  is  automatically  supported  thus  in  the 
system,  in  spite  of  changes  in  the  factor  of  amplification  of  object. 

In  certain  cases  in  the  self-tuning  systems  of  interference  they 
are  capable  of  substantially  worsening/ impairing  the  work  of  system, 
and  sometimes  making  it  inefficient.  Therefore  the  account  of  the 
interaction  of  interferences  (signal  disturbances/perturbations)  is 
frequently  the  necessary  stage  during  the  design  of  the  self-tuning 
system. 

Let  us  consider,  for  example,  the  block  diagram  of  the 
self-tuning  system,  given  in  Fig.  III. 2. 
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Fig.  III.l.  Self-tuning  system  with  two  frequency  filters. 

Page  71. 

Fundamental  outline  contains  the  unit  of  controlled  parameters  EPII 
and  the  object  of  control  0.  Self-tuning  loop  consists  of  the  filter 
<»  of  the  nonlinear  converter  HTI,  which  determines  the  algorithm  of 
self-adjusting,  and  the  actuating  element  of  self-tuning  loop  HY.  The 
input  of  the  fundamental  outline  of  system  enter  control  pressure 
u(t)  and  test  signal  g(t),  developed  by  the  generator  of  test  signal 
me.  Interference  f(t)  is  applied  to  the  object  of  control  0.  Pulse 
or  harmonic  signals  are  commonly  used  as  the  test  signals.  Test 
signal  is  absent  in  certain  cases,  then  the  evaluation/estimate  of 
the  quality  of  the  work  of  system  is  realized  with  the  help  of  the 
analysis  of  the  auto-oscillations  of  the  fundamental  outline  of 
system1 . 
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FOOTNOTE  1 .  See  the  "method  of  harmonic  linearization  in  the  design 
of  nonlinear  automatic  control  systems".  ('"Nonlinear  automatic 
control  systems").  M. ,  "Machine  building",  1970.  ENDFOOTNOTE. 

The  given  block  diagram  corresponds  to  different  types  of  the 
self-tuning  systems,  examined  in  the  literature  [64]. 

It  is  known  that  with  the  effect  of  interferences  on  ordinary 
hunting  system  occurs  a  change  in  the  amplitude  of  auto-oscillations, 
and  upon  reaching/achievement  of  the  specific  interference  level 
auto-oscillations  cease  [34],  [69].  The  structural  scheme  of  the 
self-vibrating  self-tuning  system  is  given  in  Fig.  III. 3. 
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ig.  III. 2.  Block  diagram  of  the  self-tuning  system. 
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Fig.  1 1 1. 3.  Structural  scheme  of  the  self-tuning  system. 
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On  this  diagram  through  R,(s)/Q,(s)  is  designated  the  transfer 

function  of  the  object  of  control,  and  through  — and  -  with 

«  Qu  (*) 

respect  the  transfer  functions  of  filter  and  actuating  element  of 
self-tuning  loop.  Research  of  processes  in  similar  systems  is  made 
frequently  with  the  help  of  the  method  of  statistical  linearization 
Therefore  is  natural  the  examination  of  the  possibility  of  applying 
this  method,  also,  to  the  nonlinear  self-tuning  systems,  which  are 
more  complicated  than  ordinary  nonlinear  automatic  systems. 
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The  target  of  this  chapter  is  the  short  presentation  of  the 
specific  special  features/peculiarities  of  the  use/application  of 
methods  of  statistical  and  harmonic  linearization  to  the  nonlinear 
self-tuning  systems. 

2.  Statistical  coefficients  of  the  linearization  of  the  standard 
nonlinearity  of  the  self-tuning  systems. 

From  the  structural  scheme  of  the  search-free  self-tuning  system 
given  in  Fig.  III. 3  it  is  evident  that  the  systems  in  question 
contain  at  least  two  nonlinearity:  nonlinearity  F(x,  y) ,  which 
characterizes  the  parametric  connection/communication  of  fundamental 
outline  with  the  self-tuning  loop,  and  nonlinearity  determined 

by  the  selected  algorithm  of  self-tuning  loop.  Since  the  nonlinearity 
indicated  differ  somewhat  from  the  standard  nonlinearity  of  ordinary 
automatic  systems,  then  is  usefully  to  preliminarily  consider  the 
possible  methods  of  the  statistical  linearization  of  the  nonlinearity 
of  the  form  indicated. 

Statistical  coefficients  of  the  linearization  of  nonlinearity 
F(x,  y).  Nonlinearity  F(x,  y)  is  in  the  general  case  function  two 
random  dependent  the  variables  X  and  Y.  Let  us  consider  the  case, 
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when  self-tuning  loop  is  completely  interference-free,  at  first, 
i.e.,  coordinate  y  is  either  constant  value  or  value  of  that  of 
slowly  varying  in  the  conformity  only  with  a  change  in  the  parameters 
of  fundamental  outline.  The  position  indicated  occurs  in  such  a  case, 
when,  for  example,  the  spectrum  of  random  noise  lies/rests  out  of  the 
filter  pass  band,  which  is  located  in  the  self-tuning  loop.  Then  to 
nonlinearity  F(x,  y)  it  is  possible  to  use  the  principle  of  the 
separate  harmonic  linearization1,  in  accordance  with  which  it  is 
possible  by  ordinary  methods  to  carry  out  the  statistical 
linearization  of  nonlinearity  F(x,  y),  by  considering  y  as  the 
parameter. 

FOOTNOTE  l.  See  the  book  "method  of  harmonic  linearization  in  the 
design  of  nonlinear  automatic  control  systems".  ("Nonlinear  automatic 
control  systems").  M. ,  "Machine  building",  1970.  ENDFOOTNOTE. 

The  case,  when  together  with  useful  constant  or  slowly  varying 
component  value  y  contains  certain  random  component  of  Y,  is  more 
complicated. 
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Applying  the  general  formula  of  the  linearization  of  multidimensional 
functional  dependence  [31],  we  will  obtain 


DOC  =*  83173404  PAGE 

p~F(x,y)  p0  4 -kiX  +  kaY,  (III- 1> 

where  p,  -  statistical  characteristic  of  nonlinear  element/cell; 

kax  and  kau  -  statistical  coefficients  of  linearization  on  random 
components  X  and  Y. 


Let  us  determine  the  statistical  coefficients  of  linearization 
from  the  condition 

y)  —  Po  —  kaxX  —  koY}2]  ~  min.  (Ill .  2> 

Equalizing  to  zero  partial  derivatives  on  p0.  ho,  and  k„v  of  the 

left  side  of  relationship/ratio  (III. 2),  we  will  obtain 

p0-mp  =  M  [F(x,  y)Y,  (IU.3> 

«im> 


k„  •-= 
u 


(III .  5> 


where  mf  -  mathematical  expectation  of  variable  p,  determined  by  the 
formula 

oa  m 

mp  j'  F{x,  y)p{x,  y)dxdx ;  (II1.6) 

Dx,  Dy  ~  the  dispersion  of  the  variables  x  and  y; 


Rxv  —  RxV(t,  t),  R(,x=  Rfx(t,  t),  =  RfV(t,  t)  -  the  cross-correlation  functions 

of  the  corresponding  variables. 


In  formula  (III. 6)  p(x,  y)  -  the  two-dimensional  density  of 
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array  of  the  variables  x  and  y.  It  is  not  difficult  to  show  (see 
Chapter  II,  and  also  work  [31]  that  under  the  normal  law  of  array  of 
the  variables  x  and  y  the  statistical  coefficients  of  linearization 
kat  and  *oy  are  connected  with  value  mP  with  the  following 
relationships/ratios; 


It  is  evident  from  formulas  ( II I . 4 )- ( I I I . 6)  that  in  the  general 
case  of  the  correlated  random  functions  X  and  Y  the  expressions  for 
values  rn9,kax  and  £<,„  are  sufficiently  complicated  (especially,  if  we 
take  into  account  the  difficulties  of  determination  explicitly 
Rxy,  and  Rpv).  This  circumstance  substantially  impedes  research  of 
the  nonlinear  self-tuning  systems. 

Page  74. 

Therefore  is  of  interest  the  analysis  of  the  conditions,  under  which 
the  functions  indicated  can  be  considered  as  not  correlated  (but  in 
the  case  of  normal  processes  and  by  independent  variables). 
Comprehensive  research  of  these  conditions  is  difficult;  therefore  we 
will  be  bounded  to  the  approximate  conclusions/outputs,  based  on  the 
simplified  approach  to  the  analysis  of  the  interconnection  of  these 
values,  that  considers  some  simple  physical  considerate  - . 
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It  follows  (See  Fig.  III. 3)  from  the  given  earlier  structural 
scheme  of  the  nonlinear  self-tuning  system- that  in  the  general  case 
signal  y  is  obtained  usually  as  the  result  of  the  consecutive 
use/application  of  linear,  nonlinear  and  then  again  linear 
transformations  of  signal  with  the  help  of  the  components/ links , 

R  (s) 

which  have  respectively  characteristics  \^0(s)=— ^ — ;  fo(x<t>)  and 

«„(S)  Q*(s) 

=  if  we  are  bounded  to  the  examination  of  low-frequency 

random  processes,  then  in  the  transfer  functions,  which  correspond  to 

the  linear  transformations  indicated,  it  is  possible  to  assume  s®0. 

Consequently,  self-tuning  loop  with  respect  to  slowly  varying  random 

component  can  be  considered  as  the  nonlinear'  inertia-free 

device/equipment,  described  by  the  function 

y  =  ktF0(kiX),  (IH.  8) 

where  coefficients  kx  and  k,  are  determined  by  the  formulas 

Let  us  disconnect  self-tuning  loop  at  the  output  of  actuating 
element  and  will  consider  the  equivalent  diagram,  given  in  Fig. 

III. 4. 

Regarding,  the  cross-correlation  function  of  variables 
y  «  m„  +  Y  and  x  =  mx  +  x  is  determined  by  the  formula 

Rxil(tlt  0  =  M[X((1)K (/,)!• 
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With  ti=tj=t  taking  into  account  relationship/ratio  (III. 8)  we 

have 

90 

Rxy(t,  t)  j  xFa(klx)p(x)dx. 

*  . 

Let  us  show  that  if  function  F0(ktX)  -  is  even  symmetrical,  then 
for  normal  random  process  RxV(t,  t)  -0. 

Actual ly/really 


DOC  =  83173404 


PAGE 


1 — 

y , 

X 

X 

Fig.  III. 4.  Simplified  equivalent  diagram  of  self-tuning  loop. 
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Since 


then 


i  .e. 


M-M)  -Fo(M)  and  P(-x)=p(x), 


J  xF0{—klx)p(—x)dx 


—  f  xFa(kix)p(x)dx, 


R,y(t,  0-0. 


The  obtained  result  is  strict  (when  making  these  assumptions) 
for  the  case  of  the  extended  self-tuning  loop;  during 
closing/shorting  of  self-tuning  loop  random  component  of  Y  by  the 
variable  y  affects  variable  -x,  and  therefore  the  conclusion  obtained 
above  about  the  noncorrelation  of  the  variables  x  and  y  for  the 
locked  self-tuning  loop  is,  generally  speaking,  inaccurate.  However, 
if  random  component  Y  is  small  (which  frequently  occurs),  then  the 
effect  of  random  component  Y  indicated  on  the  variable  x  is  also 
small,  and  in  the  first  approximation,  it  is  possible  to  consider 
that  and  in  this  case  Rx„(i,  i)~Q.  In  accordance  with  formulas  (III.4) 
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and  ( 1 1 1 . 5 )  when  Rxy  -  0  we  have 


Thus,  in  the  case  in  question  statistical  coefficient  of 
linearization  on  random  component  X  proves  to  be  independent  from  the 
statistical  characteristics  random  component  Y,  and  k0y  -  from  the 
statistical  characteristics  of  random  component  X. 

Frequently  the  nonlinear  function  F(x,  y)  can  be  represented  in 
the  form  of  the  product  of  two  functions: 

p  =  F(x,  y)  \(x)>(y).  (III. 9)  .  * 

Then,  taking  into  account  that  for  uncorrelated  the  variables  X 
and  Y  probability  density  p(x,  y)*p(x)p(y),  we  will  obtain: 

QO  00  OO  <30 

-"*p  =  J  j  F(x,  y)p(x,  y)dxdy  —  j  J  k(x)*(y)p(x)p(y)dxdy ^ 

—CO  — ^  — «o  -• 

«•  0* 

“  j  k(x)p{x)dx  |  '•{y)p(y)dy  —  mkm„  (HI.  10) 

— «•  -• 

where  m*  and  m.  -  respectively  mathematical  expectations  of  functions 
\(x)  and  v(y ) . 
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Frequently  i>( y)  is  linear  function,  i.e.,  y(y)*ky.  Then  from 


expression  (I II. 10)  we  have 
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m9  kniy/rh,  (III.  1 1 > 

and,  therefore,  in  accordance  with  formula"  (I II. 7)  for  we  have 

kay—kmi.  (Ill .  12) 

From  formula  (III. 12)  follows  that  if  function  F(x,  y), 
determined  by  formula  (III. 9),  is  odd  symmetrical  relative  to  x, 
i.e.,  X(x)  =*-X(-x)  and  mx  =  0,  then  kOy=0.  Let  us  consider  as  an 
example  of  the  formulas,  which  determine  p»,  k<,x  and  kay  relay 
element/cell  with  the  varied  level  of  the  limitation: 

p  =  F(x,  y)  -  1/ sign  (III.  13> 


Substituting  in  formula  (III. 6) 

p(x,  y)»  .  1  ■■■•—  exp  x 

2n  V  OxDy  —  Rxy 

X\  2  {DxDy-R%)  ]' 

we  will  obtain 

Cm- 

X 

Po  ~r~~L  ■■  <D (m,YC)  -|- — (111.  !4> 
*  C°x  D?  V2 nC 

where 


0 
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In  accordance  with  formulas  (III. 7)  we  will  obtain 


m„ 


V  ~ 

k(j  — 


VCRtum,  \ 

exp  1 

1 

(  ™;c  \ 

V  2  ) 

J 

1  Ox 

°X  VC 


-=-v(m,vc), 


(III.  15) 
(III.  16) 
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I  f  m,  -  0,  then 


(>o 


2  Rry 

/2nC  ’ 


0.  (111.17) 


If  the  variables  X  and  Y  are  independent  variables  and, 
therefore,  RxV  =  0,  then  from  formulas  ( 1 1 1 . 14 )-( 1 1 1 .16 )  it  follows 


Pu  —  2/77„<D 

(-JT) 

!  » 

(III.  18) 

1  /  2  mv 

ayn  1  — 

(III.  19) 

a*  V  n  ox 

exp  i 

2 oi) 

koy  -  2(D 

(tt) 

(111.20) 

Let  us  consider  the  task  of  the  statistical  linearization  of 
nonlinearity  F(x,  y) ,  if  one  of  the  variables,  for  example  x,  besides 
random  central  component  X  contains  also  the  harmonic  component  of  A 
sin  «t.  If  the  variable  y  is  the  constant  or  slowly  varying  value, 
then,  by  considering  it  as  the  parameter,  the  approximating  function 
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let  us  take  in  the  form 

l»  F  (x,  tj)  -  p0  +  x/lsinud  +  k^X,-  (111.21) 

where  x(A,  mx,  ax,  y)  -  statistical  coefficient  of  linearization  on 
periodic  (harmonic)  component; 

xi(/l,  mx,  a„  y)  -  statistical  coefficient  of  linearization  on  random 
component  during  the  nonlinear  conversion  of  the  sum  of  random  normal 
and  harmonic  of  signals. 


Values  p„,  k  and  < x  are  determined  by  the  formulas 


p#  =  =  -L  j  dy  J  F  (x  ~r  A  sin  9,  y)  p  (x)  dx-  (III .  22) 

b  — 00 

1  00 

x  - - \  sin(pJ<p  f  F  (x  <4 sin cp,  y)p(x)dx\  (III. 23) 

it A  J  •' 

0  — 00 

Xi  =  — i— l'  d<p  l'  F (x  j~  A  sin <p>  y)*P(x)dx.  (III. 24) 
2™'x  it  -L 
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In  particular,  for  the  relay  element/cell  with  the  varied  level 
of  limitation  we  have  when  ^*  =  0(69] 

p„  -  0;  x  {A,  ax,  y)  -j  /*«(«); 


where 
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a.  (a)  --i-[ 

:•(«)-—[!+  1 
na  |_ 


V'2o,  ’ 


15  1 


(2a)»  2  (2a)*  2  (2a)* 

,9  1  ,  75  1 


(2a)*  '  2  (2a)*  1  2  '  (2a)* 


.  (III. 25) 


The  given  formulas  are  convenient  at  the  high  values  a;  with 
small  ones  a  they  are  applied  other  expressions  for  functions  B, (a) 
and  C. (a) : 


d  /«. \  4  VI  (—  0*  (2*)!  (  a\2*+i 

So(a)-FT2j(;;^;vi)  -It;  • 

K-0 


(III  .26) 


Let  us  assume 


1/  =  my  +  Y, 


where  Y  -  central  random  function. 


If  functions  X  and  Y  are  not  correlated,  then  the  coefficients 
of  statistical  linearization  k  and  are  as  before  determined  by 
formulas  (III. 23)  and  (II 1. 24),  where  y  it  is  necessary  to  replace  by 


Statistical  coefficients  of  the  linearization  of  the  even 
nonlinearity  F,(x).  Let  us  take  the  approximating  function  for  F#(x) 


1 


1  > 


DOC  =  83173404 


in  the  form 


PAGE 


2  -  Fq  (x)  -  2«  +  kaX, 


(111.27) 


where  z,  and  ka  are  determined  with  the  help  of  the  known  formulas 
(see  Chapter  II,  and  also  work  [34]): 

*0  j  F(x)p(x)dx\  (Hi. 28) 


-  ±  — -  j  F  (x)  p{x)dx  —  z'o 


*0 1  -  -V  f  F(x)(x  —  mx)p(x)dx. 
o“  ** 


(ill.  29) 
(111.30) 


In  formulas  ( III . 29 )  —  ( I II . 30)  k{U  and  •  the  statistical 
coefficients  of  the  linearization  of  nonlinearity  F0(x)  according  to 
random  component,  calculated  respectively  using  the  first  and  second 
methods  of  approximation. 
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Let  us  give  formulas  for  values  z0,  and  which  correspond 
to  some  standard  nonlinearity  of  self-tuning  loop,  assuming  that  p(x) 
-  the  normal  function  of  density  distribution  of  probability. 

For  full-wave  linear  detector  z  =  /t«|x|.  Therefore  under  the 
influence  of  normal  random  signal  we  have 
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k\ =  2*3<D 


(-S-)- 


Since  function  F,(x)  is  even,  then  when  ms  =  Ojo^0.  For  the 
linear  full-wave  detector  when  mx  «■  o  we  have 


a 


v~  ]/ 1 k<pi'' 

*•’ = l/ 1  ~  ■ ^ “ *a]/  -ir~ : 


*‘2,=0. 


(Ill .  3 1  > 


If  we  as  the  statistical  coefficient  of  linearization  take 
£<3>  _  *n 1  +  1  then  for  the  nonlinearity  in  question  we  will  obtain 


».<3>  1  A  ,  / 

-T*-V  —  • 


(III.  32) 


For  full-wave  square  law  detector  z  -  Then  under  the 
influence  only  of  normal  random  signal  we  have 


l  +  —  |; 


AiV-M.  /  2  M 


sign  wiA; 


► 
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where 

Key:  (1) .  with. 
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When  mx  =  0  we  have 

fTlt  =  kd<Jx, 

k{"  =  V2kjjx-, 
k'?  =  Q. 

Consequently, 

.  (3)  _  V  2  , 

-  2  *<p*‘ 

Let  us  consider  now  the  case,  when  the  input  signal  of 
nonlinearity  F0(x)  is  the  sum  of  harmonic  signal  and  normal  random 
component : 

x  =  Asinu/  +  x.  (Ill .  33) 

Since  nonlinearity  F,(x)  is  even,  then  it  is  obvious  that  in  the 
general  case  the  output  signal  z  does  not  contain  the  regular 
component,  which  has  frequency  u.  Therefore  the  approximating 
function  and  for  the  present  instance  let  us  take  in  the  form 


2  =  Zo  +  k’gX, 


(111.34) 
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where 

1  2lt 

2a  m,  —  f  d(p 
2«  jJ 

2n  oo 

kg  — - — f  dip  f  Fu(*  -f  /lsin<p)xp(x)tl.r,  (HI. 36) 

2noj  j,'  jJ.  (<-«/)• 

Let  us  note  that  for  the  research  in  general  form  of  the  passage 
of  the  sum -of  the  harmonic  random  signal  through  the  nonlinearity  of 
contour  of  self-adjusting  it  is  necessary  to  use  the  generalized 
method  of  harmonic  linearization1  together  with  the  method  of 
statistical  linearization. 

FOOTNOTE  1 .  See  the  book  "Methods  of  harmonic  linearization  in  the 
design  of  nonlinear  automatic  control  systems".  ("Nonlinear  automatic 
control  systems").  M. ,  "Machine  building",  1970.  ENDFOOTNOTE. 

A  similar  approach  makes  it  possible  to  take  into  account  the  second 
or  higher  harmonic  at  the  output  of  nonlinearity  F„(x).  Formula 
(II 1. 34)  corresponds  to  the  simplest  and  frequently  encountered  case, 
when  at  the  output  of  even  nonlinearity  it  suffices  to  take  into 
account  only  constant  component  (zero  harmonic). 

Page  81. 


j'  Fg(x  (-  A  sin  <p)  p  (x)  dx\  (III.  35) 


Remaining  harmonics  can  be  disregarded/neglected,  keeping  in  mind  the 
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filtering  properties  linear  parts  of  the  self-tuning  loop.  The 
circumstance  indicated  usually  occurs,  if  the  actuating  element  of 
self-tuning  loop  is  inertial  component/ link.  During  the  research  of 
the  self-tuning  system  it  frequently  proves  to  be  sufficient  to  be 
bounded  to  the  account  only  of  constant  component  at  the  output 
nonlinearity  F,(x);  in  this  case  formula  (III. 34)  takes  the  form 

z~za.  (HI.  37) 

where  z\  is  as  before  determined  by  expression  (III. 35). 

Computations  according  to  formulas  (III. 35)  and  (III. 36)  are 
connected  with  the  fulfillment  of  sufficiently  cumbersome 
calculations.  The  information  about  the  methodology  of  similar 
computations  is  contained  in  works  [34,  69]. 

3.  Effect  of  low-frequency  random  signal  on  the  nonlinear  oscillatory 
self-tuning  systems. 

We  will  be  bounded  further  to  the  examination  of  the  procedure 
of  calculation  of  the  dynamic  properties  of  nonlinear  self-tuning 
systems,  whose  fundamental  outline  works  in  the  mode/conditions  of 
periodic  oscillations.  Similar  systems  we  will  for  the  brevity  call 
self-oscillating  self-tuning  systems.  Let  us  assume  that  the 
frequencies  considered  in  the  spectrum  of  the  random  input  signal 
f(t)  are  arranged/located  much  lower  than  frequency  of 
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auto-oscillations  or  forced  oscillations  of  fundamental  outline.  The 
equations  of  the  fundamental  outline  of  the  self-tuning  system  in 
accordance  with  the  structural  scheme,  given  on  Fig.  III. 3,  let  us 
record  in  the  form  (with  U(t)*0) 

Q ,  (5)  x  +  R0  (s)  F(x,  y)  -  S  (s)  /  (<).  (HI .  38) 

where  Q„(s),  R«(s)  and  S(s)  -  polynomials  from  the  differential 
operator; 

f(t)  -  random  interaction  with  the  known  statistical  characteristics. 

Self-tuning  loop  is  determined  by  the  equations 

Q«  (s)  x«  =  R « (s)  x\  (HI .  39) 

z~F0(x^y,  (III.  40) 

Qh  (s)  y  Rh  (5)  (zj>  z)  •  (Hi  >41) 

Equation  (III. 39)  describes  the  filter  of  self-tuning  loop,  and 
equations  (III. 40)  and  (III. 41)  -  respectively  nonlinear  converter 
and  the  actuating  element  of  self -tuning  loop.  The  procedure  of 
calculation  of  the  entire  self-tuning  system  can  somewhat  be  modified 
depending  on  the  dynamic  properties  of  the  single  circuit  elements  of 
self-adjusting. 

Page  82. 

Therefore  let  us  describe  approach  to  the  research  of  random 
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processes  in  the  simplest  cases  at  first,  and  at  the  end  of  the 
paragraph  let  us  consider  more  complex  problems.  Let  us  assume  for 
the  concreteness  of  the  following  presentation,  that  the  fundamental 
outline  of  the  system  is  found  in  the  mode/conditions  of 
auto-oscillations . 


Let  the  actuating  element  of  self-tuning  loop  -  inertia-free 
component/ link.  In  the  case  of  the  equation  of  self-tuning  system 
(III.38)in  question  -(III. 41)  they  will  take  the  form 


P 


Qo(s)x+  R0(s)F(x,  y)  =  S(s)f(ty, 
Qu>  (s)  Xu,  r*  Ru>  (s)  x; 

2  *-=  Fa  ( Xu>)\ 
y  -  kH(23  —  Z). 


(III.  42) 


System  of  equations  (III. 42)  differs  from  the  total  system  of 
equations  ( III .38)-( III .41)  in  terms  of  the  equation  of  the  actuating 
elements,  where  fen  -  transmission  factor  of  this  device/equipment. 

Let  us  assume  at  first,  that  the  filter  in  the  self-tuning  loop  is 
absent,  then  Q0(s)  =  |;  /?*(* )=  fe*.  It  is  not  difficult  to  note  that  in 
the  case  in  question  the  system  of  equations  (II 1.42)  can  be  reduced 
to  one  nonlinear  differential  equation.  Actually/really, 
assuming/setting  z9  = 0  (that  it  usually  occurs  for  the  static 
actuating  elements  of  self-tuning  loop),  we  will  obtain 
y  =  — knz  — — knFa{x0)— — kHFo(ku>x).  (III.  43) 
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As  already  mentioned  above,  frequently 

P(x,  y)  =  X(x)*(i/). 

Taking  into  account  relationship/ratio  (III. 43),  let  us  find 

F  (x,  i/)  =  X.  (jr)  v  [ — kHFo(k<t>x)\  =  F\  (x). 

Thus,  in  the  case  in  question  the  nonlinear  function  F(x,  y)  can 
be  replaced  nonlinear  of  functions  Fx(x)  from  one  by  the  variable  x. 
Usually  function  F^x)  is  the  single-valued  odd  symmetrical  function 
of  the  variable  x,  and  therefore  research  of  the  nonlinear 
differential  equation 

Qo(s)x  +  R,>(s)Fl(x)  =  S(s)f(t)  (III.  44) 

can  be  carried  out  with  the  help  of  ordinary  procedures  of  the  method 
of  statistical  linearization,  presented  in  Chapter  II  of  this  book. 

We  seek  the  solution  of  equation  (III. 44)  in  the  form 

X  (0  =  rnx  +  A  sin  (Dat  +  X  (/),  (III.  45) 

where  mz  -  constant  component; 

A  -  amplitude  of  auto-oscillations; 

uia  -  frequency  of  auto-oscillations; 

X ( t )  -  central  random  component. 
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Page  83. 

The  statistical  linearization  of  function  Fx(x),  we  further, 
carrying  out  divide/mark  off  equation  (III. 44)  into  three  single 
equations  for  determining  constant,  sinusoidal  and  random  components. 

Let  us  turn  to  the  analysis  of  the  frequently  encountered  case, 
when  tuned  filter  in  the  self-tuning  loop  passes  only  the 
frequencies,  equal  or  close  to  the  frequency  of  the  auto-oscillations 
of  fundamental  outline.  In  this  case  self-tuning  loop  will  be  opened 
on  random  low-frequency  component  X(t),  that  contains  in  signal  x(t) 
and  considerably  differing  in  the  frequency  from  the 
auto-oscillations  of  fundamental  outline.  Let  us  consider  the 
methodology  of  the  solution  of  this  problem  in  more  detail.  We  will 
as  before  seek  the  solution  of  system  of  equations  for  coordinate 
x(t)  in  the  form  of  expression  (III. 45).  In  accordance  with  the 
second  equation  of  system  (II I. 42)  we  have 


where 


-=  A*  sin  —  »p), 

!  (/",)  ,  w*  (K) 

Q+(K)  <?*(/"«) 


(ill.  46) 


(in.  47) 


Thus,  from  the  latter/last  three  equations  of  system  (III. 42)  we 
will  obtain  (when  z$  *0) 


I 
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y  —  —  kn2  —  —  kHFo(x+)  --=  —knFo  [A*  sin  (o>ai  —  <p)|.  (III. 48) 

Consequently,  if  nonlinearity  F(x,  y)  and  F0( *«■)  are  determined, 
for  example,  by  the  formulas 

F  (x,  y)  =  (ft  +  y)  sign  F0  (x*)  =  |  x+ 1, 

then,  assuming/setting 

•  -  kA  sin  (t&J  —  cp), 

when  kit  =  — 1,  &  >  0,  we  will  obtain 

F  (jc,  y)  =  (h  +  kA  |  sin  (o >at  —  (p)  |)  sign  (/4  sin  <i)a/)  = 

=  h  sign  (A  sin  <oat)  +  kA  \  sin  (coa/  —  <p)  |  sign  (A  sin  o >at) .  (Ill .  49) 

The  coefficient  of  the  harmonic  linearization  a(A,  &>0)  and  b(A, 
Mo)  in  this  case  they  depend  not  only  on  the  amplitude  of 
auto-oscillations  A,  but  also  on  frequency  <d„.  For  the  determination 
of  the  coefficients  of  harmonic  linearization,  which  correspond  to 
the  nonlinearity,  determined  by  formula  (III. 49),  it  is  possible  in 
certain  cases  to  use  the  finished  expressions,  given  in  work  [75]. 

Let  us  consider  now  the  cases,  when  it  is  necessary  to  consider 
the  inertness  of  the  actuating  element  of  self-adjusting  loop. 

Page  84. 

Let  us  assume  at  first,  that  the  actuating  element  of  the 
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self-adjusting  loop  is  static  inertial  component/1 ink ,  i.e.,  is 
described  by  the  equation  of  the  form 

Ty  =  y^kn(z3-z).  (111.50) 

Let  us  assume  that  the  filter  of  self-tuning  loop  does  not  pass 
random  component.  Since  with  the  inertial  actuating  element  of 
self-tuning  loop  two  nonlinearity  F(x,  y)  and  F^x*)  are  divided  by 

linear  part  with  transfer  function  —  (see  Fig.  III. 3),  the 

Qh(*) 

reducing  of  the  nonlinearity  indicated  to  one  nonlinearity  Fx(x)  is 
here  impossible.  However,  the  presence  of  the  inertial  component/1 ink 
between  the  nonlinearity  indicated  makes  it  possible  to  use  in  the 
task  in  question  the  method  of  the  separate  linearization  of  the 
equations  of  fundamental  outline  and  self-tuning  loop1. 

FOOTNOTE  1 .  The  "Method  of  harmonic  linearization  in  the  design  of 
nonlinear  automatic  control  systems"  ("Nonlinear  automatic  control 
systems").  M.  "Machine  building",  1970.  ENDFOOTNOTE. 

In  accordance  with  the  methodology  of  this  method  we  carry  out  the 
harmonic  linearization  of  even  nonlinearity  F0(x<p)  through  the 
constant  component,  i.e. 

z  =  aio(A)A0,  (HI. 51) 

where  al0(A)  -  the  coefficient  of  the  harmonic  conversion  of  the 
fundamental  harmonic  into  the  zero. 
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In  the  steady-state  mode/conditions  from  relationships/ratios 
(III. 50)  and  (III. 51)  we  have 

y  —  kft  [Z3 — qio(4)<4#},  (HI. 52) 

where  ,4*  is  determined  through  A  and  by  formula  (III. 47).  Let  us 
substitute  relationship/ratio  (III. 52)  into  the  formula  for  F(x,  y) 
and  will  produce  the  statistical  linearization  of  this  nonlinearity 
relative  to  by  the  variable  x.  Since  usually  F(x,  y)=X(x)j>(  y),  then 
during  the  linearization  on  by  the  variable  x  cofactor  i»(y)  is 
considered  as  certain  constant  value,  moreover  y  is  determined  by 
expression  (III. 52).  Further  course  of  solution  of  the  task  of  the 
same  in  question  as  in  the  previously  described  cases.  An  example  of 
the  solution  of  a  problem  of  the  type  examined  is  given  in  p.  4  of 
present  chapter. 

Let  us  consider  the  case,  when  the  actuating  element  of 
self-tuning  loop  is  the  integrating  component/1 ink.  In  this  case  the 
system  of  the  differential  equations  of  the  self-tuning  system  is 
determined  by  relationships/ratios  ( 1 1 1 . 38 )- ( II 1 . 41 ) ,  where  Qu( 0)  =0. 
We  will  as  before  assume  that  the  filter  of  self-tuning  loop  does  not 
pass  random  component,  i.e.,  at  the  output  of  filter  we  have  only 
harmonic  component  **  in  accordance  with  formulas  (III.46)  and 
(III. 47) . 


DOC  =  83173404 


PAGE 


Page  85. 

Solution  for  coordinate  x(t)  is  determined  by  formula  (III. 45), 
and  for  coordinate  y(t)  by  the  expression 

y(t)  -  rriy+Y  (t), 

where  Y(t)  -  central  random  component.  Let  us  lead  the  linearization 
of  nonlinearity  Fo(x*)  on  the  constant  component  in  accordance  with 
formula  (III. 51).  The  second  by  the  higher  harmonics,  which  are 
contained  in  signal  z,  is  disregarded,  since  they  virtually  are  not 
passed  by  the  inertial  actuating  element  of  self-tuning  loop. 

It  follows  from  the  equation  of  the  actuating  element 
Qh  (s)  y  ^  sQi  (s)  y  =-  fa  —  z);  (1I1  • 53) 

Qi(0)^0, 

that  in  the  steady-state  mode/conditions  with  s=0 

y  =  const  h  Za  =  z.  (III. 54) 

Let  us  clarify  the  physical  sense  of  relationships/ratios 
(II I. 54).  It  is  known  that  under  the  effect  of  random  disturbances  on 
ordinary  hunting  system  the  amplitude  of  auto-oscillations  is 
reduced,  and  during  the  considerable  disturbances/perturbations 
stopping  the  natural  oscillations  [34,  69]  occurs.  In  the  case  in 
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question  the  actuating  element  of  self-tuning  loop  in  the  specific 
range  of  a  change  in  the  intensity  of  external 
disturbances/perturbations  provides  this  value  of  the  varied 
parameter  y,  in  which  z0  -  z.  Since  value  zo  is  proportional  to  the 
given  value  of  amplitude  A.,  the  equality  23  =  2  indicates  the 
maintenance  of  the  given  value  of  the  amplitude  of  auto-oscillations 
A  *  A j  (or  more  accurately  -  the  maintenance  of  given  average/mean 
value  A,).  It  is  obvious  that  the  stabilization  of  the  preset  amplitude 
of  auto-oscillations  is  possible  only  in  the  range  of  the  permissible 
change  in  the  varied  parameter  y. 

From  relationship/ratio  (I II. 47),  (I II. 51)  and  (III. 54)  it 
follows  that  the  given  value  of  the  amplitude  of  auto-oscillations 
A,  is  determined  by  the  formulas 

uio(A«)A<*-  Z3; 

A  A *  (Hi. 55) 

*  “  |  (/»)  |  ' 

Let  us  find  the  connection/communication  between  the  value  of 
parameter  y  and  the  spectral  density  of  random  disturbances 

The  passage  of  the  low-frequency  random  interaction  through  the 
self-tuning  system  can  be  investigated  by  different  methods.  Since 
periodic  component  is  high-frequency  (in  comparison  with  random 
component),  then,  applying  the  principle  of  separate  harmonic 
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linearization,  we  will  examine  coordinate  y  in  the  nonlinear  function 
F(x,  y)  as  certain  "frozen  parameter". 


[page  86.]]  We  will  further  consider  that  mt  =  o  and,  therefore,  mx  =  0 
(since  nonlinearity  F(x,  y)  it  is  assumed  to  be  odd  symmetrical 
relative  to  x).  Let  us  lead  the  harmonic  linearization  of  function 
F(x,  y)  in  accordance  with  the  formulas 


F*  ■■=  Fa  (A,  X,  <Da,  y);  a  =  a  (A,  X,  a>„,  ;/); 
b  -  b(A,  X,  wu,  i /). 


Taking  into  account  formula  (III. 56),  let  us  decompose  equation 
(I II. 38)  of  the  fundamental  outline  of  the  self-tuning  system  into 
two  equations 

Qo(s)X  + Ra(s)F>  S  (s)  f  (0;  (HI.  58) 

Qo  (s)  x*  -I  Ro  (a)  (u  +  ~)  x*  ■  ■  °  (HI  •  59) 


respectively  for  slowly  varying  and  periodic  components.  According  to 
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equation  (II I. 58)  by  the  ordinary  methods  (see  Chapter  II)  it  is 
possible  to  determine  the  connection/communication  between  amplitude 
A  and  by  slowly  varying  by  the  component  X,  and  also  the  dependence 
of  frequency  a>a  on  X.  A  difference  in  the  relationships/ratios 
indicated  from  the  analogous  relationships/ratios  for  the  ordinary 
nonlinear  systems  is  dependence  A  and  u>«  not  only  on  X,  but  also,  on 
parameter  y: 

A~A{X,  y)\  <i)a  =03a(X,  y).  (HI. 60) 

Since  in  the  case  A  =•  Aj  =  const,  in  question  the  first  of 
relationships/ratios  (III. 60 )  determines  the  dependence  between 
values  X  and  y.  Substituting  expressions  (III. 60)  in  the 
relationship/ratio  for  f°(4,  x, \oa,  y),  we  will  obtain  the  dependence 

f«  =  0a(X,  y).  (III. 61) 

Page  87. 

Carrying  out  the  ordinary  linearization  of  characteristic  <&"(X, 
y) ,  we  will  obtain  (for  the  odd  symmetrical  relative  to  x 
nonlinearity) 

X-kH(y)X,  (HI. 62) 

\  dX  /x-o 

where  kn{y )  -  coefficient,  depending  on  value  y.  Consequently,  at  the 
low  values  of  the  X  in  comparison  with  the  amplitude 
auto-oscillations  A  equation  (III. 58)  can  be  replacement  linear 
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equation 


Q0  (s)  X  +  kn  ( y )  Rq  (s)  X  —  S  (s)  f  ( t ), 


i.e.  with  respect  to  slowly  varying  interaction  f(t)  the  fundamental 
outline  of  the  system  is  characterized  by  the  transfer  function 


(111.63) 


According  to  the  ordinary  formula  now  can  be  determined  the 
dispersion  of  slowly  varying  component  a \  at  the  output  of  the 


fundamental  outline: 


I  'h  (M  y)  I1  M  dt, 


(111.64) 


where  s,(ai)  -  the  spectral  density  of  random  interaction.  "The  value  of 
integral  (III, 64)  can  be  determined  according  to  tables  [69]. 

The  dependence  of  the  average/mean  value  of  the  amplitude  of 
auto-oscillations  M  [A(t)]  from  dispersion  of  under  the  normal  law  of 
distribution  X  is  determined  by  the  formula 


where 


MM (/)!  -  f  A(x,  y)p(x)dx, 


(III.  65) 


p  (X)  - - e 

*  ax  V2;i 


■t(4)' 


Assuming/setting  m[/1(03  =  /!.<■  we  will  obtain  after  integration  the 


relationship/ratio,  which  relates  A.„y  and  a*: 


HA,,  y,  aj  -  0. 


(III.  66) 
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From  formulas  (II I. 64)  and  (II I. 66)  it  is  possible  to  determine 
dependence  y  and  a*  on  spectral  density  S/(’a>).  Thus,  the 
use/application  of  principle  of  separate  linearization  makes  it 
possible  to  solve  the  task  in  question  with  the  help  of  the  same 
receptions/procedures,  as  in  the  case  of  ordinary  nonlinear  systems. 

Page  88. 


Let  us  assume  now,  that  the  level  of  random  disturbances  is 
comparatively  great  and  the  direct  linearization  of  the  function  of 
bias/displacement  F°=4>°(  x,  y)  is  not  admitted.  Let  us  lead  the 
statistical  linearization  of  nonlinearity.  F(x,  y)  in  accordance  with 
formula  (III. 21).  Substituting  relationship/ratio  (III. 21)'  in 
equation  (III. 38),  we  will  obtain  the  statistically  linearized 
equation  for  slowly  varying  component  (when  mx  =  0) 

Qo(s)x  +  M4  ®,,  y)RQ(s)X  =  S(s)f(t). 

The  dispersion  of  random  component  is  determined  by  the  formula 


oi 


1  7*  I _ SUu) _ 

2ji  J  |  Q0  (/<■>)  +  xj  (A ,  ax,  y)  Rt  {jm) 

— OO 


Sf  ((o)da. 


(III.  67) 


The  obtained  relationship/ratio  can  be  recorded  in  the  following 


form: 


o\  -  In  (A,  ax,  y). 


(III.  68) 
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fit 


For  harmonic  component  x,  we  have  the  following  equation: 

Wo  (s)  +  x  (A,  ax,  y)  R<  {s)  \  x.  -  0.  (Ill .  69) 

where  x(A ,  oi,  y)  -  statistical  coefficient  of  linearization  on  the 
harmonic  component. 

Amplitude  A  and  frequency  <j  with  the  help  of  one  of  the  known 
methods1  through  the  coefficient  of  statistical  linearization 
x(A,  a*,  y)  are  determined  from  equation  (III. 69). 

FOOTNOTE  l.  The  "Method  of  harmonic  linearization  in  the  design  of 
nonlinear  automatic  control  systems".  M. ,  "Machine  building",  1970. 
ENDFOOTNOTE. 


Usually  for  determining  the  values  indicated  assume/set  s  =  /a»0  and 
equate  zero  real  and  imaginary  parts  of  relationship/ratio  (II I. 69): 

Re  [Qo  (Ml)  +  X  (A,  a,,  y)  R0  (M„)  1  =  0;  (III .  70) 

Im  (Q, (Ma)  +  x(4  ax,  y)R0U<»a)]  =  0.  (HI. 71) 

Taking  into  account  that  the  amplitude  of  oscillations  A  =>A,  is 
known  and  is  determined  by  relationships/ratios  (III. 55),  for 
determination  ua.  ax  and  y  we  will  have  a  system  of  three  equations 
(III.68),  (II 1. 70)  and  (II 1. 71).  The  equations  indicated  can  be  solved 
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with  the  help  of  ordinary  graphic  receptions/procedures  [34,  69]. 
Frequently  «>«  it  is  possible  to  define  immediately  from  equation 
(III. 71)  as  the  function  of  the  parameters  of  the  self-tuning  system. 
Then,  solving  two  equations  (III.  68)  and  (III.  70)  relative  to  y  and 
a*,  we  obtain  the  dependence  of  the  varied  parameter  y  on  the  rms 
value  of  interference  at  the  input  of  nonlinearity  F(x,  y) .  At  known 
value  At  and  maximum  value  ya u>x.  using  the  obtained  dependence  and 
relationship/ratio  (III. 67),  it  is  possible  to  determine  the  level  of 
external  random  disturbances,  characterized  by  spectral  density 
S/(<o),  on  which  stopping  the  natural  oscillations  in  the  fundamental 
outline  of  system  occurs,  and  in  the  self-tuning  loop  begins  the 
limitation  of  value  y  -  ymux- 

Page  89. 

4.  Examples1. 

FOOTNOTE  1 .  This  paragraph  is  written  together  with  V.  M.  Shpakov. 
ENDFOOTNOTE . 


Example  1.  Hunting  system  with  the  static  self-tuning  loop. 


Let  us  consider  the  effect  of  stationary  random  noise  on  steady 
state  in  the  self-vibrating  self-tuning  system  with  the  static 
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self-tuning  loop.  The  structural  scheme  of  this  system  is  given  in 
Fig.  III. 3;  its  behavior  is  described  by  system  of  equations 
(III.38)— (III .41) . 

Let  us  assume  that 

Qo  (s)  =  (Tis  +  1)  (T.s  +  1)  r, 

(i)  m 

F  (x,  y)=m(h  +  y)  sign  x\ 

M**)-*<*  sign**; 

S(s)-MTi*+1). 

Then  system  of  equations  (III.38)-(III.41)  takes  the  form 

(rl4  +  1)  (T,s  +  1)  «  +  *1  A,  (h  +  y)  sign  1)  /  (/); 

Q&  (s)  **  “  ^0  (*) 

*  ~  **  sign  **; 

Qh  (s)  y (*)  (*s — *)• 

f(t)  -  stationary  low-frequency  random  noise. 

In  the  absence  of  the  random  disturbance  f(t)=0,  in  the  system 
is  established  the  self-vibrating  mode/conditions,  whose  parameters 
approximately  can  be  determined  with  the  help  of  the  method  of 
separate  harmonic  linearization.  Assuming/setting 

x  *  Aa  sin  «’/, 

where  A,  -  amplitude; 

««  -  frequency  of  auto-oscillations  with  f(t)=0,  is  realized  the 
harmonic  linearization  of  nonlinearity  /•„(**)  on  the  zero  harmonic  in 


(III. 72) 
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accordance  with  formula  (III. 51)  and  nonlinearity  F(x,  y)  on  the 

fundamental  harmonic,  counting  y  by  the  parameter.  Then,  taking  into 

account  formulas  (I II. 46),  (1 11.47),  instead  of  system  (III. 72)  we 

obtain  the  following  system  of  the  linearized  equations: 

(Ttj  -H  I)  (7V  +  1)  *  +  M«*u  Mi.  y)  “ 

i40  3in(w^—  <p),  (III. 73) 

*  -  aio  (*o)  A»- 


where 


A^ 


R*  (ftu) 


(111.74) 


a10(A,)  and  an(A0,  y)  -  the  corresponding  coefficients  of  harmonic 
linearization;  q„(s)  and  /?«(*)  are  replaced  on  Q*(0)  and  /mo),  since  for 
the  steady-state  mode/conditions  upon  consideration  only  of  zero 
harmonic  we  have  s=0. 

Page  90. 

Assuming/setting  in  the  first  equation  of  system  (III. 73)  s-/&>* 
and  equalizing  to  zero  real  and  imaginary  parts  of  obtained  equation 
we  find  the  following  equations  for  determining  of  A,  and  uj: 

(i>*  —  T |  Tj  wj*  «0;  (111.75) 

*t Mu(4  Jf)-(Ti  +  TJ»j'-0.  (1 1 1. 76) 


From  equation  (III. 75)  we  determine 
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»  < 


Substituting  relationship/ratio  (III. 77)  in  equation  (III. 76), 
we  obtain  equality  for  determining  of  A,: 


»  i 


where 


<»u  Mo.  u)  -  <v. 

^  »  T>  +  T' . 

*1  k%TJt 


(111. 78) 

(111. 79) 


»  < 


For  the  nonlinearity 


<«u  Mo.  y) 


4  (*  +  </) 


in  question. 


(1 1 1. 80) 


(III. 81) 


Of  three  latter/last  equations  (II 1.73)  taking  into  account 
relationship/ratio  (III. 80)  we  find 


P  < 


where 


k+\)kn- 


(III. 82) 


«*(  0)  • 


Substituting  expressions  (III. 81)  and  (III. 82)  into  formula 
(III. 78),  we  determine 


4  {h  +  l3kn) 


nN  +  4  —  h0kH 
ji 


(III. 83) 
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In  the  presence  of  interference  let  us  represent  value  x(t)  in 
the  form 

x  (/)  »  mx  4  sin  (i»a  <  -)-  X*  (/) ,  (111.84) 

where  mv  -  constant  component; 

A  -  amplitude; 

-  frequency; 

X*  -  central  random  component. 

Applying  the  principle  of  statistical  linearization,  we  will 

V 

obtain  the  following  expression  for  the  odd  symmetrical  nonlinear 
function  F(x,  y ) ; 

F  (r ,  y)  =»  (h  +  y)  sign  x  =•  xgmx  +  xA  sin  u>at  +  XjX’,  (111.85) 

where 

xa(m„  A.  ax,  y),  x(m,t  a,  a,,  y)  and  xi(m„  A,  at.  y)  -  corresponding  coefficients  of 
statistical  linearization. 

Page  91. 

Substituting  relationships  (III. 84)  and  (III. 85)  in  the  first 
equation  of  system  (III. 72)  we  divide/mark  off  the  obtained  equation 
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into  three  new  ones  for  determining  of  constant  component,  frequency 
of  auto-oscillations  and  random  component:" 

*,*»x0mJC  —  (HI.  86) 

(T um  -)-  1)  (Tj/oi  +  1)  /<■>  +  »■  0;  (1 1 1 .87) 

(T»i  +  1)  (Tts  +  1) sX"  +  klktA,X»  -  (Tjs  +1)/®.  (III. 88) 

In  these  equations  m,  -  mathematical  expectation,  and  f"  - 
central  random  component  of  interference. 

Let  m/-o,  then,  as  can  be  seen  from  be  expression  (11.86), 
m«-o.  In  this  case 

*(0.  A,  at,  *)~^j^a,(a);  (I II. 80) 

*i(°.  ^a,.i,)--^-C,(a),  (1 1 1. 00) 

where  * 

a~^7F :  C* (a) 

-  functions,  determined  by  formulas  (I II. 25)  or  (III.26),  whose 
graphs  are  given  in  works  [34,  69]. 

Let  us  consider  the  case  encountered  in  practice,  when  the 
spectral  density  of  interference  s,<«)  is  substantially  different  from 
zero  only  in  the  frequency  region,  considerably  smaller  than  the 
frequency  of  auto-oscillations.  In  the  presence  of  the  filter,  tuned 
to  a  frequency  of  auto-oscillations,  it  is  possible  to  consider  that 
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the  interference  into  the  self-tuning  loop  does  not  pass,  and  y  is  as 
before  determined  by  expression  (III.82),  in  which  A,  it  is  necessary 
to  replace  by  A.  Substituting  expression  for  y  into  formulas  (III. 89) 
and  (I II. 90),  we  exclude  the  dependence  *  and  k,.  on  y: 

h+  1*9——  k*A)  kH 

x(/J.  aj- - (MI. 91) 

ao 

h+  T  ku 

M-4,  ox)«  - - - £ -  C,( a).  (II 1. 92) 

Selecting  in  equation  (1 11.87)  real  and  imaginary  parts,  we 
obtain  two  equations,  from  which  let  us  determine  the  frequency  of 
the  auto-oscillations 

and  the  expression,  analogous  to  expression  (II 1. 78), 

*04,  o,.  y)~N.  (in. 93) 

As  we  see,  the  frequency  of  auto-oscillations  coincides  with 
frequency  o>*  in  the  absence  of  interference.  Formula  (II 1. 93) 
establishes  the  connection/communication  between  a,  and  A.  It  makes 
it  possible  to  determine  the  critical  value  of  value  a„  at  which  the 
auto-oscillations  cease  (A=0). 

Page  92. 

With  A*0  for  x(o,  a*)  instead  of  dependence  (III. 91)  we  have  [34] 
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h  +  zjiu  /  9 

:  (0.  ax)  -  — — ~  ■  I/  T-.  (IU.M) 

Oxcputa  V  n 


where  -  critical  value 


Substituting  relationship/ratio  (III. 94)  into  expression 
(III. 93) ,  we  find 


*  +  '3kn  ,  /  1 
N  V  n  ‘ 


(111.96) 


Let  the  spectral  density  of  interference  $,(«■> )  be  determined  by 


the  expression 


*°VnTn 
«(i  +  r^u2j 


where  o,  -  rms  value  of  interference. 


Then  from  equation  (III. 88)  for  the  steady-state  mode/conditions 


we  obtain 


oo 

4-J 


_ 1*«  (ri/M+  l)|*2qffenr/T _ ( 

|  [{TJu  +  1)  (T,/«  +  1)  /» M.xi)l*  [  1  +  T2nu>2]  n  ' 


oj  »*  40*6^7^/ 4 , 


(111.96) 


where 


IT./0.+  1|» 


J  ll(7’i/“  +  » (*■/■  +  !)/»  +  1 1  +7'n“2 
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I  *  we  compute  with  the  help  of  the  tables  of  integrals  [34]: 


where 


U 


b , 

C\b*  H - (Vi  —  cici) 

_ £4 _ 

2(Va  +  *?‘*-Vaes)' 


(111.97) 


c„  =  TtTtTn:  cs  =  T  /7M«*i  +  1 ; 

Ci  *  TjTj  +  T \T n  -(-  T%Trr,  c4  =  A1A1X1; 
c%=  7*1+  7*1  +  T  n\  bt  =  —  2*?: 

=  l  . 


On  the  strength  of  the  fact  that  *a,  that  depends  on  A  and  a,, 
enters  into  expression  (III. 96),  this  expression  is  the  second 
equation,  which  relates  unknown  A  and  j«.  Consequently,  for 
determining  of  A  and  <7*  it  is  necessary  to  together  solve  equations 
(I II. 93)  and  (III.96). 

Let  us  assign  the  following  numerical  values  of  the  parameters: 

7*1 -0.75;  Tt  «*  1,5;  A-3;A*~1; 
kH  mi  10;  A, j-1;  Tn  —  3;  =>  I,25n  =  3,93. 

Substituting  numerical  values  into  expressions  (III. 79),  (III. 83) 
and  (III. 95),  we  find  N=2,  A, =5. 33,  axz,«.»  =16.7. 


Page  93. 
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We  will  use  the  following  graphic  method  of  solution.  Let- us 
assign  several  values  of  A,  which  lie  between  A, =5. 33  and  0.  From 
equation  (III. 93)  taking  into  account  relationship/ratio  (III. 91)  we 
obtain  the  expression 

2 A 

B*  42.3-6,37/1’ 

with  the  help  of  which  for  each  A  we  compute  B0(a),  and  then 

-  ^ 

according  to  graph  B,(o)  we  find  a.  So  os  a- — -r=\  then  from  those 
found  a  we  determine  at,  to  corresponding  preset  A.  As  a  result  on  the 
plane  of  parameters  A  and  o,  we  plot  a  curve  a, {A),  which  corresponds  to 
equation  (I II. 93).  This  curve,  depicted  in  Fig.  III.5a,  it  is  noted 
by  digit  1.  Then  for  the  obtained  values  of  A  and  a,  we  compute  the 
right  side  of  equation  (III. 96),  which  after  the  substitution  of 
numerical  values  into  the  coefficients  of  expression  (II 1. 97)  for  I4 
takes  the  form 

- 4,4  +  7- 13.375  (3)*!  +  1)  - ,31 
*  =  12°!  6, 75(3*1  +  1)  +  124xt  — 82,6(3xj  •+■  1)  '  l111-98) 

For  each  pair  of  values  A  and  <*.,  which  correspond  to  curve  1, 
through  formula  (II 1. 92)  we  find  values  <lr  having  preliminarily 
determined  C,  according  to  formula  1 1 1. 26.  Substituting  the  obtained 
values  «i,  having  preliminarily  determined  C0  according  to  formula 
III. 26.  Substituting  the  obtained  values  * ,  into  formula  (III. 98),  we 
determine  the  dependence  {(A),  which  corresponds  to  that  determined 
a,.  We  construct  curve  $(A)  on  the  same  plane  of  parameters  A,  0«. 

Point  of  intersection  of  its  with  curve  1  gives  the  unknown  values  of 
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A  and  a,.  Fig.  III.5a  gives  the  set  of  the  curves  £(A),  calculated  for 
different  values  <?/.  The  coordinates  of  the-  points  of  their 
suppression  with  curve  1  are  given  in  Table  III.l.  The  values  of 
values  y,  calculated  according  to  formula  (III. 82)  after 
determination  of  A,  are  there  given.  Fig.  III. 5b  gives  the  graphs  of 
thus  found  dependences  o,  -o.(o/)  and  v-u(o/). 
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Fig.  I I I. 5.  Dependence  A,  y  and  ax  on  a,  for  the  self-tuning  system 
with  the  static  self-tuning  loop. 

Page  94. 

Example  2.  Hunting  system  with  the  astatic  self-tuning  loop. 

As  the  second  example  let  us  determine  the  effect  of 
low-frequency  interference  on  the  self-vibrating  mode/conditions  in 
the  astatic  self-tuning  system.  We  will  just  as  in  the  previous 
example,  assume  that  the  filter  of  self -tuning  loop  does  not  pass 
random  component.  The  behavior  of  system  is  as  before  described  by 
equations  III. 72).  The  presence  in  the  actuating  element  of 
integrator  makes  it  possible  to  record  its  equation  [the  fourth  in 
the  system  (111.72)3  in  the  following  form: 

pQHx{*)y  =  R(s)  (*3  —  *). 
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where  qW)(«)  -  polynomial,  which  does  not  have  zero  roots. 

In  this  case,  as  has  already  been  indicated,  the  interaction  of 
interference  leads  only  to  a  change  in  the  varied  parameter  y,  while 
the  given  value  of  the  amplitude  of  the  auto-oscillations  is  retained 
in  the  system: 

At  =  A„  (in.  99) 

where  a.  -  given  value  of  amplitude. 
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Table  III.l. 


0/ 

m 

m 

1,0 

1,5 

2.0 

2,5 

3.0 

0 

1,00 

2,01 

3,10 

6.60 

8,30 

9,95 

A 

5,33 

5,29 

5,19 

4.97 

3,97 

3,38 

2,79 

y 

5.30  ; 

5,60 

6,10 

7,70 

14,0 

17,8 

21,5 

with  the  astatic,  self-tuning  loop. 
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For  determining  the  unknowns  y  and  it  is  necessary  to 
together  solve  equations  (III. 93)  and  (III. 96)  taking  into  account 
equality  (III.  99).  Let  a.  -  o,  and  the  numerical  values  of  the 
remaining  parameters  are  the  same  as  in  the  previous  example. 
Substituting  dependence  (III. 81)  and  (III. 99)  into  equality  (III. 78), 
we  find  value  of  y  in  the  absence  of  the  interference: 
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Graphical  solution  of  equations  (III. 93)  and  (III. 96)  is 
convenient  to  conduct  by  the  following  path.  Let  us  assign  the 
series/row  of  values  y>y*.  Substituting  in  equation  (III. 93)  of 
equality  (III. 89)  and  (I II. 99),  we  obtain 


fl.  (a) 


A,N  10 

y  +  h  "*  y  +  3  ' 


From  the  latter/last  relationship/ratio  for  each  value  of  y  we 
find  B,,  and  then  according  to  graph  B0(a)  we  determine  a.  On 
a-j-~=  we  determine  or,.  As  a  result  on  the  plane  of  parameters  y  and 
or,  we  plot  a  curve  a, ( curve. '1  in  Fig.  1 1 1. 6a).  Then  according 
to  expression  (III. 98)  we  plot  a  curve  |=£(y)  for  the  given 
root-mean-square  value  of  interference  o,.  We  compute  entering 
expressions  (III. 98)  coefficient  k1  according  to  formula  (III. 90)  for 
the  given  values  of  y  and  in  terms  of  corresponding  to  them  values 
««.  found  from  equation  (III. 93).  In  Fig.  III. 6a  is  given  series  of 
curves  $=£(y),  constructed  for  different  values  a,.  The  coordinates  of 
the  points  of  intersection  of  these  curves  with  curve  1  determine  the 
unknown  values  of  y  and  a,  ("Cable  III. 2). 


Fig.  1 1 1. 6b  depicts  curves  y  ~  y(ot)  and  a,  -iMo,)  plotted  according 
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to  these  values. In  the  same  figure  by  straight  line,  parallel  to  the 
axis  of  abscissas,  is  represented  value  Am  a,. 

Fig.  1 1 1. 7  for  the  comparison  gives  dependences  a, -a,(a;)  and 
A  —  A(ai),  which  occur  in  ordinary  relay  system  with  the  same  values  of 
the  parameters  and  with  the  fixed  by  level  relay  L*h+y*=7.85,  which 
ensure  in  the  absence  of  interference  the  amplitude  of 
auto-oscillations  A=5. 

The  comparison  of  Fig.  III.5b,  III. 6b  and  III. 7  shows  that  the 
self-vibrating  self-tuning  system  with  the  astatic  self-tuning  loop, 
where  A=const  at  all  values  of  the  dispersion  of  interference 
possesses  the  greatest  freedom  from  interference  a,. 


It  is  natural  that  the  stabilization  of  amplitude  indicated, 
which  takes  place  (in  the  smaller  measure)  and  for  the  systems  with 
the  static  self-tuning  loop  (see  Fig.  III. 5b),  it  is  possible  only  in 
the  range  of  the  permissible  change  in  the  varied  parameter  y.  It 
should  be  noted  that  an  increase  in  the  freedom  from  interference  of 
self-tuning  hunting  systems  in  comparison  with  ordinary  hunting 
system  in  the  ratio  of  the  amplitude  of  auto-oscillations  is  achieved 
due  to  the  increase  of  the  dispersion  of  interference  ox  at  the 
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output  of  the  self-tuning  systems  in  comparison  with  the  ordinary 
system. 

The  latter  fact  is  connected  with  an  increase  in  the  varied 
parameter  y  (i.e.  limitation  level  by  relay)  at  increase  a,. 


\ 


I 


I 
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Page  97. 

Chapter  IV. 

Method  of  equivalent  perturbations. 

1.  Bases  of  method  of  equivalent  disturbances/perturbations. 

Simple  representation  about  the  method  of  equivalent 
disturbances/perturbations  was  given  in  Chapter  I.  Let  us  consider 
the  now  general  theory  of  method. 

The  method  of  equivalent  disturbances/perturbations  is  intended 
for  the  approximate  determination  of  the  probabilistic 
characteristics  of  the  output  coordinates  of  nonlinear  systems  from 
the  preset  moments/torques  of  connection/communication  for  the  input 
random  parameters. 

We  will  as  before  assume,  although  this  is  not  compulsory,  that 
the  dynamics  of  the  automatic  control  system  being  investigated  is 
described  by  equations  (1.1),  in  which  in  the  case  in  question  the 
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role  of  random  disturbances  XT(r  =-  1,  2 . m)  perform  random  parameters  V„ 

independent  of  time  t  and  coordinates  —  1,  2, Consequently,  the 
equations  of  the  control  system  can  be  recorded  in  the  form 


dr  i 
dt 


fx(Y»  y . .  Y~  vu  V% . V m,  /); 


-£*-  -  ft(Yu  Y . Ym  Vu  Vt . Vm,  /); 

at 


dr  n 

dt 


—  fn(Y i,  Yt . Y„,  Vu  Vt . Vm,t),  (IV.  I) 


moreover,  without  breaking  generality,  it  is  possible  to  assume/set 


M  [Vr\  =  0  (r  —  I,  2 . m). 


Page  98. 


Let  us  assume  also  that  for  parameters  Vr  there  exist  and  are 
known  the  moments/torques  of  the  connection/communication 


Hr,  r,...,,  (IV.  2) 

(k  =  1,  2,  rlt  rK  —  1,  2,  — ,  m). 


Let  further  the  dynamics  of  automatic  control  system  be 
determined  by  certain  set  G  of  the  equations,  which  can  be 
differential,  integral,  final,  etc.  Let  us  as  before  designate  the 

output  coordinates  of  system  through  y((i  =  l,  2 . n).  we  will  examine  only 

one  of  them,  after  designating  it  simply  Y. 
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Task  consists  of  finding  of  mathematical  expectation  uY  of  value 


The  solutions  of  system  of  equations  G  are  some  functions 

(generally  speaking,  nonlinear)  of  time  t  and  random  variables 
VT: 

Y  =  «p(/,  Vu  Vt . VJ. 

Let  us  assume  that  the  function  <p  can  be  expanded  in  the 
Maclaurin  series  in  values  V,.  Being  limited  by  the  members  of  the  q 
degree  and  by  lowering  the  remainder  of  resolution,  we  will  obtain 


ffi  m  m 


•  1  rx»  1  rtmm\  l  1  * 


W  v  V 

av,dv,  . . 


(IV.  3) 


where 


<Po =  *(/,  0,  0 . 0). 


(IV.  4) 


Index  zero  in  partial  derivatives  means  that  they  are  calculated 
at  point  (t,  0,  0,  ...»  0). 


Page  99. 


Passing  in  equality  (IV. 3)  from  the  random  variables  to  their 

mathematical  expectations,  we  will  obtain 

=-  M  l K]  •  -  (j>„  4- 


mm  m 


. 


(IV.  5) 


DOC  *  83173405 


PAGE 


If  we  carry  out  further  computations  through  this  formula,  then 
the  great  difficulties,  connected  with  the  need  of  determining  the 
partial  derivatives^-^  w~~~S7, — )  will  arise,  The  method  of  equivalent 
disturbances/perturbations  makes  it  possible  to  avoid  these 
difficulties. 

/ 

The  essence  of  method  consists  of  the  following. 

Let  us  substitute  into  the  expression  for  Y  particular  values 
i„  of  parameters  vr  and  let  us  lead  the  expansion  of  function  Y=<p  in 
terms  of  these  parameters.  Then  analogous  with  equality  (IV. 3)  we 
obtain 

c |  m  m 

(IV. 6) 

Values  5V  are  called  equivalent  disturbances/perturbations. 

Let  us  select  N  different  combinations  of  equivalent 
disturbances/perturbations  5V  (s*l,  2,  ...,  N): 

5u*  5*1*  •  •  •  *  Sira* 

Sit*  5*»>  •  •  •  •  5m*> 

•  *  *t  \mN 


(  SVr  dVr  ’9...dVr  l^**^’*'  •  • 
'■  '*  '*/o 
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and  let  us  substitute  them  into  equality  (IV.3).  We  will  obtain  N 

equalities  of  form  (IV. 6).  Multiplying  both  parts  of  these  equalities 

*  • 

by  some,  as  yet  not  specific,  coefficients  <*«($  ™  1,  2, ....  JV)  and 
summarizing  obtained  equations  piecemeal,  we  find 

N  N  q  m  m  m 

5  =  =  +  2  •••  I  * 

»— >  i—i  *— i  /-,« i i 


d*q> 


dV,  dV,  ...  dV, 

'l  1  \ 


V  a,ltl 


Wv* 


(IV.7) 
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Comparing  equalities  (IV. 5)  and  (IV.7),  we  come  to  the 
conclusion  that  sum  S  will  be  approximately  equal  to  the  mathematical 
expectation  M[ Y]  of  the  output  coordinate  of  system,  if  values  a.  and 
t ,  satisfy  the  following  system  of  algebraic  equations: 

N 

(iv.  8) 

i—i 

^  al5/’,«£f,l  •  •  •  =  Hr,/-,.  .  .  rK  (IV  .9) 

1—1 

(k  —  1,  2,  -  ,  Q t  fit  •  •  *  *  ^ n  —  1,  2,  m) . 

In  fact,  choosing  as  values  a,  and  sv  any  real  solution  of 
system  of  equations  (IV. 8)  (IV.9),  we  will  obtain 
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Values  y.  can  be  computed  by  the  method  of  solution  of  the 
reference  system  of  equations  G  with  the  substitution  into  this 
system  of  corresponding  equivalent  disturbances/perturbations 
instead  of  random  parameters^.  In  all,  thus,  it  is  necessary  to 
fulfill  N  solutions  of  system  G,  each  time  substituting  new  values 
of  parameters  V,.  With  the  help  of  this  reception/procedure  it  is 
possible  to  avoid  the  computation  of  derivatives  (gp  sv^  dv  '  )•  ^ 
essential  to  reduce  the  laboriousness  for  computations  and  to  raise 
their  accuracy. 


In  work  [34]  it  is  shown  that  for 

N (IV.  II) 

the  system  of  equations  (IV. 8),  (IV. 9)  during  the  proper  selection  of 
values  S,.i  has  real  solution.  However,  in  this  case  number  N  will  be, 
as  a  rule,  very  considerable;  therefore  for  determining  the 
mathematical  expectation  of  cot rdinate  Y  from  formula  (IV. 10)  a  large 
number  of  solutions  of  system  G  will  be  required. 


During  the  practical  computations  it  is  expedient  in  each 
specific  case  depending  on  a  number  of  the  random  variables  m 
considered  and  the  degree  q  of  the  approximating  polynomial  to  select 
this  set  of  equivalent  disturbances/perturbations  in  order  as  far 
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as  possible  a  larger  number  of  coefficients  u,  in  formula  (IV. 10)  to 
become  zero.  In  this  case  will  be  substantially  reduced  a  number  of 
necessary  solutions  of  system  G. 

Some  examples  of  the  selection  of  values  will  be  given 
below.  Now  let  us  examine  how  for  value  Y  it  is  possible  to  compute 
the  moments/torques  of  external  orders. 

Page  101. 

For  the  definition  of  the  central' multipole  moments,  as  is 
known,  sufficient  to  find  the  appropriate  initial  moments/torques, 
since  between  them  and  central  moments  there  are  single  bonds. 
Therefore  we  will  be  bounded  only  to  indication  of  that,  in  what  way 
it  is  possible  to  find  initial  moments.  Let  us  designate  the  initial 
moment  of  order  p  of  value  Y  through  vj>: 

vp  =  M  [YP].  (IV.  12) 

Let  us  designate  further 

Yp  -  V\,  V, . Vm)  =  Vl(  V„  . . ..  Vm).  (IV.  13) 

Relative  to  function  \p  completely  remain  valid  all  reasonings,  which 
were  carried  out  for  the  function  <p.  Therefore,  expanding  function  ^ 
in  Maclaurin  series  on  Vr  and  passing  to  the  mathematical 
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expectations,  we  will  obtain  the  expression,  analogous  to  expression 
(IV.5),  with  the  only  difference  that  the  in  it  instead  of  the 
function  <p  will  figure 


=  M  IV)  =  +  V  -i-  \  \  S'  x 

***  &! 

x«l  Z’ I* l  ft* l  r^tm 1 1 

*  (  svr'wr~.  ':~dvr  (lv- 14) 

\  r\  r\  rK  /0 


Substituting  in  equality  (IV. 13)  for  parameters  y,  previously 
selected  values  and  expanding  function  \p  in  Maclaurin  series  in 
these  values,  we  will  obtain 


if  m  ift  m  .  i 

*  -*  +  2t2  2  -2  (IT,#...*. 


ft  /o 


X  f. 


(IV.  15) 


Aftei'  multiplying  the  further  obtained  equations  on 
summarizing  by  s  and  taking  into  account  of  equation  (IV. 8)  and 


(IV. 9),  let  us  record 


=  m  i  Y?\  -  2  ■ 


(IV.  16) 


Consequently,  for  determining  the  moment/torque  vp  it  suffices  to 
compute  the  p  degrees  previously  obtained  solutions  </»  and  result  to 
substitute  into  formula  (IV. 16).  Analogously  can  be  found  any  moments 
of  connection/communication  for  functions  Ylf  Y2,  ...,  [34]. 


With  comparatively  small  Mach  numbers  and  q,  as  this  follows 
from  formula  (IV. 11),  the  method  of  equivalent 
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disturbances/perturbations  proves  to  be  sufficiently  simple  and 
economical  from  the  point  of  view  of  the  volume  of  computational 
work. 

Page  102. 

Unfortunately,  a  straight/direct  attempt  at  the  use/application  of  a 
method  with  a  large  (order  of  tens  and  hundreds)  number  of  random 
parameters,  which  affect  the  dynamics  of  system,  leads  to  the  such 
complicated  computations,  that  the  use  of  a  method  of  statistical 
simulation  proves  to  be  more  appropriate.  The  space  of  computations 
in  the  implementation  of  method  sharply  grows  also  with  the 
refinement  of  hypothesis  about  degree  of  q  of  the  polynomial,  which 
approximates  the  dependence  of  the  coordinate  Y  of  system  being 
investigated  on  random  parameters  Vr.  The  complexity  of  the  application 
of  the  method  of  equivalent  disturbances/perturbations  grows  also 
upon  consideration  of  the  connections/communications,  which  exist 
between  the  random  parameters,  and  also  due  to  the  heterogeneity  of 
the  laws  of  their  distribution.  Therefore  during  the  derivation  of 
calculation  formulas  for  determining  the  probabilistic 
characteristics  of  coordinate  Y  is  expediently  to  preliminarily 

convert  the  system  of  random  variables  vu  V\ . Vm  to  the  system  of 

independent  variables  ir2 .  subordinated  to  the  preset  law  of 

distribution  q(w) ,  identical  for  all  Wj(j  -  1,  2,  m). 
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2.  Algorithm  of  the  reduction  of  the  system  of  the  dependent  random 
variables  to  the  system  of  independent  variables. 

1.  Formulation  of  problem.  Let  the  system  of  dependent  random 

variables  Vlt  Vt .  V,*  be  preset  by  the  differential  law  of 

distribution 

p  --  p(vx,  . v„).  (IV.  17) 

It  is  necessary  to  find  this  conversion 

V', . Vn)  (i  1,2 . w),  (IV.  18) 

so  that  values  .  Wm  obtained  in  this  case  would  be  independent 

and  allocations 

<?/(»<)  0-1.2 . m),  (IV.  19) 

were  subordinated  to  the  given  laws,  i.e.  the  differential  law  q  of 
distribution  of  the  system  of  values  W,,  W*.  ....  W,n  must  take  the  form 

m 

<7  (*1.  “>« . wm)  =.  n  (tt\).  (IV. 20) 

•  i- 1 

2.  Solution  of  problem  with  m=2.  Let  us  consider  the 
preliminarily  simplest  case  of  the  transformation  of  system  of  two 
dependent  variables  Vlf  V,,  subordinated  to  the  law  of  distribution 
p(vlf  v,),  to  independent  variables  and  W,,  subordinated  to  the 
law  of  distribution 


<7(a>„  bO  =  ql(wl  )<?,«. 


(IV. 21) 
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Let  us  select  transformation  (IV. 18)  as  follows: 


Wi  -  V'u 

Wt~Ft(Vu  ig. 


(IV.  22) 


Let  us  introduce  now  into  the  examination  two  planes:  plane 

ViOV,  of  initial  random  variables  and  plane  W^W,  of  the  converted 

values  (Fig.  IV. 1).  Let  us  take  in  plane  V,OV2  the  infinitesimally 

narrow  band  I,  parallel  to  axis  OV2  and  limited  by  the  straight  lines 

Vi  vx  +  dvt; 

Vt  •-  —oo,  V,  -  vt. 

In  accordance  with  expressions  (IV. 22)  in  plane  the 

infinitesimally  narrow  band  Z'f  parallel  to  axis  QWa  and  limited  by 
the  straight  lines 

Wt  V,  y,;  r,  u,  i  Ut>,; 

Wt  -  F (y„  vj  -  wt 

will  be  obtained  also. 


We  will  assume  that  together  with  transformation  (IV. 22)  there  exists 
and  inverse  transformation: 


Vt  ■—  G(Wlt  VJ, 


(IV.  23) 
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i.e.  between  values  (Vlf  V,)  and  (Ww  W2)  is  established/installed 

one-to-one  conformity.  In  this  assumption'to  each  point  of  band  Z 

will  correspond  one  and  only  one  point  of  band  Z'  and  vice  versa. 

Therefore  the  probabilities  of  falling  of  points  (Vw  V2)  and  (Ww 

•  • 

W,)  respectively  in  bands  Z  and  Z'  will  be  equal.  On  this  foundation 
and  taking  into  account  expression  (IV. 21)  it  is  possible  to  record 
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h 

n 


"i 


E ' 


0  2  7,pjv<C'' 

Transformation  of  the  system  of  two  values. 


Page  104. 


Hence 


•• 

J  P(vv  vjdvt  =  ql(vl)  J  q9(wt)dwt.  (IV. 24) 


Under  the  condition 


the  function 


P*  (®0  >  0 


(IV.  25) 


Q.(®.)=  j  qt(wt)dwt 

will  be  monotonically  increasing. 


(IV.  26) 


It  is  analogous  with  the  observance  of  the  condition 
Pip i.  vt)>0  (IV. 27) 

the  function 

Of 


p%  (V\.  yj  -  j  p(v u  vt)dv% 


(IV.  28) 


-V 
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where  Va)  is  found  by  formula  (IV. 28)  as  a  result  of 

subst itution  into  it  v1*Vl  and  vx=Vx. 

Page  105. 


Example.  The  system  of  the  random  variables  Vx,  V,  is 
subordinated  to  the  differential  law  of  distribution 


p  (»»,  wJ  - 


i 


2«  |f»l 


-Let  us  find  the  transformation,  which  leads  values  Vx,  Vx  to  the 
system  of  normally  distributed  independent  variables  Wx,  Wx. 

On  the  condition  of  the  task 


_  *3 


On  the  other  hand,  according  to  formula  (IV. 28)  we  have 

^  /  a  .  *1  \  2  £l. 

r  i  T  'i+T  .  _  *1  l».l 

S  1^7'  1  TJ*" 

and 


_^i_ 


1 
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On  the  basis  of  formula  (IV. 31)  taking  into  account  the  fact  that  J 

1 

F,*w, ,  it  is  possible  record 

1 

P*  (»».  +  °°) 

3 

After  substituting  the  here  obtained  above  expressions  for  Q2 

let  us  find 

and  P2 ,  . ’  ( 

> 

*•  ■!  T5JT  _  iL. 

Tsf"  r"--7S_i  ‘  *• 

( 

Hence  we  come  to  the  conclusion  that 

a  # 

vt 

tB*-  >  f  ■ 

1  1 

i .  e. 

: 

i 

w,-  w,; 

Page  106. 

■ 

< 

• 

3.  Solution  of  problem  with  arbitrary  m.  The  solution  of 

problem  < 

with  arbitrary  m  can  be  obtained  by  the  simple  generalization 

of 

solution,  found  for  m=2.  In  fact,  let  us  select  transformations 

L  :,r' 

(IV. 18)  in  the  form 

Wx  -  V* 

=  V,; 

.  (IV.  32) 

=  V«_,; 

Vm  =  Fm(Vu  Vv  ....  VJ, 

-  1 

- 

( 
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assuming  that  function/1*,  monotonically  increasing  on  Vm.  Then  there  is 
inverse  transformation: 


Vx  =  w\; 
v>  .V,; 

-  Wn_r. 

Vn~G(K,  V, . IT,). 


(IV.  33) 


Let  us  take  in  the  m-dimensional  parameter  spaces  V,,  V2 .  Vm 

infinite  narrow  rectangular  prism  Z,  parallel  to  axis  OV,,,  and  limited 
by  the  planes 

-  wi;  Vx  --- 1»,  +  dvx\ 

V»  — 


V/n_l  —  fm-i ;  V„_t  —  vm — |  4-  dvm-  I ; 

-  —  <x;  Vm  vm. 

In  accordance  with  expressions  (IV. 32)  when  there  is  inverse 
transformation  (IV. 33),  to  prism  I  in  the  parameter  spaces 
Wi.  Wt,...,  Wm  will  correspond  the  prism  I',  limited  by  the  planes 


W\  = 

ii 

c 

w\  = 

V,  +  dwi; 

r. 

v,  -  «* 

t>,  4-  dvt; 

w„-> 

•  V  m — l  Vm — 1 

-■  Vm—  1  -f" 

—  ; 

Fm(Vv  V.., 
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As  a  result  of  one-to-one  conformity  of  points  (Vu  V2,  ....  Vm)  and 

(^i.  ^2 .  ^m)  are  equal  to  probability  their  entry  respectively  into 

the  limits  of  prisms  2  and  2',  i.e.,  it  is  possible  to  record 

> 

j  I P  («i.  vt . vn)  dv l  dvt...  dvm_x  ]  dv„  = 

—90 

wm 

=  j  1<7 («\.  a>v  .  ■ ..  wn)dwx,  dw% . . .  dwm-\  ]dwm. 


Taking  into  account  the  relationships/ratios 

(IV.  34) 


vi  «  wlt 
v2  =  wt; 


dvx  dw{, 
dvt  =  dwt; 


I  *^'fi —  I  i  |  -  dWm*. ,|j 


let  us  record 


rn  n 

J  P(VX,  v% . Vm)dvm  J  q(vu  vt . v-n-i,  wm) dwm .  (IV. 35) 

After  subst ituting  here  expression  for  •••»  y»»)  from  equality 

(IV. 20),  we  will  obtain 

j  p(vx,  v, . Vjdvm  (u„  c/, . Vm-,)  x  j  qm(wjdwm, 

(IV.  36) 

where  Vm  i(vi,  .  v,„-i)  -  differential  law  of  distribution  of  the  system 

of  values  . 
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As  a  result  of  the  fulfillment  of  equalities  (IV. 34)  the  law  of 
distribution  of  values  Vu  Vt, ....  Vm_,  coincides  with  the  law  of 
distribution  of  values  ....  UPm_lt  therefore  it  is  possible  to  record 

Qm—\  (fji  Vt,  .  .  .,  Vm — 1 )  —  Pm— l  (Uji  Vt,  .  .  rJm —  |  )  = 

+® 

j  P(v y, . Um)dvm.  (IV. 37) 

(IV.  38) 

(IV.  39) 

Page  108. 

Analogously  under  the  condition 

p(vv  Vv  ....  vm)>0  (IV. 40) 

the  function 

um 

Pm (y».  . «m)  -  j  p(« 1.  y*.  •••.  (iv.4i) 

will  be  also  monotonically  increasing  relative  to  vnt.  Therefore  there 
are  inverse  functions  Q-1  andP~‘.  Hence  it  follows  that  equality 


When 


the  function 


qm  (u>m)  >  0, 


Qm(wm)  J  qm(w„)dwm 

— m 

will  be  monotonically  increasing. 
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(IV. 36)  can  be  solved  both  relative  tot>m,  and  relative  towm.i.e., 
satisfaction  of  conditions  (IV. 38)  and  (IV. 40)  ensures  the  one-to-one 
correspondence  of  transformations  (IV. 32)  and  (IV. 33). 

Solving  equality  (IV. 36)  relative  to  wm  and  taking  into  account 
expression  (IV. 37),  (IV. 39)  and  (IV. 41),  let  us  record 

—Q~ 1  °m)  _  r\ — I  ^>/n(pl»  ••••  vm—  1'  um) 

^  [P»_,  (*,.  p, . •_,)]  ^  K(p,.  p2 . W  oo)  ' 

(IV.  42) 


i.e.  function  Fm(V ,,  V2,  ....  vm)  in  transformation  (IV. 32)  is  determined 
by  the  expression 


Wm  =  Fm(Vu  V, . V*) 


-Qm 


•••  ^m->Vm) 

l/mO'l-  ‘'a.  •• 

.  V'm_, .  ») 

.  (IV. 43) 


As  a  result  of  the  single  use/application  of  transformation 
(IV. 32)  and  (IV. 43)  will  be  obtained  the  new  system  of  random 

variables  .  in  which  value  W,n  is  not  dependent  on  previous 

m-1  values  U?((;  «=  i,  2,  ....  m  —  I)  and  by  the  subordinate  to  the  preset  law 
of  distribution  Vm(wm).  After  m  steps/pitches,  from  which  latter/last 
step/pitch  will  be  the  simple  transformation  of  the  random  variable 
Vt  toward  the  required  distribution  law,  instead  of  initial  m  of 
values  V\,  V2,  ....  Vm  will  be  obtained  new  m  of  the  values,  independent 
in  their  set  and  subordinated  to  the  preset  laws  of  distribution  <?>- 


Example.  The  system  of  values  Vw 


V,,  Vj  is  subordinated  to  the 
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law  of  distribution  of  the  form 


P  ("l.  «t,  «*) 


2°1  °J+»J+r 


(Vr2«)«|Bi-B1| 


To  find  the  transformation,  which  leads  values  Vx,  Vx,  Va  to  the 
system  of  independent  variables,  subordinated  to  the  normal  laws  of 
distribution  of  the  form 

_  w*_ 

(,V44> 
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I  step.  From  formula  (IV. 41)  let  us  find 

V|  I 

p •  -  f  p  (uj.  «.)  dv, »  - e~  T  ^  °J  +0^) 

4o  (  K  2n)»  |v« — Oj| 

oj 

X 


After  fulfilling  in  the  integral  the  replacement  of  variable 
according  to  the  formula 

I«i  —  »il’ 

we  will  obtain 

P| 


Hence 
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2n 

Let  us  further  record  expression  for  function  (IV. 39),  taking 
into  account  that  on  the  condition  of  an  example  the  converted  values 
must  be  subordinated  to  the  normal  lav  of  distribution  of  form 
(IV. 44) : 


<?•  (»«) 


Then  on  the  basis  of  equality  (IV. 42)  it  is  possible  to  record 


<?.  (*•)— 


V  2* 


I' 


dm 


P »  (»i.  "t.  »i) 
P •  («*.  «i.  ®) 


__1 


Consequently, 


w»  *  ' 


(»»  — »I 


The  differential  lav  p,(vx,  v,)  allocation  of  tvo  remaining 
untransformed/unconverted  values  Vlf  V2  vill,  obviously,  coincide 
vith  function  P,(v1(  vlf  ®) ,  i.e. 


Pi  (P\.  <H)  —  p»  (vu  vt,  oo)  —  — —  t 

2n 

II  step.  We  convert  the  system  of  values  Vx,  V,  to  the  nev 
values  W, ,  Wj,  applying  the  algorithm,  analogous  to  algorithm  of  the 
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I  step.  The  solution  of  problem  in  the  principle  does  not  differ  from 
that  presented  in  an  example.  After  fulfilling  the  necessary 
computations,  let  us  find 

»l  -  V |. 


Page  110. 

Thus,  the  system  of  the  equalities,  which  connect  values  Vx,  VJf 
Vj  with  the  converted  values,  in  this  case  takes  the  form 

V.  -  W'.; 
v,  -  W,  +  r,;  ■ 

V*  -  \  v,\  .  v* 

3.  Determination  of  the  probabilistic  characteristics  of  the  output 
coordinate  of  nonlinear  system  for  case  of  q=2. 

Let  us  consider  the  use/application  of  a  method  of  equivalent 
disturbances/perturbations  for  the  case,  when  in  expansion  (IV. 3)  it 
suffices  to  take  into  account  only  second-order  quantities  relative 
to  random  parameters  Vr.  In  contrast  to  the  simplest  linearization  of 
the  output  coordinates  of  system  from  parameters  K  this  quadratic 
approximation  makes  it  possible  to  frequently  obtain  the  essential 
refinement  of  results. 
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The  especially  simple  solution  of  problem  can  be  obtained,  if 
preliminarily  lead  parameters  Vr  to  canonical  system  [77],  i.e.,  to 
attain  their  noncorrelation.  We  will  assume  that  this  stage  is 
carried  out.  Then 

M  lVr,Vr,l  —  0 

with  r,^r,  and 


Equations  (IV. 8)  and  (IV. 9)  for  q=2  take  the  form 


y  a,  =  I; 

Ad 


1—1 


y  a,V,  =  0  (r  =  1,  2 . m); 


(IV.  45) 
(IV .  46} 


t—i 


i-i 


2  aii-.ii-.i  ~  0  (rx  +  r,;  ru  rt  =  1,  2 . m);  (IV. 47> 

N 

v  a (r  =  1,2 . m) .  (IV .  48> 


,-i 


A  number  of  different  equations  is  determined  in  the  general 
case  according  to  formula  (IV. 11): 


N  =  On+  2  =  (— +  2)  +  l) 


(IV.49> 
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This  number  rapidly  grows  with  increase  of  m.  However,  by  the 
special  selection  of  equivalent  disturbances/perturbations  S'.i  and 


to 
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£'•*  it  is  possible  to  attain  rotation/access  into  many  zero 
coefficients  a.  and  it  is  essential  to  reduce  the  number  of  necessary 
solutions  of  equations  G  of  the  investigated  nonlinear  automatic 
control  system  thereby.  Let  us  select,  for  example,  value  *'•  in 
accordance  with  Tables  IV. 1. 

In  this  case  of  N»m+2,  which  {especially  with  the  larger  values 
m)  is  substantially  less  than  the  number  of  solutions  of  system  G, 
determined  from  formula  (IV. 49).  Equations  (IV. 45)  and  (IV. 46)  in 
this  case  are  reduced  to  the  form 

m 

Va,«l;  (IV. 50) 

i— i 

a,  +am+x  —anJri  -  0  (IV. 51) 

(r  ■-=  I,  2,  ....  m) 

Summarizing  all  m  of  equations  (IV. 51)  and  taking  into  account 
expression  (IV. 50),  let  us  find 

ivi+2 

V  a,  +  (m  —  !)am+i  —  (m+  l)am+2  =  0; 


hence 

(m  +  l)aw+a  —  (m  —  l)am+i  +  1 .  (IV. 52) 

On  the  basis  of  data  of  Table  IV. 1  equation  (IV. 47)  and  (IV. 48) 

they  are  reduced  to  this  form: 

am+i  -+•  am+2  =  0,  (IV. 53) 

(a,  +  am+i  +  am+2)5?  =  a,3,  (IV. 54) 
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From  the  system  of  equations  (IV. 52)  and  (IV. 53)  let  us  find 


®B+I 


a,n+2  = 


I 

2m 


(IV.  55) 


t* 
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Table  IV. 1. 


r 

5 

'  1 

2  ! 

3 

m  —  2 

m  —  1 

1  m 

l 

c.  1 

0 

0 

. 

0 

i  0 

o 

2 

m 

1  0 

1 . 

1  0 

1  o 

1  0 

m  —  1 

M 

1  0 

0 

0 

1  1 

0 

m 

0 

0 

0 

m  1 

L 

(• 

t* 

— 2 

— l 

m  +  2 

—  L 

— 

£m— 2 

— 1 
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Then  on  the  basis  of  expression  (IV. 51)  we  obtain 
a,  =  —  (r  —  1,  2 . m).  (IV. 56) 

ffl 

Finally,  from  equalities  ( IV. 53 ),  ( IV. 54 )  and  (IV. 56)  we  find  the 
unknown  equivalent  disturbances/perturbations 

5,  =  a,  \Tm. 

Let  us  designate  through  y,  the  solutions  of  system  G,  which  are 
obtained  with  the  substitution  instead  of  random  parameters  VT  of 
nonrandom  values  according  to  "Cables  IV.  1. 


Then  on  the  basis  of  formulas  ( IV. 10) ; ( IV. 16)  ( IV. 55)  and 
(IV. 56)  it  is  possible  to  record 
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M  [Y\  =  V  a,j/t « V  y.  +  ~+*  2  Wl  j  ;  (IV. 57) 

D(K)  M [Pi  — (M (V'])*  -  +  — j-(M[y))». 

(IV.  58) 

4.  Determination  of  the  probabilistic  characteristics  of  the  output 
coordinate  of  nonlinear  system  for  case  of  q=3. 

Let  us  assume  that  during  the  determination  of  mathematical 
expectation  and  dispersion  of  the  output  coordinate  Y  of  nonlinear 
automatic  control  system  it  is  necessary  to  take  into  account  the 
effect  of  the  small  third.-order  quantities  relative  to  parameters 
Let  us  assume  that  values  VT  are  not  mutually  connected  and  have  the 
zero  moments  of  the  first  and  third  orders 

M( V„Vr.V„]  =  0  (r„  r„  r,  =  1.  2 . m).  (IV. 59) 

In  the  case  in  question  to  the  system  of  equations  (IV.45)- 
^IV.48)  will  be  supplemented  other  equations  of  the  form 

N 

V  <*.$/■  t&.itv  =  0  (ri>  rv  r*~  1.2,...,  m).  (IV. 60) 

According  to  formula  (IV. 11)  a  number  of  solutions  of  system  of 
equations  G,  with  which  can  be  guaranteed  the  existence  of  real 
values  a.  and  «v.  determined  by  equations  ( IV.45)-( IV. 48)  and  (IV. 60), 
in  this  case  is  equal 
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..  „3  (m  +  3)(m  +  2)(«+l) 

N  =  Cm+i  = - 7T2T3 - 

Page  113. 


This  number  can  be  very  considerable.  Thus,  already  with  m=»5  we 
obtain  N=56.  Meanwhile  it  is  not  difficult  to  select  values  so  as 
to  substant ially  reduce  the  number  of  necessary  solutions  of  system 
G.  Let  us  select  values  g, ,  in  accordance  with  Tables  IV. 2. 


Then,  obviously,  we  will  have  relationships/ratios 


N  =  2m, 


('1  + 

£/’is£r,a  npH  (/*  1  «  fj 


(IV. 61) 
(IV.  62) 
(IV.  63) 


Key:  (1 ) .  with. 

On  the  basis  of  equality  (IV. 62)  we  consist  that  all  equations 
(IV. 47)  during  this  selection  of  values  S'-**  are  satisfied;  however, 
as  far  as  equations  (IV. 46), (IV. 48)  and  (IV. 60)  are  concerned,  they 
are  reduced  to  the  form 

oj,_i—  aa,  0  [r ...  I,  2,  ....  m);  (IV. 61) 

(aj,_i  +a2,)6?  --a1,.  (IV. 65) 

Choosing  everything  a,  identical  (a,  -  a),  we  satisfy  equations 
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Table  IV. 2. 
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The  mathematical  expectation  M[Y ]  on  the  basis  of  equality 
(IV. 10)  takes  the  form 

21 

M  [K|  =  — — - ,  (IV. 69) 

2m 

and  the  dispersion  of  value  Y  can  be  determined  according  to  the 
formula 

21  Ur  +  £*) 

D[Y\  =  M  [Y’|  —  (M  iKl)*  =  — - (M[K])>.  (IV. 70) 

2m 

This  formula  easily  is  reduced  to  the  form,  which  can  prove  to 
be  more  convenient  during  the  practical  calculations,  namely: 

D[Y\  -  M  I K  —  M |K|]*  ~  —5—  V  (</,  — M[K|)*  +  (y,~  M[K|)  . 

2m  Lr-l  J 


(IV. 71) 
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Formulas  (IV. 70)  and  (IV. 71)  especially  are  simplified,  if  in 
the  system  of  equations  G  single  parameter  y,  =  v  is  contained. 
Actually/really,  under  these  conditions 

(IV.  72) 

Din  -  (IV. 73) 

i.e.  mathematical  expectation  is  equal  to  the  average  of  the 
solutions  of  system  of  equations  G,  which  are  obtained  with  the 
substitution  instead  of  parameter  V  of  values  ov  and— orv,  and 
dispersion  is  equal  to  the  square  of  a  difference  in  these  solutions. 

With  the  high  values  of  m  can  seem  that  values  will  exceed 

maximally  possible  values  of  parameters  VP.  .  In  this  case  the  error  of 

expression  (IV. 3),  caused  by  the  rejection  of  the  remainder  of 

resolution,  can  prove  to  be  inadmissibly  to  large.  However,  it  is 

possible  to  easily  obtain  formulas  for  determining  the  mathematical 
expectation  of  value  Y,  which  do  not  require  the  substitution  of  high 
values  £«■•  in  fact,  let  us  select  that  figure  in  byTables  IV. 2, 
proportional  to  the  appropriate  standard  deviations  «>■: 

=  Xo,  [r=  I,  2 . rr),  (IV. 74) 

where  X  -  the  constant  coefficient,  not  depending  on  r. 
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It  is  possible  to  obtain  for  the  mathematical  expectation  of 
function  Y  following  formula  [34]: 

MlKl"--lb-£  <*+*>  +  *(«— g-).’-  (IV . 75> 
where  Ur  and  y’  are  determined  by  equalities  (IV. 68); 

y0  <p(t,  0,  ....  0); 

with  X=v/nT  this  formula  coincides  with  formula  (IV. 69). 

If  all  values  ^  are  subordinated  to  the  normal  distribution  law, 
then  they  usually  assume  that  their  limiting  values  virtually  do  not 
exceed  3or.  After  selecting  X=3,  from  formula  (IV. 75). we  will  obtain 

M lKl  =  la"  2  +  +  y°( 1  ~~  t)-  (IV. 76) 

5.  Determination  of  the  probabilistic  characteristics  of  the  output 
coordinate  of  nonlinear  system  for  case  of  q=5. 

Upon  transfer  in  formula  (IV. 3)  to  the  polynomials  of  the  fifth 
order  relatively  vr  the  complexity  of  the  application  of  the  method  of 
equivalent  disturbances/perturbations  sharply  grows.  In  work  [34]  are 
obtained  formulas  for  case  of  q=5,  requiring  N  solutions  of  equations 
G,  which  describe  the  dynamics  of  nonlinear  automatic  control  system, 
where 


N  —  2m*  4-  1 . 


(IV.77> 
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These  formulas  were  based  on  the  exact  account  in  expansion 
(IV. 3)  of  all  values  to  the  fifth  order  inclusively.  Meanwhile  if  one 
assumes  that  the  combined  simultaneous  effect  of  four  different 
parameters  Vr  on  the  output  coordinate  Y  of  system  can  be 
disregarded/neglected,  i.e.,  if  we  suppose  that  the  partial 
derivatives  of  the  form 

(  d*<p  \ 

[~Sv~W~W~lv  )  ~°* 

where  rw  r3,  r3,  r4,  is  not  pair-wise  equal  to  each  other,  then 
instead  of  the  complicated  formulas,  given  in  work  [34],  it  is 
possible  to  obtain  considerably  more  economical  expressions.  Let  us 
consider  this  version  of  the  method  of  equivalent 
disturbances/perturbations . 

Let  random  variables  Vr(r  —  1,  2,...,  m)  be  independent,  subordinated 
to  one  and  the  same  distribution  law  and  have  the  moments/torques 

M(V,]=0;  M  [V,2J  =o5;  M  [l/?]  =  M  [v*]  =  nt  and  so  forth. 
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Then  passing  both  parts  of  equality  (IV. 3)  of  the  random 
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variables  to  their  mathematical  expectations,  let  us  find 


M(K]  =  uy  =  q>0  +  0  + 


1  v  /  \ 

.  21  Cl  I  jo 


+ 

1  m 
_Lv  / 

\ 

^3  ~t~ 

r  i  m 
-i -Si 

/  d*(p  \ 

31  C  \ 

dV3 

Jo. 

[  41  C( 

^  <  jo. 

aa4- 

+ 


+ 


_!_  y  y 

41  (  M23V2  I 

r.-l  ,,-l  \  avi °v,,  ) oj 


oJ  + 


(IV.  78) 


If  we  assume  the  allocation  of  values  Vr  symmetrical,  then  the 
condition 

M  [VrK+l\  =0  (k  =  I,  2,  . .  .)(r  »  1.  2 . m) 


will  be  satisfied. 


In  this  case  equality  (IV. 78)  will  take  the  following  form: 


av  --=  9«  + 


+ 

(IV.  79) 


Task  in  selecting  of  equivalent  disturbances/perturbations 

Si*,  h* . £»u(s  =  1,  2,...,  V),  during  input/ introduction  of  which  it  is  possible 

to  sufficiently  economically  carry  out  a  computation  of  values  av- 


Let  us  introduce  the  following  nomenclature: 
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9#  =  ^'o» 


35 


4r2(^-).=^ 

■»•  2  2,  (»5t).“ s"  ^ 

ri“i  ■» 

J_  V  /  *L\  =  5  • 

»ikW. '■).  *' 

-I.f  f  (_&_\  ,S„  („  +  r,); 
31  0 


d*<p 


WrtWrtW„ 


=  S„ 


m  fn  nt 

3t2  2  2 

r,-l  r.-l  r,-l  N 

(r,*r,;  r^r,;  r,*r,)  and  so  forth. 


).= 


(IV.  80) 
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Then  expression  (IV. 78)  is  converted  to  the  form 
-  50  -f-  S,o*  +  Stn4  +  S„a* .  (IV.  81) 

For  obtaining  the  sums  of  S»,  S,,  S4,  S,2,  that  figure  in  this 
equality,  it  is  possible  to  use  input/ introduction  into  the  initial 
equations  of  the  system  of  values  being  investigated  instead  of 
random  parameters  Vr.  In  this  case  the  following  version  of  the 
selection  of  values  l,.  is  feasible 

First , 

5„  0  (r  I,  2 . m), 


then  on  the  basis  of  expansion  (IV. 3)  and  equalities  (IV. 80)  let  us 
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find 

K =  q>#  =  S0.  "  (IV. 82) 

In  the  second  place,  let  us  select  values  •:  £<•»  according  to  the 
equality- 


in  which  l,  and  they  will  be  determined  by  u  below.  Taking  into 
account  adopted  designations  (IV. 80)  series/row  (iv.3)  can  be 
represented  in  the  form 

y  =  y,  =  S0  4  S,5«  4  (5,  4  Su)  4  (5*  4  SM  4  51U)  l  4 

4-  (S4  4  Sj!  4  >Sii  4  4  Sim)  6*  4  •  •  •  0^  ■  83) 


Thirdly,  let  us  select  values  £•.  in  accordance  with  Tables  IV.3. 
Such  tables  are  written/recorded  for  j-1,  by  2,  ...,  v.  Values 
v,  0j,  l,  will  be  also  determined  subsequently.  If  we  fulfill  the 
substitution  of  values  \r,  into  equality  (IV.3)  in  accordance  with 
Tables  IV.3  and  values  of  coordinate  y  obtained  in  this  case  to  sum 
up,  then  we  will  obtain 

m 

T  y>i  =  V»  4  ((m —  1)5/4®/]  4  5,[(m —  l)5/40fi4 

i-i 

4  Su  [(m -  2) 5, 3  4  25,0,1  f  5,|(m- !)£?  4  9?l  4 
4  S*  [(m  -  2)  5, 3  4  5/6/  4  5/0, 3 1  4  Su,  \(m  -  3)  5?  4 
4  3|30/|  4  S4  [(m  —  1)5/4  0/  ]  4  SM[(m  —  2)  5/  4 
4  5/0/  4  5,8/  ]  4  ((m  -  2)  £?  425, 20/ 1 4 

4  Sul  !(m  —  3)  5/  4  25/0,  4  5/®/ 1  4  Sm,  l(m  —  4)  5/  4 
4  45/0,1  4  . .  •  (7  —1,2 . v) 


(IV.  84) 
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Unknown  values  S,,,t .  in  the  principle  can  be  found  from  linear 
equations  (IV.83)/  (IV. 84)  taking  into  account  (IV. 82).  However, 
unfortunately,  between  the  coefficients,  of  the  unknowns  Sia,  Saii 
and  S11X1,  there  is  a  linear  dependence. 

Page  118. 

Therefore  without  the  further  conditions,  which  connect  these 
unknowns,  it  is  impossible  to  solve  task.  Let  us  consider  the  case 
now  one  important  for  the  practice,  when  q=5,  SVX11*0  (by  hypothesis, 
formulated  above). 


From  equality  (IV. 84)  it  is  easy  to  establish  that,  choosing 

6/  =  —  9/  =  —  0, 


we  will  obtain 


VI=S,m-Sl(m-2)9  4-SI'n0,  +  Su(m-4)0,-Ss(/n-2)0»- 
—  SM  (m  —  2)  0*  —  Sul  (m  —  6)  0*  -)-  S^Q*  4-  Ssi  (m  —  4)  0*  + 

+  Su77&*  -f-  Sju  ( m  —  4)  04  +  Sv, 

where  by  symbol  Sv  they  are  designated  the  members  of  the  fifth  order 
of  smallness  relatively  6.  Let  us  fulfill  now  the  substitution  of 
values  Si  and0)-  opposite  on  the  sign,  i.e.,  let  us  take 


5,  =  -9/-e- 
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Then  equality  (IV. 84)  is  reduced  to  the  form 

V„  =Stm+Si(m-2)Q  +  S,/n0*  +  Su  (m  -  4)  0*  + 

+  5,  (m  -  2)  0»  +  S.lt  ( m  -  2)  0*  +  SIU  (*»  -  6)  0»  +  S,m0*  -f- 
+  Sn  (m  -  4)0*  +  SMm0*  -(-  S,u  (m  -  4)  0*  -  Sv. 

2  4-2 

Calculating  average  -tT  1L|  let  us  find 

hlllL  =  S0ti  +  +  5U  (m  —  4)0*  +  S4m0«  + 

+  (5sl  +  Stll)(m-4)0*  +  Sa-n0*.  (IV.  85) 

Let  us  note  that  for  computing  this  average  it  is  necessary  to 
fulfill  2m  the  integrations  of  the  reference  system  of  equations. 


DOC  *  83173405 


PAGE 


‘S&Z.tf 


Table  IV. 3. 


s 

1 

■ 

2 

m 

1 

8/ 

5/ 

. 

5/ 

5/ 

2 

5/ 

1  0' 

5/ 

. 

m  —  1 

5/ 

5/ 

. 

9; 

m 

5/ 

h 

. 

5/ 

8/ 
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It  is  analogous  on  the  basis  of  equality  (IV. 83)  when  L  =*  6  and 

^  »  _t-  we  will  obtain 

vI(,  =*  S0  +  S,6  4-  (S,  +  Su)  l*  4-  (S,  +  S«  +  5i«)  S*  + 

+  (5*  4*  5»i  4-  +  S,u)  5  4-  Sv, 

v|V  =  5,- 4-  (S,  4-  S«)  5*  -  (S,  4-  S*  +  S1a)  5*  + 

4-  (5*  4-  SM  +  Sn  4-  -Smi)  5  Sv' 

During  the  recording  of  these  equalities  sums  S1X11  are 
rejected/thrown  by  hypothesis,  and  symbol  -Sv  designated  the  members 
of  the  fifth  order  of  smallness  relatively  Hence  we  will  obtain 

fin+fll.  „  s0  4-  S,?*  4-  Su5* 4-  StS4  - 4-  (5„  4-  S«*)S4  +  S“5*' 

2  1  (IV. 86) 

For  computing  this  average  two  integrations  of  the  reference 
system  of  equations  are  required.  In  equalities  (IV. 85)  and  (IV. 86) 
"excess"  components/terms/addends  are  those,  into  which  the  variables 
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S11(  S 3 1 ,  Si enter,  which  escapes/ensues  from  the  examination  of 
formula  (IV. 81).  Summarizing  piecemeal  equalities  (IV. 85)  and  (IV. 86) 
with  some  coefficients  a,  and  a,,  we  will  be  freed  from  "excess" 
components/terms/addends.  For  this,  obviously,  must  be  satisfied  the 
conditions 

a,  (m  —  4)  0*  +  0; 

a, (m  —  4) 04  4-o,5‘  -  0. 


This  system  has  solutions,  different  from  the  zero  ones  under 
the  condition 

°“±S.  (IV.  87) 


Then 


and 


a,  =  — (m  —  4)<x, 


^--y-(-i  +  2u)+‘^-(2hH  -iv)  t-o,)  i  .S, (o,m4-<x,)  9*4* 

4-  *3,  (a,/n  -f-  a,)  8*  +  S„  (o,m  -f  a,)  94  =  4a,  (S0  +  S,0*4-S4044-S„04). 

(IV.  88) 

The  obtained  expression  has  a  structure  of  equality  (IV. 81); 
however,  coefficients  with  sums  of  S„,  S,,  S4  and  S2,  in  these 
expressions  different.  Therefore  expression  (IV. 88)  cannot  be  used 
directly  for  determining  the  mathematical  expectation  a„. 
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Let  us  select  according  to  Tables  IV."3  substitution  of  values 
Qj  and  as  follows: 

a)  0,  =  %  =  0; 

b)  9y  =  —  h>;  5/  =  0- 

Then  from  formula  (IV. 84)  let  us  find  two  sums 

vy  =  S0m  -|-  S,tf>  +  Stf  +  Srf  +  Stf  +  S6V. 

Vvl  =  S„m  -  Stf  +  Stf  -  Srf  +  Stf  —  SjV; 

hence 

■  =  S,m  +  Stf  +  S4V .  (I  V .  89) 

For  computing  this  average  it  is  necessary  to  fulfill  2m  the 
integrations  of  the  reference  system  of  equations.  After  multiplying 
equality  (IV. 89)  piecemeal  to  certain  coefficient  /3  and  prevailing 
with  equality  (IV. 88),  let  us  lead  obtained  thus  expression  to  the 
form 

~2~ (*M  +  ^ii)  +  (^iii  +  2iv)  +  y  (2v  +  2vi)  = 

-  S0  +  S,a‘  +  S4n4  +  Sna* .  (IV .  90) 


For  this  of  value  alf  (3,  6,  $  must  satisfy  the  equations 

4a,  =  1; 

4a, 0*  +  pS>’  =  o'; 

4a,©4  4-  -  m4; 
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For  the  normal  random  number  distribution  V,.  the  equality 


=  ia* 


will  occur. 


Solving  under  this  condition  the  obtained  system  of  equations, 


let  us  f ind 


„  _  1  /» i-2V, 

1  ~  4  \  m  +  i)  ’ 


(m  +  2)1 


(IV.91) 
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Thus,  taking  into  account  equalities  ( IV. 81 ) - ( IV. 90 ) ,  let  us 


f  ind 


=  -r  (“I  (2|  +  2u)  +  02  (Sill  +  Eiv)  +  p  (2V  Hr  2V|)I.  (IV. 92) 


where  the  coefficients  alf  a,,  0  are  calculated  from  formulas 


(IV.91).  Sums  Zi  —  lwx  are  determined  as  a  result  of  the  following 
substitutions  of  values  9  and  \j/: 
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0 

i  t)  Q H  2vi 

nt 

a 

0 

0 

>p 

i 

s 

K. 

v* 

•• 

Vm 

1 

1 

~'P 

0 

0 

0 

2 

0 

— ♦ 

0 

0 

) 

»i-  | 

0 

0 

•  — ^ 

0 

4 

m 

0 

0 

0 

-* 

Key:  (1).  for. 

> 

Page  122. 


► 


DOC  *  83173405 


PAGE 


\ 

I  Values  d  and  \p  are  calculated  from  formulas  (IV. 91).  It  is 

obvious  that  for  the  computations  for  formula  (IV. 92)  it  is  necessary 
to  fulfill  in  all 

|  JV«-  4m  +  2«2(2/n+  1)  (IV.93) 

of  the  integrations  of  the  initial  equations  of  the  automatic  control 
system  being  investigated.  This  number  is  substantially  less  than 

P 

*  determined  from  formulas  (IV. 77).  For  the  comparison  let  us  give  the 

results  of  the  calculations  of  number  N  according  to  these  formulas: 


(')  OopMyjia 


m 

(IV. 77) 

(IV.93) 

S 

51 

22 

10 

201 

42 

15 

451 

62 

20 

801 

82 

30 

1801 

122 

Key:  (1).  Formula. 


Given  data  testify  about  the  large  gain  in  the  space  of  the 
necessary  computations,  obtained  during  the  use  of  formula  (IV. 92). 
However,  in  this  case  it  is  necessary  to  keep  in  mind  that  this 
formula  is  obtained  under  the  assumption  of  the  smallness  of  sum 
S 1 1 1 1  • 


Example.  Let 


K  —  v] sin1  v2  +  vl sin* v4,  i.e.  m=4. 
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Let  us  determine  ar.  assuming  that  values  Vw  Vlt  V,,  V4  are 
independent  and  subordinated  to  the  normal  distribution  law  with  the 
parameters 

«v,  -0;  o^  =  o  (/■-  l.  2,  3,  4). 


Through  formulas  (IV. 91)  we  find 

9  =  o  /Si 


Further,  substituting  in  the  expression  for  Y  value  6  and  ^  in 
accordance  with  points/items  a)  -  f),  let  us  find 

«  2U  =  24o*  sin*  a  ySl 

2ni  *“  2iv  ™  6®*  sin* ®  VT, 

2V  =  SVI  s  0. 

According  to  formulas  (IV. 91)  and  (IV. 92)  let  us  determine 


«.-<>:  f- 

2 

°Y  "  T®* sin* ay  3. 

J 


2_ 

9  1 


Page  123. 

Task  allows/assumes  exact  solution.  After  comparatively  simple 
transformations  we  can  find 
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Given  below  the  comparison  of  exact  a*  and  approximate  value  aV 
for  a-0;  a  “  ^  “  7T 

a  0  ~=  _L 
2/3  V  3 

“v  .0  0,163  0,472 
0  0,164  0,463 

Given  data  speak  about  the  satisfactory  coincidence  of  results. 
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Chapter  V. 

INTERPOLATION  METHOD  OF  ANALYZING  THE  ACCURACY  OF  NONLINEAR  AUTOMATIC 
CONTROL  SYSTEMS. 

1.  Generalized  formulation  of  task  of  analysis  of  dynamics  of 
automatic  control  systems  taking  into  account  of  random  disturbances 
and  parameters. 

As  it  was  indicated  in  Chapter  I,  the  solution  of  the  problems 
of  determining  the  statistical  characteristics  of  nonlinear  automatic 
systems  with  the  help  of  the  analytical  methods  is  possible  only  in 
the  simplest  cases.  Therefore  at  present  considerable  development  and 
use/application  obtained  the  approximate  numerical  methods  of  the 
solution  of  similar  problems.  Partially  these  methods  were  reflected 
in  the  previous  chapters. 

In  present  chapter  given  certain  generalization  of  the 
formulation  of  the  problem  of  the  analysis  of  the  dynamics  of 
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automatic  control  systems  is  proposed  one  of  the  possible  methods  of 
its  solution. 

I 

Page  125. 

Let  as  before  the  dynamics  of  nonlinear  automatic  control  system 

i 

be  described  by  equations  (VI.l)  of  the  form 

•  y, . vt,  V „ . Vm,t)  (V.  1) 

(‘-1.2 . n), 

vhere  —  output  coordinates  of  system; 

V,—  random  parameters. 

Without  decreasing  generality,  it  can  be  assumed  that  the 
initial  conditions  during  the  solution  of  equations  are  zero. 

Let  us  substitute  the  now  following  task. 

Are  preset  the  probabilistic  characteristics  of  random 
parameters  v\-  .  Vm  in  the  form  of  their  moments/torques  or 

t 

distribution  laws  and  is  selected  the  system  of  functionals  0>i  from 
the  output  coordinates: 

<M'.  r . yj.  i-=i,  2, ...  (v.2) 
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Furthermore,  are  preset  some  functions 
*  • 

X*  X* (***/)•  *-  I,  2,  ...  (V.3) 

It  is  necessary  along  preset  system  (V.l)  and  according  to 

preset  probabilistic  characteristics  of  random  parameters  Vu  V2 . Vm 

to  determine  the  mathematical  expectations 

tf.-Mhu'WI,  *-=1,2,...  (V.4) 

In  the  particular  case  of  value  M[x«(®j)]  can  be  mathematical 
expectations  and  dispersions  of  the  output  coordinates  of  nonlinear 
system,  mathematical  expectations  and  dispersions  of  the  preset 
functions  of  these  coordinates,  etc. 

In  the  previous  chapter  the  version  of  setting  the  task,  when 
the  unknown  values  are  mathematical  expectations,  dispersions  and 
moments/torques  of  connection/communication  for  the  output 
coordinates  of  nonlinear  system,  was  examined. 

2.  Algorithms  of  the  numerical  methods  of  determining  the  statistical 
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characteristics  of  automatic  systems. 

The  simplest  computing  circuit  for  determining  the  values 
is  obtained  during  the  use/application  of  a  method  for 
statistical  testing  (Monte  Carlo  method). 

It  is  similar  to  the  simplest  versions  of  task,  examined  in 
chapter  I,  the  sequence  of  calculations  according  to  the  method  for 
statistical  testing  in  this  case  consists  of  the  following  stages: 

1.  The  sample  of  random  numbers  Vu  Vm,  entering  the  right 
sides  of  system  (V.l)  is  determined.  The  sample  of  the  values  of 
values  is  constructed  in  accordance  with  the  preset  laws  of 

distribution  of  the  probabilities  of  random  variables  Vu  V2 .  Vm.  For 

fulfilling  this  operation  at  present  proposed  many  different  methods 
[15]  are  standard  subroutines  for  different  classes  of  ETsVM  [digital 
computer] . 

2.  With  the  help  of  numerical  methods  integration  of  system  of 
differential  equations  (V.l)  is  realized  under  zero  initial 
conditions  and  at  concrete/specific/actual  numerical  values  of  random 
variables  Vi,  Vj,...,  Vm,  of  those  obtained  in  point/item  1. 
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3.  Points/items  1  and  2  are  repeated  repeatedly.  As  a  result 
several  versions  of  the  solutions  of  the  system 

y,K (0.  (/).  ....  ynKU),  k=  l,  2, . /V,  (V. 5) 

where  k  -  number  of  version,  are  obtained. 

Approximate  values  of  the  required  statistical  characteristics 
are  designed  from  the  formula 

. </-*)]•  (V.6) 

/V 

A— I 

With  an  increase  in  the  number  of  versions  N  the  error  decreases 
with  a  speed  of  therefore  for  obtaining  the  acceptable  accuracy 

of  result  by  the  method  for  statistical  testing  it  is  necessary  to 
realize  numerical  integration  of  system  (V.l)  for  a  large  number  of 
versions,  values  of  values  Vu  V2,...,  Vm,  which  in  the  majority  of  the 
cases  leads  to  the  excessively  high  expenditures  of  the  operating 
time  of  computer(s).  Therefore  more  economical  methods  are  proposed. 

For  computing  of  mathematical  expectations  and  dispersions  of 
output  coordinates  and  moments/torques  of  higher  orders  can  be  used 
the  method  of  equivalent  disturbances/perturbations,  presented  in  the 
previous  chapter  and  which  uses  a  representation  of  output 
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coordinates  in  the  form  of  the  functions  of  the  time  and  random 
parameters  V\.  V*,...,  Vm,  i.e.  in  the  form 

y,  ~y,V.  Vt,  Vv  ....  Vm).  (V.7) 

The  calculation  formulas  of  this  method  outwardly  differ  from 
the  formulas  of  the  method  for  statistical  testing  only  by  the 
presence  of  multipliers  a,.  Using  the  adopted  in  this  chapter 
designations  and  a  mathematical  formulation  of  the  task  in  question, 
it  is  possible  these  formulas  to  represent  in  the  following  form: 

n  * 

M  lx  (0)1  -  V  axX  (O  (/,  yu . y„K)  I .  (V .  8) 

*— 1 

During  the  use  of  a  method  of  equivalent 
disturbances/perturbations  there  is  no  need  for  realizing  a  procedure 
of  obtaining  random  numbers.  This  procedure,  as  it  was  shown  in 
chapter  IV,  was  replaced  by  the  solution  of  certain  auxiliary 
nonlinear  system  of  algebraic  equations  relative  to  coefficients 
and  versions  of  the  values  of  random  variables '''i.  ^2.-,  Vm,  with  which 
necessary  to  make  numerical  integration. 

Page  127. 


Unfortunately,  method  is  worked  out  only  for  calculating  the 
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moment  characteristics,  while  the  method  for  statistical  testing  in 
the  principle  it  is  possible  to  apply,  also,  for  determining  the  laws 
of  distribution  of  the  output  coordinates  of  systems. 

In  contrast  to  the  method  of  equivalent 
disturbances/perturbations  the  interpolation  method,  proposed  in  work 
[109],  is  worked  out  also  for  the  calculation  of  the  probability 
distribution  function  [108]  at  the  output  of  nonlinear  systems,  i.e., 
it  possesses  the  same  universality,  as  the  method  for  statistical 
testing. 

The  calculation  formulas  of  interpolation  method  can  be  in  the 
general  case  represented  in  the  form 

M  ft  (0)1  =  V  P'X  [O  (t,  yu,  y * . «*)l.  (V-9) 


where  p„ _  some  constant  numbers. 

When  the  versions  of  values  of  random  variables  are  selected  one 
and  the  same  for  the  interpolation  method  and  for  the  method  of 
equivalent  disturbances/perturbations,  and  number  p* - cu,  that  the 
method  of  equivalent  disturbances/perturbations  coincides  with  the 
interpolation  identically. 
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However,  due  to  the  optimum  selection  of  the  nodes  of 
interpolation  with  one  and  the  same  number  of  versions  of  the 
solutions  of  system  of  equations  (V.l)  interpolation  method  gives 
higher  accuracy  than  the  method  of  equivalent 
disturbances/perturbations.  Therefore  it  is  expedient  to  apply 
interpolation  method  for  the  optimum  nodes  of  interpolation. 

In  appendix  6  are  placed  the  tables  of  optimum  numbers 
(Christoff el  number)  and  the  optimum  versions  of  the  nodes  of 
interpolation  (Chebyshev's  nodes)  for  the  random  variables,  which 
have  the  uniform  ("fable  1)  and  normal  or  exponential  (table  2) 
distribution  laws. 

During  the  practical  calculations  it  is  necessary  to  convert 
initial  random  variables  to  one  or  the  other  standard  form  in  the 
dependence  on  the  preset  distribution  laws. 

« 

If  random  variable  Vj  has  the  uniform  distribution  law  in 
gap/interval  lui.  bX  that  nodes  of  Chebyshev's  type  are  designed  from 
the  formula 

V,u  (V.IO) 

where  !«<»/—  standard  nodes  of  Chebyshev  for  the  uniform  distribution 
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law  in  gap/interval  [1.1]. 


If  random  variable  Vj  has  the  normal  law  of  distribution  of 
probability  with  parameters  a,  and  0 /  (mathematical  expectation  and 
dispersion),  then  Chebyshev's  nodes  are  designed  from  the  formula 


Vi*i  1 1  r 


(V.ll) 


Standard  allocation  has  parameters  V=0;  a~ 1, 
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If  random  variable  V,  has  the  exponential  law  of  distribution  of 

l 

probability  with  the  mathematical  expectation,  equal  to  fi/  •  then 
Chebyshev's  nodes  are  determined  from  the  formula 


V  1*1  — 


(V .  12) 


Standard  allocation  has  a  parameter  y=l.  Christoff el  numbers 
need  not  be  recalculated. 


3.  Calculation  formulas  of  interpolation  method. 


After  the  reduction  of  random  variables  to  the  standard  form 
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(under  the  condition  of  their  independence)  the  calculation  formula 
of  interpolation  method  can  be  recorded  in'  the  following  form: 

M Ixl  V  x{t,  V\Kt.  Vut . II  P«/-  (V'13) 

*«*.- .  .Kn  i—* 

where  the  addition  is  realized  on  all  indices  <x-l,  2, 

Pl»  —  h  2,  .  .  .  ,  Qt,  .  .  .  ,  km  —1,2,  .  .  .  ,  Qm‘, 

qx  -  number  of  the  different  values  of  the  random  variable  Vw 
utilized  during  calculations; 

qx  -  number  of  the  different  values  of  the  random  variable  V,, 
utilized  during  calculations  and  so  forth; 

V'u, ,  Vw . .  Vmnm  —  the  diverse  variants  of  values,  obtained  from 

Tables  1  and  2  appendices  6  by  path  led  of  initial  random  variables 
to  the  standard  form; 

P*/ ~  Christoff  el  number  for  standard  random  variable  kj. 


Formula  (v.13)  can  be  defined  concretely,  if  to  consider  the 


specific  forms  of  the  assignment  to  characteristic  function  *. 
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For  example,  during  the  calculation  of  the  mathematical 
expectations  of  output  coordinates  formula"  (V.13)  takes  the  following 


form: 


Y ,  MIK,(01«  V  Vlt„  Vu . Vm„m)  fl  PV,  (V .  14) 

»**«••  *m  /-* 

Kt  ~  h  2,  . . . ,  <7p  =  1.  2,  . . . ,  <j,;  . . . ,  Km  =  1,2,  . . . ,  Qm . 


Correlation  function  is  designed  from  the  formula 

K»i  ('i;  ‘0  -  M  {I Y/  (tj  -  Y]j  [Y  t  (/,)  -  Yti\  ^ 

~~  ^  li/iOu  V2*,,  ...,  Kbu  )  —  Y{)x 

* [0/  V'u,,  V'a*,,  ....  l/^)  —  J"]  p^.  (V.  15) 
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Dispersion  is  determined  from  the  formula 


D  [Y,  (01  *  V  [yt  (/,  v^„  . )  _  F,|*  x 

*«*•  . .  *m 
m 

fl  P*/’  —  I.  - . ^i»  1.  2,  . . .,  qt;  . . k„  *1,2,...,  qm. 

/-i 

(V.16) 


The  integral  law  of  distribution  [108]  is  designed  from  the 


formula 


i  i 


4 
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H‘.  a,)- 

_  y‘(1'  V^' . VmKm)'~yi  O 

|  !/<('•  Vl*. . V<n*m)  —  Ut  |  _  /-t  1 

(V.  17) 

The  total  number  of  versions  of  the  integrations  of  system  of 
equations  (V.l)  is  equal 

N  q^-.-qn-  (V.18) 

It  follows  from  formula  (V.18)  that  if  total  Mach  number  of 
random  variables  Vs .  is  great  and  values  q\,  <72,....  qm  are  selected 
sufficiently  large,  then  it  is  necessary  to  fulfill  the  large  number 
N  of  numerical  integrations  of  system  (V.l). 

However,  if  values  q 2 qm  are  chosen  rationally,  then  it  is 

possible  to  attain  the  required  accuracy  of  the  determination  of  the 
unknown  probabilistic  characteristics  with  the  acceptable 
expenditures  of  machine  time,  which  is  necessary  during  the  search 
for  the  optimum  values  of  the  parameters  of  the  control  system. 

For  the  illustration  let  us  give  the  formulas  of  interpolation 
method  for  calculating  of  mathematical  expectations  and  dispersions 
of  output  coordinates  for  the  specific  cases  during  normal  allocation 
of  initial  random  variables. 
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Case  m*l,  q*2  (N*2).  In  this  case  into  the  right  sides  of  the 
system  enters  altogether  only  one  random  variable  with  parameters  a 
and  a,  and  two  nodes  (q«2)  are  chosen  for  calculating  approximate 
values. 

From  Table  2  of  Appendix  6  {with  q=2)  we  obtain  the  values 

Pti  =  0,5,  Pi,  =  0,5,  Ijj  =1;  =  —  1 . 

According  to  the  formula  of  reduction  (V.ll)  we  have 
y,,  =a  +  o;  Vu  =  a  — o.  (V.  19) 


Page  130. 

It  follows  from  formula  (V.15)  that  in  this  case  the 
mathematical  expectations  of  the  output  coordinates 

M  [ y{  (/,  VOl  ~  yi  if,  a  +  <0  °.5  +  yt  (t,  a  —  o)  0,5 .  (V .  20) 

Dispersion  is  designed  from  the  formula 

D  [j/i  (01  ~  a  +  a)  0,5  —  y,  (/,  a  —  a)0,5)J  -0,5  -f 

+  [y,  ( t ,  a  — a)  0,5  —  yt  (/,  a-fo)  0,51*  •  0,5  = 

[y«  (<■  a  +  q)  —  y,  (t,  a  —  o)|» 


4 


(V.21) 
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It  is  not  difficult  to  note  that  in  this  case  formulas  (V.2)  and 
( V. 21 )  completely  coincide  with  expressions  (IV.'72)  (IV. 73),  recorded 
for  m=l ,  i.e.,  the  method  of  equivalent  perturbations  and 
interpolation  method  give  identical  results. 

Case  m=l ,  q=8  (N=8).  Prom  table  2  of  appendix  6  (with  q=8)  we 
obtain  values  p x  x=0 . 3730122 ; 

» 

pxl=0. 3730122;  p  x ,=0 . 1172399 ;  p x 4=0 . 1172399 ; 

Pi  ,  =  0.009635220;  p x  4=0 . 009635220 ;  p x  ,=0 . 0001126145; 

px, =0.00011264145;  Vx x=0 . 5390798 ;  Vx ,  — 0 .5390798; 

V15-l. 6365190;  Vx 4»-l . 6365190 ;  Vx  ,  =2 . 8024859 ; 

Vx, =-2.8024859;  Vx , *4 . 1445472 ;  Vx ,=-4 . 1445472 . 

Applying  the  formula  of  reduction  (V.ll),  we  will  obtain 

v,.  ~ «» +  'c“1-2 . 8- 
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It  follows  from  general  formula  (V.9)  that  the  mathematical 
expectations  of  output  coordinates  in  this  case 


M  (y,  (t,  V)\  «  V  p lKyt  (/,  a,  +  atX,  J,  (V .  22) 


where  numbers  p,*  and  Xt„  have  values  indicated  above,  and 


a,  =  M  [V]\  _o,  --  V D{V). 


Case  m=3;  qa  =  2;  q,=qa=l ;  N(=q1q1q,=2) 


From  Table  2  of  Appendix  6,  just  as  with  m=l,  we  obtain  values 
Pi i*0*5;  Pi  2=0.5;  Xla=l;  Xia=-1.  For  the  random  variable  Va  we  have 
pal*l;  Xai=0.000.  For  the  random  variable  Va  we  have  paa=l; 

X a  a»0 . 000 . 
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Applying  the  formulas  of  reduction,  we  will  obtain 

Xu,  =  X|  +  OiKu,;  K\  =  1,  2; 

X2*,  =  Xj;  *2=1;  (V.23) 


Xj*.  =  X3; 


*2  =  1; 
*3=1. 


DOC  *  83173406 


PAGE 


Substituting  the  values  of  numbers  p)nt  and  ^»«i*  ^a«3 

indicated  into  formulas  (V.14)  (V.16),  we  will  obtain  for  calculating 
the  mathematical  expectations  of  output  coordinates  the  following 
formula: 


M  [</,(/,  Vv  Vv  V,)|as  ^  V'ji,  V31)  = 

<>— 1 

-  Y  \yi  (t.  -1-  Oj,  av  a9)  +  y,  (/,  ax  —  o„  av  uj],  (V .  24) 

where  a,,  a,,  a,  -  values  of  the  mathematical  expectations  of  the 
random  variables  Vlf  V,,  V3; 


ax  -  the  root-mean-square  deviation  of  the  random  variable  Vx; 
D \yi  ( t ,  Vt,  V #)1  -  Mi  a>,+  g.»:  a«-  fuM*.  . 


Case  m=3 ;  q1=q3=q3=2  (N=q1qJq,*8 ) .  they  coincide: 


The  mathematical  expectations  of  output  coordinates  in  this  case 
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are  calculated  according  to  the  formula 


M  \yt  (/,  Vv  Vt,  V,)]  as  (0,5)*  [y,  (t,  ax  +  o„  a,  +  a„  a,  +  cr3)  + 

+  yt  ( t ,  a,  —  a,,  at  +  <j„  a,  4-  o»)  +  y,  (/,  ax  +  au  at  —  ov  a*4-  «*)  + 

4-  t/<  (f,  ax  4-  a„  a,  +  crt,  a9  —  os)  4-  yt  (t,  a,—  <x„  a,  —  at,  at  +  or,)  4- 

4-  4-  o„  a,  —  a,,  as  —  a,)  4-  </,  (t,  at—  os,  a*  4-  av  a.  —  ot)  4- 

4*  Vt  V.  —  alt  a,  —  a,,  a,  —  oJI . 


Case  m*3,  qa  =  3 ,  qa*2,  qa*l  (N=qaqaqa*6) . 

From  table  2  of  appendix  6  for  qa=3  we  have 

S/l/xi  =0.6666667;  paa*=0 .1666667;  pa ,*0 .1666667;  X^O. 000000 

Xia-1. 7320508;  Xa  ,—1.7320508; 

for  qa=t2,  we  have 

Pti  —  0.5,  paa  —  0,5;  X9l  =  1;  XaJ  =  —  1; 
for  qa=l  we  have 

Psi  -  I  i  lai  o. 


Page  132 
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Using  formulas  of  reduction,  we  will  obtain 


V\ «,  =  ai  +  C|Xi«t;  /C|  =  1,  2.  3;  | 

1^2/c,  —  *2  r  1,2;  |  (V.  25) 

V'a*-,  »*  «3,  K-i  I  .  j 


From  the  general  formulas  for  calculating  of  mathematical 
expectations  and  dispersions  we  obtain 


Ml yt(t,  V',,  V,,  Kji*  V  yt (/,  vtm„  ^s*„  ViK,)  n p/«/- 

/»*■! 

2 

=  2  l/i  (A  ^  2*, •  ^3)  {”]  P/*y  ^11»  ^  1 1)  PllPll  + 

*1*1  /“l 

•f  0/(*.  ^ m  '|,m)PiiPm+  !/<(*•  ^ji^PiiiPti  + 

"h  y i  (t,  l^iji  l^ij)  PiiPis  "H  l^n)  PiaPii  + 

+  Dl  (*.  Vis.  V«)  Pl3l>3»»  (v  -26) 


where  numbers  vUl,  Vu„  ViK,  ar«  determined  with  the  help  of  the  tabular 
values  according  to  formulas  (V.ll),  and  numbers  c*..  P**..  P3«,  are  equal 
to  indicated  above. 


4.  Reduction  of  the  distribution  laws  to  the  tabular  cases. 


The  formulas  of  interpolation  method,  which  allow  with  the  help 
of  the  tables  of  Chebyshev's  nodes  and  Christoff el  number  to  solve 
the  problem  of  determining  the  statistical  characteristics  of 
automatic  control  systems  for  the  most  frequently  encountered  laws  of 
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distribution  of  the  probabilities  of  initial  random  variables,  were 
given  in  p.  3.  Has  sense  to  consider  alsothe  possibility  of  applying 
the  interpolation  method  under  the  laws  of  distribution  of  the 
probabilities,  different  from  the  uniform,  the  normal  or  the 
exponential . 

It  is  necessary  to  note  that  sometimes  the  task  of  the 
construction  of  the  tables  of  the  nodes  of  Chebyshev  and  Christoff el 
numbers  can  be  solved  analytically. 

Page  133. 

There  is  practical  interest  in  the  law  of  distribution  of 
Chebyshev 

1.  M. 

which  is  called  also  the  law  of  "arc  sine",  since  its  integral  form 
takes  the  form 


-  j 


—  4-  —  ai  csin  v. 
2  * 


(V .  27) 


For  this  law  it  is  possible  to  indicate  the  analytical  formulas, 
which  express  the  nodes  of  Chebyshev  and  Christoffel  numbers 
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VK  =  cos  — — — ,  k  =  1 ,  2,  . . . ,  q) 
2$ 


7' 


(V.28) 


where  q  -  total  number  of  nodes  from  parameter  v *. 


In  order  to  use  the  existing  tables  of  nodes  or  formula  (V.28), 
is  expediently  to  preliminarily  determine  certain  nonlinear 
conversion  of  the  form 

X  *(»).  (V.29) 

the  bringing  specified  distribution  of  probabilities  to  any  of 
allocations  indicated  above. 

It  is  known  that  function  \f/(v)  it  is  determined  by  the  equation 

/,xH>(w)|.  (V.30) 

where  PA  —  integral  law  of  distribution  of  the  probabilities  of 
random  variable  X; 

P„(y)  —  integral  law  of  random  number  distribution,  for  which 
the  tables  of  Chebyshev's  nodes  are  (or  to  eat  analytical  formulas). 
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Let  us  give  the  example,  which  illustrates  the  use/application 
of  formula  (V.30). 

Let 

Xi 

P,  1  —  e~Tl>,  D  >  0.  >.<=10,  x),  (V.31) 

i.e.  the  random  variable  X  have  a  law  of  Rayleigh  distribution.  As 
standard  allocation  let  us  look  at  the  exponential  law  of 
distribution,  for  which 

P,  (»>-■*  »€10.  oo).  "  (V  .32) 

In  table  2  of  appendix  6  for  the  law  of  distribution  (V.32)  are 
values  of  nodes  of  Chebyshev  and  numbers  of  Christoff el. 

Page  134. 

From  equation  (V.30)  it  follows  that 

1  -  \-e'2D- 


hence 
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Consequently,  in  this  example 

X  =  ii>(»)  =  J/2 Dv.  (V  .33) 

Obtained  conversion  (V.33)  makes  it  possible  to  carry  out 
transition/ junction  from  Rayleigh's  law  to  the  standard  form  of 
exponential  law.  Formula  (V.33)  can  be  used  also  if  necessary  to 
continue  or  to  make  more  precise  the  available  tables  of  nodes  of  the 
type  of  Chebyshev  and  numbers  of  Christoff el. 

As  an  example  let  us  consider  the  standard  case  of  the  uniform 
distribution  of  the  probabilities,  when 

Px=  X6I-1.  n-  (V34) 


Let  us  find  <p-transform  which  reduces  uniform  lav  to  Chebyshev' s 

law 


P,  =  —  +  —  arcsin  v.  (V.  35) 

2  n 


It  follows  from  equations  (V.34)  and  (V.35)  that 

-j-  +  —  arcsin  v  ~  ■- . 

2  «  2 


Jb. 
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Therefore  the  conversion  of  the  form 

X  —  arcsino  (V.36) 

Jl 

will  lead  the  uniform  law  (in  the  standard  case)  to  Chebyshev's  law. 
Applying  this  ^-conversion ,  during  calculations  it  is  possible  to  use 
analytical  formulas  (V.28)  for  the  determination  of  the  nodes  of 
Chebyshev  and  numbers  of  Christoff el  for  Chebyshev's  laws. 

If  random  variable  X  has  the  nonstandard  form  of  the  uniform  law 
of  distribution  (X  €  '[a,  b]),  then  in  this  case  the  required 
^-conversion  is  expressed  by  the  formula 

X  =  *~*~a  +  b~a  arcsino.  (V.37) 

2  a 

Conversion  the  bringing  arbitrary  exponential  of  allocation 
I'-r*1,  a  >  o,  X  6  10.  °°)  to  allocation  of  Chebyshev,  is  determined  it  is 
analogously  and  expressed  by  the  following  formula: 


X  =  —  a\n(  — - —  arcsin  v 

\  2  a 


(V.38) 
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Page  135. 

Conversion  giving  normal  allocation  to  allocation  of  Chebyshev, 
does  not  succeed  in  obtaining  explicitly,  since  the  integral 
distribution  law  is  expressed  as  the  Laplace  function. 

It  should  be  noted  that  (//-conversion  inputs/embeds  further 
nonlinearity,  which  leads  to  an  increase  in  the  number  of  nodes  of 
interpolation  for  achievement  of  the  preset  accuracy. 

5.  Selection  of  optimum  step/pitch  for  the^  numerical  integration  of 
the  differential  equations  of  those  containing  the  random  parameters. 

During  the  computation  of  the  probabilistic  characteristics  of 
automatic  control  system  with  the  help  of  the  computer(s)  the  need 
for  the  rational  selection  of  value  h  of  the  step/pitch  of  numerical 
integration  appears. 

If  the  overall  gap/interval  of  integration  has  a  length  T,  then 
for  obtaining  each  particular  solution  it  is  necessary  to  do  T/h 
steps/pitches  of  numerical  integration. 

Let  the  method  of  numerical  integration,  which  requires  for  the 
fulfillment  of  one  step/pitch  A  of  standard  computer  operations,  be 
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selected.  In  this  case  the  overall  volume  of  computational  work  for 
obtaining  N  the  realizations 

M  =  AN  — .  (V  .39) 

h 

It  follows  from  this  formula  that  with  an  increase  in  the 
step/pitch  of  numerical  integration  the  overall  volume  of 
computational  work  proportionally  is  reduced.  However,  in  this  case 
increases  also  an  error  in  the  result,  which  is  not  always 
acceptable. 

Thus,  appears  the  task  of  the  selection  of  the  optimum 
step/pitch  of  the  numerical  integration,  which  ensures  the  preset 
accuracy  of  calculations  with  the  smallest  volume  of  computational 
work. 


The  accuracy  of  result  is  usually  rated/estimated  by  the  value 
of  the  relative  error 


R  (h)  =  sup 


I  Vt  (0  —  Vi  (0 1 
sup  |  </<  ( t )  | 


(V.40) 


where  </<(/)  —  approximate  value  of  output  coordinate  y*{ 0.  obtained  by 
the  method  of  numerical  integration;  y<(0  —  exact  value  of  output 
coordinate  yt- 
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Symbol  S(UP[  ]  indicates  the  operation  of  the  selection  of  the 
greatest  value  of  relative  error  for  all  t  from  interval  *€[0,  f). 

Page  136. 

Requirement  on  the  accuracy  of  numerical  integration  can  be 
assigned  in  the  form  of  the  greatest  permissible  value  of  relative 
error  e^.  In  this  case  the  accuracy  of  results  will  be  not  below 
required,  if  the  inequalities 

* 

(*)<•*  (V.41) 

are  fulfilled  simultaneously  for  all  i=l,  2,  n.  During  the 

selection  of  value  &gi  it  is  possible  to  be  guided  by  following  rule 
of  thumb. 

If  it  is  necessary  as  the  final  result  to  determine 
probabilistic  characteristics  with  an  accuracy  to  two  significant 
places,  then  one  should  take  *  0,001,  if  to  three  significant 

places,  then  **<  -  0,0001  and  so  forth. 
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Thus,  values  egi  must  have  after  the  comma  as  many  zero,  as  is 

required  to  obtain  the  significant  places  for  the  probabilistic 

characteristic  in  question.  It  must  be  noted  that  usually  value  egi 

is  chosen  for  all  i  of  one  and  the  same. 

•  • 

The  task  of  the  selection  of  the  optimum  step/pitch  of 
integration  mathematically  can  be  formulated  as  follows. 

To  find  value  h,,  with  which  will  be  satisfied  the  conditions 

Rt  (h*)  ^  e<<; 

M  (h0)  AN  —  —  min  M  (h). 
h  *>o 

The  exact  solution  of  this  task  requires  greater  computations 
than  strictly  numerical  integration;  therefore  is  proposed  the 
approximate  method  of  the  solution  of  this  problem. 

In  the  system  of  differential  equations  (V.l),  which  describe 
the  dynamics  of  automatic  control  system,  the  differential  equations 
which  correspond  to  the  most  high  speed  (least  inertial) 
components/1 inks ,  are  selected.  The  characteristics  of  the  nonlinear 
elements/cells  of  these  components/1 inks  (or  one  component/1 ink)  are 
replaced  by  their  linear  approximations,  and  input  variables  -  by 
constant  values. 


(V.42) 
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Integrating  obtained  thus  linear  differential  equation  with  the 
constant  coefficients,  we  will  obtain  analytical  formulas  for  the 
solutions  and  their  derivatives.  Since  these  formulas  determine 
approximately  most  oscillating  component,  then  it  is  possible  to  use 
them  for  the  estimate  of  the  magnitude  R(h)  of  an  absolute  error  in 
the  numerical  integration  depending  on  the  value  of  step/pitch.  Value 
h,  we  choose  greatest  among  those  h,  for  which  is  fulfilled  the 
inequality 


Ri{h)^tti.  (v-43> 

It  is  possible  to  obtain  calculation  formulas  for  different 
methods  of  numerical  integration  by  method  presented  above. 

Page  137. 

Let  us  designate  the  order  of  an  error  in  the  method  of 
numerical  integration  by  symbol  p. 


If  we  disregard/neglect  the  effect  of  round-off  errors  and  the 
possible  accumulation  of  error  upon  transfer  from  one  step/pitch  to 
the  next,  then  an  absolute  error  in  the  numerical  integration  can  be 
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rated/estimated  according  to  the  formula 


»«+»>-?<<.+»)»  ^+‘vm  ■  <v-44> 

0<a(0<l 

In  this  case  for  t  in  question  relative  error  is  determined  by 
the  formula 


R(t,h )« 


C p  +  Di 


+  aft)*) 

max  |  y  ft) ! 


(V.45) 


where  ^p+ o__  derivative  of  the  (p+l)-th  order. 


Therefore  for  interval  of  t  it  is  possible  to  obtain  the 
evaluation/estimate 


*(A)~ 


(P  +  1)1 


max 

t 


y»H>  ft +  «(<)» 
max  |  y  ft)  | 


(V.46) 


From  inequality  (V.43)  we  obtain  the  approximation  formula  for 
the  optimum  value  of  the  step/pitch 

max  |  y  ft)  I 

- i - .  (V.47) 

max  I  (0  I 


Most  frequently  least  inertial  components/1 inks  are  represented 
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in  the  form  of  the  aperiodic  component/1 ink  of  the  first  or  second 
order  or  oscillating  circuit/member  of  the-  second  order. 

These  components/ links  have  components  of  the  form 
y(l)  Ceu,  (V.48; 

where  C  -  certain  constant,  in  the  general  case  a  complex  number; 

X  -  root  of  the  characteristic  equation  of  component/1 ink. 

It  follows  from  formula  (v.48)  that 

max|i/p+l,(0i  p+l  max|i/(0|.  (v  49) 

t  < 

Substituting  expression  (V.49)  in  relationship/ratio  (V.47),  we 
will  obtain  the  simple  calculation  formula 

/«,(/>+  l) !-  (V-50> 

im 


Page  138. 

Value  | X | ,  entering  this  formula,  is  the  absolute  value  of  the 
root  with  the  maximum  absolute  value  among  the  roots  of  the 
characteristic  equations  of  the  chosen  components/1 inks  of  system. 
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Example.  Let  be  isolated  two  components/ links,  described  by  the 
differential  equations 


*y\  ,  , 
“F  +  : 


d*y*  ,  ,  *y* 

dt •  +-4 


+  61/,  = 


where  Ax  and  A,  -  certain  values. 


In  order  to  compute  value  h,  according  to  formula  (V.50),  it  is 
necessary  to  solve  the  appropriate  characteristic  equations 


X  +  3-0; 

+  4*  +  6  =  0. 


Roots  of  these  equations 


Xi  —  —  3;  X,  =  2  +  i  /2;  X,  =  2-(V2. 


We  find  their  absolute  values: 


l*»l  =  3;  |X,|  =  |X,|  =  V 6. 


Since  /6<3 ,  then  |X|=3.  For  Euler's  method  p=l;  therefore  when 
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*<=0.0001  we  will  have 

^  V 0,0001-2  ™  0,01  *  0,005. 

3  3 

For  the  method  of  Runge-Kutta  of  fourth  order  (p=4)  we  will 
obtain 


=■  -7  =  -7^0.012  a  0,14. 

3  3 

Analogously  it  is  possible  to  calculate  value  h,(  also,  for 
other  methods  of  numerical  integration. 

If  the  right  sides  of  the  reference  system  of  differential 
equations  have  first-order  discontinuities,  then  the  methods,  which 
give  high  accuracy  only  with  the  sufficiently  flat  right  sides 
(methods  of  Runge-Kutta,  Adams,  etc.),  to  apply  inexpediently.  In 
these  cases  it  is  necessary  to  use  the  method  of  Euler  or  his 
simplest  modifications.  With  discontinuous  right  sides  independent  of 
the  method  of  numerical  integration  used  the  step/pitch  of  numerical 
integration  must  be  designed  with  p=l. 

Page  139. 


The  essential  decrease  of  the  volume  of  computational  work  it  is 
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possible  to  attain  due  to  the  separation  of  the  system  of 
differential  equations  into  the  series/rov  of  subsystems  with 
different  inertness,  so  that  for  the  more  inertial  systems  in 
accordance  with  formula  (V.50)  it  would  be  possible  to  select  the 
larger  step/pitch  of  numerical  integration. 

However,  the  need  for  development  for  each  class  of  the  systems 
of  the  specific  routines  of  numerical  integration  somewhat  decreases 
the -ef f iciency  of  this  method. 

The  space  of  computations  can  be  shortened  also  due  to  the 
separation  of  the  gap/interval  of  integration  into  several  parts  so 
that  on  some  of  them  it  would  be  possible  to  conduct  integration  with 
the  steep  pitch  of  integration,  than  the  accepted  for  formula  (V.50) 
collective  pitch. 

6.  Task  of  the  selection  of  the  necessary  number  of  nodes. 

As  it  was  established/installed  in  p.  3  of  this  chapter,  total 
number  N —  q^q^-Qm  of  all  versions  of  integration,  necessary  for 
computing  the  probabilistic  characteristics,  depends  on  the  selection 
of  values  flu  ^2.-.  <7m- value  N  enters  by  multiplier  into  formula  (V.39), 
which  determines  the  overall  volume  of  the  necessary  computational 


work. 


DOC  *  83173406 


PAGE 


Consequently,  for  decreasing  the  volume  of  the  computational 

work  it  is  necessary  of  value  <7i.  <72 . <?m  to  choose  so,  in  order  to 

number  N  minimum  when  the  required  accuracy  of  the  computations  of 
probabilistic  characteristics  is  provided. 

The  exact  solution  of  the  task  of  the  optimum  selection  of  the 
necessary  number  of  nodes  of  integration  in  the  general  case  requires 
the  considerably  larger  space  of  computations,  than  calculations 
regarding  the  unknown  probabilistic  characteristics.  Therefore 
practical  value  have  the  approximation  methods  of  the  selection  of  a 
number  of  nodes  of' integration,  with  which  the  space  of  computations 
proves  to  be  comparatively  small. 

It  is  necessary  to  keep  in  mind  that  with  an  increase  in  the 
number  of  nodes  a  quantity  of  versions  <V  -  <7,'</2-<7m  of  integrations 
increases  according  to  the  multiplicative  law,  and  together  with  N 
increases  also  the  volume  of  computational  work. 

If  one  assumes  that  values  <71,  <72,-.  <7m  affect  the  accuracy  of  result 
independently  of  each  other,  then  the  smallest  value  of  value  N  will 
be  obtained  when  each  of  the  values  </«  is  selected  minimum  when  the 
required  accuracy  of  result  is  provided.  Under  this  assumption  the 
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task  of  determining  the  optimum  values  of  values  q »  breaks  down  into 
m  independent  tasks  regarding  smallest  possible  degree  mK  of  certain 
polynomial  relative  to  random  variable  VK  (other  random  variables  in 
this  case  they  are  assumed  to  be  those  fixed/recorded),  sufficient 
which  approaches  the  preset  characteristic  function.  It  is  first  of 
all  necessary  to  isolate  random  variables,  for  which 

Page  140. 

In  this  case  let  us  determine  those  random  variables,  on  which 
the  function  *  depends  linearly:  - 

*  X-rf+V/I.V.,  <v.5l> 

where  A,  AK  — r  some  constant  numbers. 
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where  q  max  mK\ 


»»«  — »  the  maximum  value  of  degree  relative  to  random  parameter  v„. 


It  is  possible  to  assume  that  from  first  s  of  random  variables 

Vx,Vi . .  ^  the  function  *  in  the  limits  of  the  preset  accuracy  depends 

only  linearly.  Then  this  function  can  be  represented  in  the  form 

X  ~  A  +  V  AJ/ K  Wn . Vm)  -f-  e,  (V.54) 

A—  / 

where  ^  -  certain  nonlinear  function  relative  to  random  variables 
V»u  K+z . Vm; 

hence 


M  (xJ  -  A  +  V  Akuk  +  W  [if  --  «);  (V. 55) 

*■»! 

from  this  formula  it  follows  that  with  an  increase  in  the  number  of 

nodes  from  parameters  .  result  (V.55)  must  remain  virtually 

constant/invariable. 
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Analogously  discussing,  it  is  possible  to  consecutively/serially 
determine  random  variables,  for  which  one  should  take  q=2,  then  it 
consists  of  the  following  stages: 

1.  Calculation  of  value  M[*]  with  N=1  and  qi  =  q2  =  ...qm  =  l. 


In  this  case  random  variables  l/i,  V2 .  Vm,  entering  the  right  sides  of 

the  system  of  differential  equations  (V.l),  are  replaced  by  values  of 
their  mathematical  expectations  yu  V2,~Vm.  Value  M,[x]  is  obtained  as  a 
result . 

Page  141. 


2.  Value  M[x]  is  designed  with  N=2  for  following  m  of  versions: 


0  $i  -  2.  <?,  -  . qm  ~-  1 

{V  u  —  i/|  "4"  ®i,  —  Wj  —  o ,  V.t  u9,  V2  -  V ni  w*)i 

2)  qt  1;  qt  --  2;  q3  -  -  qt  ...  -  -  qm  I 
(Vi  --  Ult  V --  t/.  -f-  <1,  V ,,t  ■  U%  —  Oy,  Vt  ■  •  (/»,  .  .  .  ,  V tn  Um)'< 

m)  qt  <7,  - . -  -  qm_{  =  I  \  qm  ~  2 

i  u\<  V %  ■—  ■  •  •  >  V nv- 1  ;  am—  I  >  ^»U  "h  ® 


Values 

MS|X] . Mm(xJ. 
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a 

p 

B 

I 

9 

a 


are  obtained  as  a  result. 


3.  Comparison  of  values  Mi[xJ.  AUx],...,  AUxJ.  obtained  in  p.  2  with 
value  of  M0 [ x ] »  obtained  in  p.  1. 


I Ixl  —  M„  lxl  |  <  e, 

where  e  -  value  of  the  maximum  permissible  error,  then  if 

I M,  Ixl  —  Ixl  I  >  e* 

value  q*  it  is  necessary  to  choose  more  than  one. 

4.  Calculation  of  value  M,[x]  with  N  =  2m~*- 

^  -i  ~  ^.+2  ~  i>  •  •  • ;  =  i; 

1;  <?,  -  I;  1; 

2)  v.  ^-2;  <7,+*--*  >•••••.  <7m--=  1; 

^?i  1.  1,  . . .  i  qt  —  1) 

1  =  b  9s+2  2;  . . .  ;  qm  —  l ; 

h  —  ^ •  ?!  =  h  •  *  •  ,  q,  =  1 » 

^  ^i+i  “  2;  qs+2  =  2;  =  l; 

?1  =  ^2  ~  7 ,  .  .  ,  J  ?|  =  1| 


2 
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.5.  Calculation  of  values  for  "m-s"  versions: 


J)  Vi  *  3;  ...  qm,,  2; 

?»  =  J;  =  1,  . ..  ;  q,  -»  1; 

2)  <7,+  i  =  2;  3;  <7|+3  =  2, . . .  ;  ^  2; 

I;  <7,----  7.  =  1;  . 

*m  ~s*^  eft+'  ~  ?»+j  =  •  •  •  —  Qm-i  —  2;  gm  --=  3; 
=  1 ;  <7»  =  1 ,  . . .  ;  =*  1. 


6.  Comparison  of  values  Mjjj,  obtained  in  p.  5,  with  value  of 
obtained  in  point/item  4. 


|M„  l’i\  —  M0 ft!  I  <e. 


then  for  such  indices  to ^,  =  2;  otherwise  <7*>2.. 
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jV  =  2P3m-‘"P: 

7.  Values  of  M 0  E x  3  for  are  again  recalculated: 

-  fls  —  —  “  <?•  =  *  1  9»+i  —  <7, +2  =  •  •  •  ~  i-p  =  "• 

Qt+p+i  —  ••  •  =  Qm  =3; 

calculation  of  m-(s+p)  versions  with  a  consecutive  increase  in  the 
number  of  nodes  by  one,  comparison  of  results  with  selection  <7**5 
and  so  forth. 

Calculation  is  finished,  when  values  for  all  indices  **1,  2, 
...,  m  are  determined. 

The  algorithm  of  the  selection  of  a  number  of  nodes  of 
interpolation  indicated  it  is  expedient  to  apply  when  the  repeated 
computation  of  the  preset  probabilistic  characteristic  is  required, 
which,  for  example,  occurs  at  the  solution  of  the  problem  of  the 
search  for  the  optimum  parameters  of  automatic  control  system. 

It  is  possible  to  determine  approximately  in  single  cases  values 

<7t,  <7j . <7m  analyzing  the  structure  of  the  right  sides  of  the  preset 

differential  equations. 

In  this  case  just  as  in  the  task  of  the  selection  of  the  optimum 
step/pitch  of  numerical  integration,  most  effective  prove  to  be  the 
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approximate  analytical  methods.  In  this  case  from  the  physical 
considerations  it  is  possible  to  isolate  the  components/1 inks  of  the 
first  or  second  orders,  which  to  the  greatest  degree  are  subjected  to 
the  effect  of  the  random  factors  in  question  in  the  automatic  control 
system. 

Replacing  the  nonlinear  characteristics  of  components/1 inks  by 
their  linear  approximations,  we  will  obtain  for  the  components/1 inks 
linear  differential  equations  with  the  constant  coefficients,  whose 
solutions  can  be  recorded  in  the  form  of  known  formulas. 

Page  143. 

Analyzing  these  formulas,  it  is  possible  to  determine  the  necessary 
degrees  of  the  approximating  polynomials. 

During  the  optimum  selection  of  the  nodes  of  interpolation  the 
accuracy  of  result  with  an  increase  in  the  number  of  nodes  grows  (or 
it  remains  constant/invariable).  Therefore  the  reached  accuracy  can 
be  checked  by  the  method  of  comparison  of  the  results,  obtained  at 
selected  values  and  with  a  larger  number  of  nodes. 

During  the  selection  of  values  <7«  it  is  necessary  to  keep  in 
mind  that  for  computing  the  dispersions  of  output  coordinates  is 
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required  a  doubly  larger  number  of  nodes,  than  during  the  computation 
of  the  mathematical  expectations  of  output-  coordinates. 

7.  Use/application  of  a  method  of  non-canonical  expansions  to  the 
task  of  the  construction  of  the  realizations  of  the  random  functions, 
which  simulate  external  disturbances/perturbations. 

Stationary  case.  For  the  practical  use  of  an  interpolation 
method  more  the  value  has  a  reduction  of  random  functions  to  the 
system  of  random  variables.  Let  us  consider  one  of  the  methods  of 
solution  of  this  task. 

Let  us  assume  that  random  function  the  X(t)  stationary  and  has 
mathematical  expectation,  equal  to  **z(0.  and  the  correlation  function 

Rs(tu  tj)  —  RxW’ 

where  r*t,-tl. 


The  laws  of  distribution  of  probabilities  for  X(t)  can  be 
unknowns.  It  is  necessary  to  indicate  the  method  of  the  construction 
of  the  realizations  of  random  function  X ( t )  according  to  its  preset 
probabilistic  characteristics  "»x(0  and  Rx{t)- 
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As  the  criterion  of  the  conformity  of  the  constructed 
realizations  to  the  preset  probabilistic  characteristics  let  us  take 
the  requirement  of  the  identity  of  mathematical  expectations  and 
correlation  functions.  In  this  case  it  is  possible  to  speak  about  the 
identity  of  random  functions  in  the  limits  of  correlation  theory. 

Let  us  consider  the  random  function 

£ (/)  -  mx (t)  +  Vx cosorf  +  K,sin w/.  (V.56> 

where  Vlf  V,,  u  -  some  random  variables. 

It  is  possible  to  demonstrate  that  during  the  specific  selection 
of  the  probabilistic  characteristics  of  the  random  variables  Vlr  V, 
and  u  random  function  ~X(t)  will  have  mathematical  expectation,  equal 
to  preset  function  mx(t),  and  the  correlation  function,  equal  to  preset 
function  Rx(v)' 


Page  144. 

In  this  case  it  will  be  established/installed,  that  random  functions 
X(t)  and  X<t)  identically  coincide  in  the  limits  of  correlation 
theory,  and  therefore  during  the  construction  of  realizations  for 
random  function  X(t)  it  is  possible  to  use  formula  (V.56). 
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I 

The  construction  of  realizations  according  to  formula  (V.56) 
does  not  cause  special  difficulties.  Necessary  for  this  operation 

I  values  of  the  random  variables  Vlf  V3  and  u  can  be  easily  obtained 

with  the  help  of  different  algorithms  for  the  generation  of  the 
random  or  pseudo-random  numbers  (see  Chapter  XI).  During  the  use  of 

p 

*  an  interpolation  method  the  necessary  values  of  random  variables  are 

designed  from  formulas  (V.ll)  with  the  help  of  the  special  tables. 

Let  us  pass  to  the  proof. 

Let  us  assume  that  the  random  variables  V3 ,  V2  and  u  are 

| 

■  independent,  moreover  the  mathematical  expectations  of  the  random 

variables  V3  and  V,  are  equal  to  zero. 

®  Then 


M  |X  (/)|  M  \mx (/)  -f  V,  cos ut  +  Kasinu>0  - 
-  mx(t )  -i-  M  M  (coS(^|  +  M  1^,1  M  [sinu>/]  -  mx(l), 


since  by  hypothesis  M(V3 ]*M[Vj ]«0 . 

Thus  established/installed,  that 

M[X  (0|  -mx(t)  -M[X(/)j. 


< 


(V  .57) 

( 
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Let  us  assume 

/?x(t)  -  o^/-(t),  (V .  58) 

where  a'i~D[X]—  the  dispersion  of  random  function  X(t); 


r(r)  -  the  normalized  correlation  function. 


Let  us  compute  £a(t): 

Rx  (t)  M  l(X  (/,)  -  mx  (/,))  (tf  (/,)  -  ,nx  (/.,))| 

=  M  ((l^x cos a><j  4-  V'.  sin  w/1)(t,1  cosw/,  -+-  /asina)L)J  — 
-  M  [V'i\  M  (cos <»>/,, cos a*/aJ  •(-  M  [V'jj  M  [sin<u/lsinwi1J. 


If  one  assumes  that 

M  [K?]  ~  M  [Kij  at,  (V.  59> 


then 


Rj-  (T)  ®xM  (cos  cos  a*/,  -j-  sin  «/,  x 

xsinorf,!  =  o?M  (coscut).  (V.60) 

From  the  condition  of  the  identity  of  the  correlation  functions 


(V.6I) 
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we  obtain  the  equation 

^(-r)  =o*M  [cos(dt].  (V.62) 


Page  145. 

From  formulas  (V.58)  (V.62)  and  the  formula 
\1  [cos cut]  -  -  J  (cos on)p((i)) da)  (V.63) 

we  obtain  the  equation 

oe 

r(t)  -  j  (cos air) p (w) du>  (V.64) 


for  determining  the  unknown  function  p(u),  which  is  according  to  the 
sense  the  density  of  the  distribution  of  the  probabilities  of  random 
variable  u. 

Equation  (V.64)  is  integral.  However,  it  easily  is  solved,  if 
one  assumes  that  density  p(w)  is  sought  in  the  class  of  even 
functions. 
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In  this  case 


j*  (sin  arc)  p  (o))  d<ii — 0.  ( V . 65) 

Therefore  integral  equation  (V.64)  can  be  represented  in  the 

form 

ao  QO 

r  (t)  ---  j  (cos  <oi)  p  (<o)  d(o  +  j  J’  (sin  o n)p  (o>)  x 

— OO  —00 

ao 

xdffl  •  f  el*xp (o>) du>.  (V.66) 

It  follows  from  equation  (V.66J  that  the  normalized  correlation 
function  r(r)  is  Fourier  transform  density  p(w). 

From  the  theory  of  random  functions  it  is  known  that  the 
correlation  function  of  any  stationary  random  process  is  connected 
with  its  spectral  density  with  Fourier  transform  in  the  form 

S*w  j‘  e-,“V?*Wdvi 

—  00 

40 

/?x(i)  -  —■  f  e/utSx(«)da>, 


(V .  67) 
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where  S.x{ u»)  —  the  spectral  density  of  random  function  X(t). 


It  follows  from  formulas  (V.58)  and  (V.67)  that 


r(*c)  — 


(,-* 

Sx  (u) 

) 

2  naj 

do,. 


(V.68) 


Page  146. 

Since  Fourier  transform  is  unambiguous,  it  follows  from  equation 
(V.66)  and  formula  (V.68)  that  the  unknown  density  of  the 
distribution  of  probabilities  is  equal  to 

P<*)  =  ^7-.  (V.69) 

2 

Let  us  note  that  obtained  solution  (V.69)  of  integral  equation 
(V.66)  has  all  properties  of  the  density  of  the  distribution  of 
probabilities. 

Is  actual/real,  p(w)£0,  since  sx(o)^t0\ 


DOC  -  83173406 


PAGE 


j  i'x  (ui)Uui  o*  ■ 

—OO 

Thus,  if  the  random  variables  Vt,  V,  and  w  are  independent  and 
their  mathematical  expectations  are  equal  to  zero,  and  dispersions 
are  equal  to  the  random  function  X(t)  preset  to  dispersion,  then  it 
is  possible  to  indicate  the  density  of  random  number  distribution  u 
according  to  formula  (V.69),  such,  which  X(t)  will  present  the 
stationary  random  function  X(t)  taking  into  account  the  identity  of 
the  first  two  moments/torques. 

This  fact  is  a  sufficient  proof  of  method  indicated  above  of  the 
construction  of  the  realizations  of  random  function  X(t). 

In  contrast  to  the  canonical  expansion,  which  represents  random 
function  X(t)  in  the  form  of  series/row  with  an  infinite  number  of 
random  variables,  the  representation  of  random  function  X(t) 
according  to  formula  (V.56),  which  we  will  call  non-canonical , 
contains  altogether  only  three  auxiliary  random  variables. 

Let  us  note  that  the  number  of  random  variables,  entering  the 
non-canonical  expansion  X(t),  can  be  reduced  up  to  two.  For  this  it 
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is  necessary  to  use  the  formula 

X(t)  =  rnx  (/)  +  ax  (cos  +  V  sin  <d0.  (V.70) 

where  it  is  proposed  that  the  random  variables  V  and  w  are 
independent,  the  mathematical  expectation  of  value  V  is  equal  to 
zero,  dispersion  is  equal  to  one,  and  the  probability  density  of 
random  variable  u  is  determined  from  formula  (V.69).  Proof  is 
conducted  analogously. 

For  facilitating  the  practical  use/application  let  us  give  some 
results  of  the  analytical  calculations  of  density  p(u)  for  the 
correlation  functions,  utilized  in  the  theory  of  automatic  control. 

Page  147. 

Example  1.  If 

""  2 

rx  (t)  =  « 


then 


p(w) 


1 

a 


(V  .71) 


i.e.  in  this  example  random  variable  u  must  have  the  normal 
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distribution  law. 

Example  2.  If 


rx  (')  = 


sin  ax 

i 

ax 


a  >  0. 


then 


p  i«»)  -- 


■“.«  €  I —  <*.«!. 
o, n|  4  I— «l. 


(V.72) 


i.e.  in  this  example  random  variable  u  has  the  uniform  distribution 
law  iri  the  gap/ interval  [-a,  a]. 


Example  3.  If 


rx(x)  =*  e- cos  px, 


then 


p  (ui)  -  — 


.(.  ft«  -f  p« 


n  (iu»  -  2p<u  +  ft*  +  P")  («»-|*  -P®  4-  A*  *1*  P1) 


(V .  73) 


Since  the  integral  form  of  the  obtained  law  of  distribution  of 
probabilities  takes  the  form 


f  w  “  i + [arct8  + arct8 


*+p 

* 


jr-p. 

ft 


(V.74) 
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we  will  call  this  law  the  law  of  "arc  tangent". 

In  the  particular  case  with  /3=0  is  obtained  the  known  law  of 
Cauchy.  In  a  number  of  cases  this  law  can  be  replaced  with  uniform 
with  the  parameter 

a  + 


where 

OCfl-O. 

Quasi-stat ionary  cases.  Let  us  consider  the  random  function  of 
the  form 

Y(t)~b(t)X(t).  (V.75) 

where  X(t)  -  stationary  random  function; 

b(t)  -  the  preset  determined  function. 


Then 


M(K(0l  =  my(0  =  6(0M[X(0l  -6(0  "»*(«);  (v-76) 

Rr(/i,/«)- * (*»)*('.) **(*).  (V-77) 
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From  formula  (V.75)  and  (V.77)  it  follows  that  the  random 
function 

Y  ( t )  -  b  (0 1 mx  (/)  -t-  Vx  cos  a >t  +  Vt  sin  w/]  (V .  78) 

will  have  the  same  mathematical  expectation  and  correlation  function, 
as  function  Y(t),  if  the  probabilistic  characteristics  of  the  random 
variables  Vw  V,  and  u  are  selected  just  as  in  the  stationary  case. 

Let  us  consider  the  more  general  case.  Random  function  Y(t)  is 
represented  in  the  form 

K(/)=  2  bAOXAO.  (v-79> 

K"*l 

.  *=  1,2 . n 

where  bK(t)  —  some  preset  determined  functions; 

X*(t)—  quasi-stationary  random  functions,  which  have 
mathematical  expectations  (*)■  W . mxB(0  and  correlation 
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functions  #x,  W.  . £*„(*)  respectively. 

It  is  possible  to  claim  that  the  random  function 

Y  (0  =  2  bK  (/)  [m  ^  (/)  +  VKl  cos  aiKt  +  VKt  sin  (V .  80) 

will  have  mathematical  expectation  and  correlation  function,  that 
coincide  identically  with  the  characteristics  of  random  function 
Y(t),  if  random  variables  V'l.a.  are  independent  and  their 
probabilistic  characteristics  are  selected  analogously  with 
stationary  case  examined  above. 

Actually/really,  in  this  case 


my(0  =  2  b*Wmxm  (0  = 

1 

Ry  Vl>  ti)  ~  (^l)  (•*)  X 

X  (T)  =  Rfr  (/j,  /j). 


(V.  81) 


Formulas  (V.81)  are  valid  with  n*®,  if  infinite  series  obtained 
in  this  case  are  converging. 


Formula  (V.79)  describes  the  sufficiently  broad  class  of 
transient  functions,  since  many  transient  random  processes,  which  are 


I 
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encountered  during  the  solution  of  practical  problems,  it  is  possible 
to  represent  sufficiently  accurately  with  the  help  of  this  formula. 

Page  149. 

8.  Some  questions  of  the  theory  of  interpolation- method. 

It  is  shown  in  work  [105]  that  during  the  optimum  selection  of 
the  nodes  of  interpolation  the  interpolation  method  gives  the 
convergent  computational  processes,  if  there  is  a  computed 
probabilistic  characteristic,  which  can  be  expressed  in  the  form  of 
mathematical  expectation  from  certain  function  x(Ki,  V2 . Vm). 


Let  us  name  its  characteristic  function  of  task. 

% 

As  is  known,  the  mathematical  expectation  of  the  function  *  of  random 
variables  V\,  Vj,...,  Vm  j.s  determined  in  the  form  of  the  m-fold 
integral  of  the  form 


M 


!x]  «  j  •••  . 


JdVtdVt 


dv„ 


where  p(vit  v2,...,  vm)  —  density  of  the  joint  distribution  of  the 
probabilities  of  the  random  variables  V\,  .  Vm\  &  -  the  region  of 
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possible  values  of  the  random  variables 

Vx,  V., ,  Vm. 

Since  the  cases,  which  have  common  sense,  this  integral  there 
exists,  it  is  possible  to  speak  about  the  universality  of 
interpolation  method  during  the  solution  of  the  problems  of  accuracy 
analysis. 

The  determined  selection  of  nodes  and  coefficients  of 
interpolation-quadrature  formulas  is  another  important  property  of 
interpolation  method.  The  random  sampling  of'  nodes  is  realized  in  the 
Monte  Carlo  method,  which  leads  to  the  dispersion  of  the  obtained 
results. 

It  is  possible  to  examine  such  methods  of  the  accuracy  analysis 
of  the  nonlinear  systems,  when  not  only  nodes  are  random,  but  also 
the  coefficients  of  quadrature  formulas,  i.e.,  for  computing  the 
probabilistic  characteristics  are  applied  the  formula  of  the  form 

M lxl«V  ‘^(V'u.V'.u . V„J,  (V.82) 

where  V'*’  .  values  of  random  variables,  obtained  in 
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accordance  with  certain  law  g(v{,  ua . which  can  differ  from  the 

preset  density  of  combined  random  number  distribution  V{,  V2,..„  Vm;  A 
the  coefficients,  which  are  the  functions  of  one  or  several  random 
variables,  which  possess  certain  preset  distribution  law. 

The  statistical  methods  of  the  accuracy  analysis  of  nonlinear 
systems  and  the  interpolatio  methods,  realized  during  the  determined 
selection  of  nodes,  can  be  considered  as  the  boundary  classes, 
between  which  are  located  the  intermediate  classes,  which  possess  one 
or  the  other  special  features/peculiarities  of  the  statistical  and 
determined  methods. 

Page  150. 

Let  us  give  one  of  the  possible  classifications  of  the  methods 
of  the  accuracy  analysis  of  nonlinear  systems. 

1.  Versions  of  values  of  random  variables  and  values  of 
coefficients  of  quadrature  formula  are  chosen  randomly  in  accordance 
with  preset  laws  of  distribution  of  probabilities. 

2.  Values  of  coefficients  of  quadrature  formulas  are  chosen 

determined,  while  values  of  random  variables  V,.  v2 . Vm  are  chosen 

random  and  need  not  mandatorily  coincide  with  preset  density 
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p(»i,  « 3,...,  t>m)  of  their  combined  doistribution. 

3.  Values  of  random  variables  Vu  V2 .  Vm  are  chosen  random,  and 

coefficients  of  quadrature  formulas  are  designed  from  determined 
algorithms  through  obtained  values  of  rando  variables. 

4.  Values  of  random  variables  and  coefficients  of  quadrature 
formulas  are  determined  on  determined  algorithms.  It  should  be 
pointed  out  that  the  convergent  computational  algorithms  of  accuracy 
analysis  exist  in  each  of  the  classes  indicated. 

A  question  about  the  selection  of  optimum  method  among  four 
enumerated  classes  is  complicated  problem. 

The  complexity  of  this  problem  consists  not  only  in  the  variety 
of  different  criteria  of  optimality,  but  als  in  the  variety  of 
methods . 

The  algorithms,  necessary  for  the  application  of  interpolation 
method,  were  presented  in  this  chapter.  Let  us  note  that  as  the  class 
of  the  approximating  functions  in  this  case  was  chosen  the  class  of 
all  possible  algebraic  polynomials  of  the  preset  order  from  the 
random  variables  in  question. 
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If  we  as  the  approximating  functions  use  other  classes  of 
functions,  then  in  each  of  the  classes  also  it  is  possible  to 
construct  interpolation  formula  and  to  solve  the  task  about  the 
construction  of  optimum  interpolation  method  for  the  selected  class 
of  the  approximating  functions.  In  particular,  it  is  possible  to  use 
classes  of  trigonometric  polynomials  [34],  exponential  functions, 
system  of  the  eigenfunctions  of  different  kernels  of  integral 
equation,  etc.  Generally  for  the  construction  of  interpolation 
formulas  it  is  possible-  to  use  any  system  of  the  linearly  independent 
piecewise-continuous  functions. 

In  fact,  let  ther  be  system  N  of  the  linearly  independent 
functions 


'MVO.  *00 . tMVO. 


Then  function  X(V)  can  be  approximately  represented  in  the  form 

X(V)  ssjjC.iMV). 

i— i 

where  c,  —  unknown  coefficients  of  expansion. 


Page  151. 


If  we  take  N  nodes  Vlt  V2,...,  y*  and  compute  appropriate  values 
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Xi>  Xa . Xu,  then  by  solving  system  of  equations 

2  CA(V.)-x«,  *=1.2 . N,  (V.83) 

*— l  / 

it  is  possible  to  determine  unambiguously  all  coefficients  C, 
according  to  the  formula 


where  |A|  -  determinant  of  matrix/die  \\y, ( V,) II  -  A 


(s  -  number  of  column, 

*  -  number  of  line); 

| _\. | _  definition,  obtained  from  the  matrix/die  A  by  the 

replacement  of  its  column  with  number  s  to  the  column  of  the  values 
of  the  right  sides  of  the  system  of  equations  (V.83). 

Consequently,  quadrature  formula  (V.82)  in  this  case  will  take 
this  form: 


m  ix)  *  2^ i M  l*  {V')]  “  2  A'% 


It  must  be  noted  that  nodes  vK  in  this  formula  uniquely 
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determine  the  values  of  coefficients  A„  moreover  these  nodes  can  be 
chosen  randomly  or  it  is  determined. 
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Chapter  VI. 

WAYS  OF  DECREASE  OF  THE  NUMBER  OF  STATISTICAL  NODES  DURING  THE 
RESEARCH  OF  NONLINEAR  SYSTEMS. 

1.  General  paths. 

For  the  evaluation  of  the  characteristics  of  automatic  control 
systems  taking  into  account  the  interaction  of  random  parameters 

Vu  V2 . Vm,  as  has  already  been  spoken,  different  probabilistic 

criteria  (mathematical  expectation  and  the  dispersion  of  the  output 
coordinate  of  system,  the  probability  of  the  nonappearance  of 
coordinate  beyond  the  limits  of  preset  borders,  etc.)  extensively  are 
used. 


On  the  basis  of  equality  (V.13)  by  its- generalization  for 
arbitrary  allocation  of  values  V,,  V2,..„  Vm  it  is  possible  to  record 
the  expression  of  criterion  of  the  I  evaluation/estimate  of  the 
control  system  in  the  following  form: 
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1  “  I0#*',  ft,.-  . P*JP, 


*/r*».  *1 . <mf 


(VI.  1) 


*i.  * . . 


where  vKl,  yK, . (*«„  —  values  of  random  variables  Vu  V2,...,  Vm; 


. *m  —  the  generalized  coefficients,  computed  in  this  case 

for  the  arbitrary  law  of  distribution  of  values  Vu  V2,...,’Vm  '  [in 
contrast  to  the  formula  (V.13)]. 

Page  153. 

Thus,  if  the  generalized  function  is  equal  to  certain 
coordinate,  i.e. 

ft,,,  ft,. . ft«J  ”  y(t.  I*,,.  ft,,.  •  •  •.  ftj.  (VI •  2) 

then  evaluation/estimate  I  can  take  the  value  of  the  mathematical 

expectation  of  the  coordinate  in  question: 

!  —  M[Y (t,  Vt,Vt . VJ1* 

»2y(t.  ft,,,  ft,, . . «„•  (v,-a> 

*>•  *• . *«. 

where  ‘/('•ft,,,  ft,, . ft,*)-  value  of  coordinate  Y  at  the  fixed  values  of 

random  variables  V,f  V2 . Vm; 


p.  ,  ,  —  Christoffel  number. 

Expression  (VI. 1)  is  the  approximation  formula  of  the  numerical 
determination  of  the  values  of  the  m-fold  integral 
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/=]•...  (m)  ...  j  G(V, . V„.  i)dVv  ...dVn,  (VI.  4> 

«•  am 

of  that  being  the  exact  value  of  evaluation/estimate  of  the  I  system. 


From  the  selection  of  the  fixed/recorded  values 


where 


•  •  •  •  • 

-  0,  1 ,  2 . f t;  /c,  0,  1 ,  2 . 

. ~  0 »  1  •  2, . . .  ,  (f,„ , 


(VI.  5> 


forming  in  the  m-dimensional  space  the  system  of  the  statistical 
nodes  (this  name  is  caused  by  the  fact  that  these  nodes  are  located 
in  the  region  of  random  variables  Vm),  and  the  selection  of 

generalized  coefficients  . .  depends  substantially  the 

accuracy  of  the  approximate  computation  of  integral  (VI. 4). 


Among  a  large  number  of  approaches  to  the  selection  of 

statistical  nodes  (VI.5)  and  coefficients  p*„ . . it  is  possible 

to  isolate  two  basic  groups  of  the  methods:  1)  the  methods,  which 
ensure  the  best  approximation  of  integrand  G  (or  its  part)  from  the 
point  of  view  of  the  accuracy  of  statistical  evaluation;  2)  the 
methods,  based  on  the  selection  of  the  limited  number  of  statistical 


nodes  and  coefficients  p 


*«•  •  •  •  •  *m 


.  which  ensure  acceptable  accuracy. 


Studies  [94]  conducted  showed  that  the  best  approximation  of 
integrand  G(V{ .  Vm,  t),  making  it  possible  to  pass  to  simple  formula 


I 
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(VI. 3),  provides  the  system  of  orthogonal  polynomials  H(V . Vm,t). 

Page  154. 

It  is  shown  in  work  [105]  that  if  the  integrand  is  represented 
in  the  form 

ni 

°lV* . Vm,  0  . Vm.t)V\Pb  (VI. 6) 

/*-! 

then,  after  using  the  interpolation  formula  of  Lagrange 

. V,n,t).  £  ®0(|i,«i . fw')x 

** . 

xfl— — ,  (VI.  7) 

jmi  ^1.  «+*  iYi  —  P/x/) 

<f,  -  0,  1,2 . <j,;  k.  -  0,  1,2 . <7a; 

. *«  *  0,  1,2 . qm, 

where  orthogonal  polynomials  of  degree  q+1,  it  is  possible 

easily  to  pass  from  the  exact  value  of  evaluation/estimate  (VI. 4)  to 
expression  (VI.l),  which  gives  the  exact  solution,  which  coincides 

with  evaluation/estimate  (VI. 4)  for  any  function  cpo(V, .  Vm,  t),  to  the 

described  by  polynomial  degree,  which  does  not  exceed  2q+l  [107]. 

For  calculating  the  evaluation/estimate  according  to  formula 
(VI.l)  with  the  use/application  of  an  interpolation  method,  examined 
in  the  previous  chapter,  it  is  necessary  to  fulfill 
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*  -  n  (*/ + 1) 

/-I 

or 

N  =  (q+  \)m  -  (VI. 8) 

with  Qi  =  qm  ■■=  q 

the  integrations  of  equations,  which  describe  the  system  being 
investigated,  substituting  each  time  of  the  value  of  statistical 
nodes  (VI. 5).  With  use  of  Fourier  series  it  is  necessary  to  lead 
(2p+l)mthe  integrations,  where  p  -  number  of  terms  of  series/row 
[34]. 


Meanwhile  the  integration  of  the  equations  of  system,  even 
during  the  use  of  contemporary  high  speed  TsVM  [I1BM  -  digital 
computer],  upon  consideration  of  a  considerable  number  of  random 
disturbances  Vj  occupies  extremely  large  time.  Thus,  for  m=20  and  the 
low  degree  of  the  approximating  polynomial  q+l«2  a  number  of 
necessary  integrations  N=2J#  [see  formula  ( VI . 8 ) ] ,  which  with  the 
expenditure  of  time  for  one  integration  6  s  would  require 
approximately/exemplar ily . 72  days  of  computer  operation. 

Page  155. 

The  given  calculations  show  that  the  use/application  of  methods 
indicated  above  with  a  large  number  of  random  disturbances  is  very 
difficult.  This  circumstance  led  to  the  creation  of  other  methods, 
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which  make  it  possible  to  substantially  reduce  the  number  of 
statistical  nodes. 

Thus,  A.  I.  Averbukh  [1]  led  further  development  of  the  method 
of  equivalent  disturbances/perturbations  [25]  after  reducing  the 
number  of  nonlinear  algebraic  equations  due  to  the  neglect  by  the 
members  of  the  third  and  higher  order  of  smallness.  Method  makes  it 
possible  in  this  case  to  be  bounded  (m+1)  to  the  integration  of  the 
equations  of  system  (V.l).  But  this  same-type  approach  to  all  m  to 
disturbances/perturbations  without  taking  into  account  their  specific 
character  is  not  always  justified. 

A.  Ya.  Andriyenko  [8],  examining  random  variables  Vi .  Vm 

with  the  zero  mathematical  expectations  and  the  moments/torques  of 
odd  orders,  under  certain  assumption  about  allocation  of  nodes  (VI. 5) 
substantially  simplif ies  the  system  of  algebraic  equations  and 
reduces  a  number  of  nodes,  necessary  for  determining  the 
evaluation/estimate  according  to  formula  (V.l).  However,  the  central 
moments  higher  than  second  here  are  considered  in  comparison  with 
previous  method  [1].  One  should  in  this  case  note  that  the 
transition/ junction  to  the  random  variables  with  the  zero  odd 
moments/torques  does  not  present  special  difficulties. 


A.  N.  Dobrodeyev  [24],  being  based  on  assumptions  of  the 
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possibility  of  the  approximation  of  the  coordinate  of  system 
Yt(i,V . . V'mjbeing  investigated  with  the  m-dimensional  polynomial 

yt(vt . vm.t)  -#.+22  2  ■' v n c 

**»i  /•„_!  ...  rt  »•*! 

(VI.  9) 

where 

rK  ^  1 _ _  m  —  K  I-  1;  rK_x  -  rK  -h  I, . . .  ,  m  —  *c; . . .  ; 

K 

ri  '‘t  *H  1.  •  .n\  l  -•  minjffi,  pj;  aK  =  V) 


also  it  comes  to  the  system  of  the  algebraic  equations,  whose 
solution  makes  it  possible  to  determine  the  value  of  the 
moments/torques  of  the  output  coordinates  of  system  according  to 
formula  (VI.l). 


Thus,  in  all  indicated  above  methods  characteristic  is  the  use 
of  the  approximating  polynomials  for  replacing  exact  integral 
estimation  (VI. 4)  the  approximate  estimate  of  form  (VI.l). 


According  to  the  method  with  the  use  of  orthogonal  polynomials 
[107]  (let  us  relate  it  to  the  1st  group  of  methods)  statistical 
nodes  they  are  determined  by  the  roots  of  the  selected  polynomials, 
known  for  the  preset  law  of  distribution  of  independent  random 
quantities  Vi,.»,  Vm. 
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Let  us  note  also  that  during  the  use  of  methods  of  1st  group  [107] 
the  nodes  of  interpolation  are  chosen  from"  the  condition  of  the 
minimum  of  the  module  of  the  mathematical  expectation  of  a  difference 
in  the  generalized  characteristic  functions 

/?  =  |  j...  (/*)...  jtawv, . vm,t)- 

m 

—  . ym.')in  Pi(V,)dV,\.  min.  (VI.  10) 

/-i 

where  <I>od  —  the  approximation  of  function  <t>0. 

Four  methods  [34,  1,  8,  24],  which  can  be  attributed  to  the  2nd 
group,  join  single  approach  to  the  formation  of  statistical  nodes  and 
coefficients  under  the  method  of  solution  of  the  additional  system  of- 
nonlinear  algebraic  equations.  Moreover  the  selection  of  nodes  (VI. 5) 

and  coefficients  P,„«, . is  realized  from  the  condition  of 

coincidence  with  an  accuracy  to  the  components/terms/addends  of  the  q 
order  of  the  smallness  of  the  values  of  integral  (VI. 4)  after  the 
approximate  approximation  of  function  G(VU...,  Vm,  t)  and  formula 

/=  y  G(n„, . IwOP,. . V 

** . "m 

where  the  function  is  decomposed  in  the  Maclaurin  series. 

If  we  take  into  account  also  the  circumstance  that  for  the 
approximation  of  integrand,  described  by  the  polynomial  of  the  q 
order,  according  to  the  method  of  the  2nd  group  the  expansion  of  the 
same  q  order  is  required,  and  for  the  methods  of  the  1st  group  it 
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suffices  to  take  the  polynomial,  whose  order  q,=(q-l)/2,  then  it  is 
obvious  that  with  the  equal  degree  of  the  approximating  polynomial 
the  1st  group  of  methods  gives  high  degree  of  accuracy.  However,  in 
this  case  a  larger  number  of  interpolation  (statistical)  nodes  will 
be  required. 

The  advantage  of  the  methods  of  the  2nd  group  consists,  first  of 
all,  of  the  considerable  decrease  of  a  number  of  statistical  nodes, 
however,  as  it  is  noted  in  work  [34],  with  a  large  number  of 
disturbances/perturbations  m  for  determining  the  statistical 
evaluations  of  system  are  required  hundreds  of  integrations  of 
reference  system.  The  methods,  proposed  in  works  [1,  8],  after  some 
transformations  of  the  reference  system  of  disturbances/perturbations 
make  it  possible  to  considerably  reduce  the  number  of 
disturbances/perturbations.  However,  the  2nd  group  of  methods 
requires  the  carrying  out  of  sufficiently  complicated  pretreatments 
(solution  of  the  system  of  further  nonlinear  algebraic  equations, 
construction  of  matrices  [8]  and  some  others).  At  the  same  time  in 
the  1st  group  it  suffices  to  switch  over  to  the  standard  distribution 
laws,  to  select  the  roots  of  orthogonal  polynomials  from  tables 
[107],  to  lead  the  solution  of  reference  system,  also,  by  simple 
formula  (VI. 1)  to  find  the  value  of  statistical  characteristics. 
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The  single  form  of  formula  for  determining- t''e  statistical  evaluation 
becomes  especially  important  during  the  calculation  of  the 
probability  that  it  is  difficult  in  the  2nd  group  of  methods.  Thus, 
for  instance,  for  determining  the  probability  of  falling  of 
coordinate  Y  in  region  with  a  radius  of  C  formula  (VI. 1)  will  take 
the  form 


P[K<C1^  V  X  „p  ,  ,  (VI.  12) 
* . .  . . 


where  X  .  —  characteristic  function,  equal  to  1  with  Y.  .  <C 
and  0  when  Y  ,  >C. 


All  the  enumerated  circumstances  lead  to  the  need  for  further 
improvement  of  the  indicated  methods  of  the  study  (analysis  and 
synthesis)  of  the  complex  multichannel  nonlinear  systems  of  control 
mainly  by  the  decrease  of  a  number  of  statistical  nodes,  necessary 
for  determining  the  evaluation/estimate  of  system.  Among  the 
series/row  of  the  directions,  which  decide  stated  problem,  let  us 
pause  only  at  two:  the  use  of  the  minimum  approximating  polynomials 
with  the  determination  of  the  evaluation/estimate  of  system  by 
determining  the  necessary  coefficients  of  expansion;  the  decrease  of 
a  number  of  statistical  nodes  by  transition/ junction  through  the 
equations  of  relation  from  the  preset  m-dimensional  region  of  the 
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random  variables  to  the  region  of  their  substantially  smaller  number. 


During  the  use  of  a  method  of  the  approximating  polynomials  a 
number  of  statistical  nodes,  which  determine  the  number  of  required 
integrations,  can  be  varied,  satisfying  the  condition 

m 

rito +o<*.  (vi.  i3) 

l*M  I 


With  the  approximation  of  integrand  0(Vlt...,  Vm,t)  with  Maclaurin 
series  or  by  any  other  polynomial-  it  is  possible  to  use  expansion 
with  the  different  degree  of  polynomials  in  terms  of  random  variables 


Finally,  it  is  possible  to  use  a  combination  of  methods,  i.e., 
for  obtaining  the  preliminary  evaluations/estimates  of  system 
(especially  with  synthesis)  to  use  one  of  the  methods  indicated, 
which  requires  a  smaller  number  of  integrations  of  the  equations  of 
system,  and  for  the  final  evaluation/estimate  to  use  more  exact 
method  with  a  large  number  of  integrations. 


Page  158. 
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2.  Method  of  minimum  polynomials. 

One  of  the  fundamental  difficulties,  as  it  was  indicated  above, 
are  the  approximation  of  integrand  G(t,  Vu...,  Vm),  the  ensuring  required 
accuracy  of  the  statistical  evaluation  of  system.  In  order  to  exclude 
error,  it  is  possible  to  select  the  previously  high  degree  of  the 
approximating  polynomial.  However,  with  a  large  number  of  random 
variables  this  path  proves  to  be  unacceptable  due  to  an  enormous 
number  of  integrations  of  equations  of  system.  Therefore  another  path 
more  frequently  is  chosen:  after  assigning  certain  degree  of  the 
approximating  polynomial,  is  obtained  evaluation/estimate  7\  of 
system,  and  further,  raising  the  degree  of  polynomial,  is  designed 
the  second  value  of  T,  of  evaluation/estimate  also  according  to  some 
inequalities,  for  example 

|/,  — /,  |<6,,  (VI.  15) 

where  -  allowable  absolute  error  in  the  evaluation/estimate,  or 

|-^|<6,.  (VI.  16)  • 

where  5,  -  allowable  relative  error  in  the  evaluation/estimate,  they 
check  the  accuracy  of  the  calculation  of  the  value  of 
evaluat ion/est imate . 

With  the  second  method  of  obtaining  the  reliable  value  of 
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evaluation/estimate,  especially  with  a  large  number  of  random 
disturbances,  applied  to  the  system,  it  is'  possible  to  assign  n+1 
statistical  nodes  (VI. 5)  in  the  m-dimensional  region  of  random 
variables.  Moreover  must  be  made  the  equality 

II  iff i  -H)  -  «  !-  l-  (VI.  17) 

/—i 

From  these  n+1  nodes  it  is  necessary  to  calculate  the 
evaluation/estimate  of  system.  In  the  given  case  is  legal  the 
formulation  of  the  problem  about  finding  of  minimum  polynomial 

G(t,  V\ . vm)  (the  lowest  possible  degree),  which  in  selected  nodes 

(VI. 5)  takes  the  values 

G  (*.!*»«, . M-n-rJ*  (VI.  18) 

*,■0,1,2,...,  <?,;  ft.  -  0,  1,  2 . <7„; 

. ’  0  •  1*2,  •  •  •  ,  </» If 

obtained  on  the  base  of  the  integration  of  system  of  equations,  which 
describe  the  dynamics  of  the  system  of  control  (whence 
ensues/escapes/flows  out  name  -  method  of  minimum  polynomials). 

Page  159. 


Let  us  pause  briefly  at  the  mathematical  formalization  of  the 
task  in  question.  Let  polynomial  G(i,  Vi,...,  Vm)  take  the  form 


<J|  «! 


0(t,Vy . Vm)  =  +  ^  X  X  •  •  •  2 r****  • 

*— i  i  «t«i  *,—i 


y^ 


(VI.  19> 


DOC  *  83173407 


If  we  superimpose  on  polynomial  G(t,  V, .  Vm)  of  no  further 

conditions,  then,  obviously,  its  degree  on  all 

disturbances/perturbations  must  be  such  that  a  number  of  unknown 
coefficients  l«i  •  1.  2,...,  jc*  «  1,  2,...,  -  1,  2,...,q,„)  would  be 

equal  to  a  number  of  statistical  nodes  n+1.  Actually/really,  after 
taking  n+1  sample  from  the  system  of  nodes  (VI. 5)  and  after 
determining  n+1  the  value  of  function  (VI. 18),  after  their 
substitution  into  equality  (VI. 19)  we  will  obtain  the  linear  system 
of  equations,  for  example, 


G(t,  Hu . H*|)  =^a  + 

n,  q,  q,  <h 

+  v  V  V  ...  2 

»“l  I  1  «,"• 

G(l,  H,* . \*ml)  -  flo  + 

*n  ii,  a,  *'» 

+  V  V  2  ...  V 

>—l  K,ml  K,_  I  — I  (,Z* 


(VI.  20) 


^  (f»  . K»n^m)  —  "t” 

m  <?|  q, 

+  2  2  2  ^  ‘ «.«••.. •»!*»» **’  *’  * 

»l  <C,—  I  «,al  *,-l  *••»»>  ‘V<M 

solution  of  which  does  not  cause  fundamental  difficulties. 


After  the  determination  of  the  coefficients  of  the  polynomial 
(VI. 19)  the  value  of  statistical  evaluation,  for  example  the 
correlation  function  of  any  order,  can  be  determined  according  to  the 
expression 
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1 

VP* 

X  4#t  '  * 

ypn 

■  > 

L 

/j,  .  . 

•  .  t„  . 

t. 

tJ 

Vi 


x  p(Vx . VjdV x 

px  -  0,  1,  2,  .. .  ;  p,  =  0,  1,  2, ...  ;  . 
1 1  — •'  I,  2,  . . .  ,  /i,  — i  1,  2,  . , .  t  tit . 


■  •  dVm,  (VI. 21) 

...  .  pn  0,  1.  2,  ; 
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For  this  let  us  substitute  into  equality  (VI. 21)  approximate 
value  of  function  G'(/,  Vu...,  Vm): 


M 

V?;,  Kf*, . . 

yfn 
■  ’  ‘n 

-r 

...(*)...  f 

.  •  • 

•  'n  . 

j 

J 

i  4* 


/n  q,  q,  «, 

-  +2  2  2--2a- . ^ . 1 

»— I  I  Ka— I  I 

xp(V\.  V, . Vm)dVxdVt...dVm, 

or,  resetting  the  operations  of  addition, 


M 


[**** . y’:U.+ 

L  *»»  *j,  ....  t„  J 


n  »i  q. 


(VI.  22) 


O.V  V  V  v  *  *? 

'  2*  2t  2t  2d  a*'K'  ■■■  (m)  ...  j  V 

. Vm)dVx  ...dVm, 


•  V,  .  X 


»  m 

J  ••■('")  •••  J  °*<y  . . 


since 


(VI.  23) 
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integrals  (VI. 27)  are  equal , to  zero,  i.e. 

\vf+lp(V,)dV,~0,  ..  (VI.  29) 

•/ 

since  product  of  odd  function  VJ/+I  to  even  P(Vj)  gives  odd  function, 
and  limits  vj  and  »/  have  the  equal  modules 

lp/l  —  !»/ 1  —  I — »/ 1-  (VI. 30) 


Using  the  obtained  values  of  integrals  (VI. 26)  (VI. 27)  (VI. 28), 
expression  (VI. 23)  in  general  form  can  be  converted  to  the  form 


M 


yf:.  y?: . yf* 


t i*  f** 


‘a  J 


^  2  2  a*i*. ... *» m [V*yK, . . .  v,, ]  (Vi. 3i) 


***l  «l—l  «l»l  *»“* 

and  for  the  independent  random  quantities  with  the  even  density 
function  of  allocation 


nws . 

.  . J 

m  «,  4a  <■*  f  •  •  • 

+  2  2  2  -2 


(VI.  32) 


•“I  *i—i 


where  ?i,  qj,  •••»?!  —  even  degrees,  determined  by  the  even  degrees  of 
the  approximating  polynomial. 
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It  must  be  noted  that  the  transition/ junction  to  the  independent 
random  quantities  with  the  even  density  function  of  allocation  does 
not  present  fundamental  difficulties.  Therefore  obtained  formula 
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(VI. 32)  can  be  accepted  as  fundamental,  since  a  number  of  required 
coefficients  in  it  is  substantially  less  than  coefficients 

oo,  •  •  •  *m  in  formula  (VI. 32). 

Thus,  for  determining  the  moment/torque  of  any  order  of  the 
output  coordinates  of  system  it  is  necessary  to  lead  n+1  the- 
integration  of  reference  system,  to  determine  coefficients  aq]/r..qms 
from  the  linear  system  of  equations  (VI. 20)  and  to  use  simple  formula 
(VI. 32) . 


It  remains,  however,  thus  far  not  solved  a  question  about  the 
selection  of  statistical  nodes.  For  their  determination  let  us 


represent  approximating  polynomial  (VI. 19)  in  other  form,  for  which 
we  will  use  auxiliary  polynomial  w{Vu...,  Vm),  which  satisfies  the 
conditions 


Oi 

0  nfw  /-  1.2 . rn, 

1  npii  V,  =  /  —  1.  2 . m. 


(VI.  33) 


Key:  (1).  with. 


Such  polynomial  can  be  the  polynomial  of  the  effect  of  nodes 
lijn/  j  ~  1,  2,...,  m,  which  is  written/recorded  in  the  form 

"(^i . Vn)  = 

_  pi  W-fac,) 

(VI.  34) 
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or 


where 


®(v, . vj = n 

/-i 


*/.«/+•  (»*/«/> — »*/«/> 


(VI.  35) 


*/.  (^/)  —  (^/  —  (VI. 36) 


“'r. <»/-»-» (m-/*/)  —  derivative  of  t»/.4<+i  (Vj)  on  Vj,  calculated  at  point 

V,  =  i*r 


Page  163. 


Then  approximating  polynomial  (VI. 19)  can  be  recorded  in  the 
form  of  the  interpolation  formula  of  Lagrange: 


i.e. 


Oft,  Vx . . . ,  Vm)  -  2  G(/,  (i,<( . nm«J  x 


n 


■i^rH  W 


/-i  ' 

~ °>  J*2.  •  «,  =  0,  1,2 . ?1; 

. —  0,  1 ,  2,  . . .  ,  qm, 


*0+22  2  -  i * . 


(VI.  37) 


—i  <i—i  <,— i  <,— i 


O'/) 


=  2  G<»V . .wO-fi-T — W±^L 

*'•■■■  *m  fmml  "’l.tf+l  (»*/«;)  (V'j  —  (»/<y) 


(VI.  38) 
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The  right  side  of  equality  (VI. 38)  makes  it  possible  to  obtain 

M 

n<*  +1)  statistical  nodes  (VI. 5).  But  since  a  number  of  unknown 

/-i 

coefficients  on  the  left  side  of  equality  (VI. 38)  is  considerably 
less,  then  it  suffices  from  entire  set  (VI. 5)  to  select  such,  which 
would  provide  the  necessary  condition  of  solving  algebraic  system 
(VI. 20),  i.e.,  it  is  necessary  to  select  such  set  of  nodes  so  that 
the  determinant  of  systems  (VI. 20)  would  satisfy  Vandermondes ' s 

1  Ci  Cjf . . .  Cl 

i  ci  cl . . .  d 


i  ci  d-.-c: 

* 

■where  C{  —  calculated  values  of  values  which  belong  to 

coefficients  *m- 


(VI.  39) 
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If  we  substitute  into  expression  (VI. 38)  for  polynomials 
(v i)  orthogonal  polynomials  #/.  d/+\  (^/)-  which  ensure  the  best 
approximation  of  the  function  being  investigated,  then,  obviously,  as 
statistical  nodes  (VI. 5)  can  be  selected  Chebyshev's  nodes. 
Consequently,  using  the  precomputed  roots,  according  to  prime 
formulas  [107]  is  possible  sufficiently  simply  to  determine  the 
values  of  statistical  nodes  (VI. 5).  For  example,  for  the  normal  law. 
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of  distribution  p(v)  these  values 

~  mv/  +  av/^2x,;'+,,1 

where  —  roots  of  orthogonal  polynomial  Hi.qi+r, 


(VI.  40) 


%(-  the  mathematical  expectation  of  random  veriable  V 


ffv/—  standard  deviation  of  random  variable  Vj. 


For  the  exponential  law  of  distribution  p(v)=p0e-yv,  y>0 


(VI. 41) 


For  the  uniform  law  of  distribution  p(v)  - 

vfr+ "  M  ui  ~  ui  x<«/+'»  +  °i  +  vi 


(VI.  42) 


The  method  stated  above  of  the  statistical  evaluation  of  system 
is  in  certain  kind  the  combined  method,  since  it  is  very  simply 
reduced  to  the  methods  of  the  1st  and  2nd  groups.  A  number  of 
required  statistical  nodes  here  lies/rests  over  a  wide  range  from  1 
to  (2<?  +  Dm- 


Actually/really,  let  us  represent  polynomial  G(V  ^nit  0  in  the 


form 


I 
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GW . I'-.O-t'W . I'..  <)  = 

58  <'o  (0  +-  ux  (t)  Vt  +  6.,  (t)Vt+  ...  +Un  (/)  vn, 

where  /(^i . VmJ)—  the  coordinate  of  system  being  investigated,  which 

is  the  function  of  independent  random  quantities  with  the  even 
density  function  of  allocation. 

Then  for  determining  the  mathematical  expectation  of  coordinate 
/(/w-.  V'm.  0  it  suffices  to  know  only  the  value  of  coefficient  of  a0, 
i .  e.  , 

Oj  p' 

M  \Y(V\ . vm,t)\=  j  . . .  (m)  . . .  j  y  a,v,  x 

"m 

m 

(VI.  43) 

/•I 
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Consequently,  after  assigning  values  of  random  variables  for 
statistical  node  (nu,...,  it  is  possible  to  find  the  value  of 

coefficient  of  a,  when 

Wi  +  *im.+  ...+  ampmm  =  0.  (VI.  44) 

This  approach  superimposes  certain  uncertainty/ indeterminacy  on 
the  determination  of  coefficients  au  am  and,  therefore,  to  the 
accuracy  of  calculations.  The  given  equation  for  determining  the 
coefficients  a ua2 . am  can  be  decomposed  into  the  series/row  of  the 
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equations,  which  form  the  subsystem 

+  °#it  +  •  •  •  +  u)ttu  = 

/+i  +  ai+iPi+t,  (+j+  •  •  •  +  a/fx//  —  0‘. 

atV-u  +  V^I+I.  *+l  +  •  •  •  +  =  0. 

However,  this  will  influence  an  error  in  the  determination  of 
statistical  evaluation,  although  will  simplify  the  determination  of 
coefficients  a\,  a,,...,  am.  it  is  appropriate  to  note  that  the 
determination  of  the  values  of  these  coefficients  for  determination 
Vm,  <)]  is  not  required,  but  has  only  that  sense,  that 
approximating  function  G(t,  V .  Vm)  must  be  more  exact. 

Obtaining  the  additional  solutions  of  system  n+l<m+l,  it  is 
possible  to  raise  degree  of  accuracy.  In  order  to  compute  coefficient 
of  a,  at  the  values  of  coefficients  «i  ¥•  0,  a,  v*  0,...,  a™  0,  found  from 

condition  Y(t,  Vt . Vm)  ■■  Y{t,  n-*>im).  necessary  to  have  m+1  a  solution 

of  system,  i.e.,  m+1  the  value  of  coordinate  Y(t,  The 

accuracy  of  calculation  in  this  case  grows. 

With  an  increase  in  the  approximating  polynomial  a  number  of 
required  solutions  will,  naturally,  increase;  however,  by  the 
selection  of  the  values  of  coefficients 
decrease,  using  the  following  method. 


(VI.  45) 


it  it  is  possible  to 
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Since  for  determining  the  statistical  evaluation  according  to 
formula  (VI. 33)  it  suffices  to  know  only  coefficients  <*:••  **  from 

general/common/total  number  of  all  coefficients  we  will  choose 

the  remaining  coefficients  of  system  (VI. 20)  thus. 
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V... 

* 


Let  us  represent  algebraic  system  (VI. 20)  in  the  form 
G  (Mil*  •  •  •  1  mli  0  =  a0  +  ^2  2  ‘  ‘  2  0* 


+22--*  2 
",  "i 


\  *i  "/  *. 

PIP/  -  ■  •  Pi  |  I1'*,  •  •  •  ^m«m* 

p  yon  (*i> 


®(m*,»  •  •  •  Hmpm'  0  “  +  (222 

\0,  0,  0, 


+22---21 


>p,p<  .  .  .  p,  |  Hi*.  •  •  • 

(10.) 


"I  " l  ", 

let  us  select  coef  f  icients  uHPI . . .  n,  solving  the  system 


(VI.  46) 


22- 

•  2  a"tpi  • 

■  pi  • 

•  Pm*m  — 

p,  p/ 

", 

tut 

(ml) 

22- 

•  2  a"tpi  • 

■  Pl^v  ■ 

•  fmii  *  O' 

p,  p/ 

pi 

(10.) 

('"‘W 

(VI.  47) 


Then  system  (VI. 46)  will  take  the  form 
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pace^7 


G(Hu 


•  • .  Hmi.  o  ■**  «• + 2  2  •  •  •  2 a 

•  • 

*i  »/ 


•  • 

«/«/• 


•  x 


X  Hui  .  •  • 

(11)  (ml) 


G^«, . iw  o  =  o»+22 •  •  •  2 %%;...«;  * 

«*  ’/  «.* 

X 

(U.)  ("Nml 


(VI.  48) 


The  values  of  coefficients  aPlPl  ■ . .  in  this  case  in  the  general 

case  are  not  equal  to  zero,  but  their  effect  on  the  calculation  of 

coef f icients  a  . •  •  is  excluded.  If  some  of  equations  (VI. 47)  are 

incompatible,  then  it  is  necessary  to  attach  to  the  part  of 

coefficients  oB(fl/...  P,  the  values,  equal  to  zero.  For  example,  let 

G(Vt . Vmt)~  Y(tu  Vu  Vt)  =  o#  +  djV,  +  O.V,  + 

4-  QiaViVj  ■+•  ci\ iV1?  +■  ajjVj,  (VI. 49) 

but  the  mathematical  expectation  of  coordinate  Y(t,  V1;  V,) 

M  (Y (t,  Vtl  VJ!  =  o,  +  *UM  [V?]  +  o22 M  [Vl\,  (VI. 50) 

i.e.  be  sufficient  to  have  values  of  three  coefficients  of  a0,  allr 

a  2 1  • 
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Let  us  compose  the  system  of  three  algebraic  equations  for  their 


determination: 
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PAGV^/ 

y  (/„  »iU)  m.)  •  u,  4  «>,»  +  4 

+  aul*n  +ajjfAii; 

y  {t\,  Hu*  :  -  u9  4  aiHi*  4*  4  4 

+  ^n^ia  +  “jaHajJ 

Y (<»,  Kut  l4*)  •  «•  4'  UiMw  4  <>#*  -I-  <'uHi«Pm  4 
4  u\ i^*3  4 

where  coefficients  alf  a,,  a12  can  be  determined  from  the  conditions 

tfiHu  +  <M*«  4  =  0; ' 

"il*a  4  utiin  4  0|#u|iM  -  0;  (VI .  52) 

fljjiu  4 1 /#m  4  fuMia^u  -  0. 

Then  we  find  the  required  coefficients  a0,  alw  a12  from  the  system 

Y(tv  nu,  n,,)  ■«,  +  «„!*?,  +«/„»*?,; 

Y{tv  n,j,  H,*)-^’0  4  o,,|i?a  4  « aaf»aai  (VI. 53) 

Y  (*».  I»iv  M  +  autf a  +  «wJ*?r 

Again  one  should  stress  that  systems  (VI. 47)  and  (VI. 52)  are 
solved  not  for  obtaining  the  evaluation/estimate  of  system,  but  only 
when  for  some  other  targets  it  is  necessary  to  obtain  all  values  of 
coefficients  «m.  It  is  at  the  same  time  obvious  that  coefficients 

ap,pr  p,  affect  indirectly  the  accuracy  of  the  determination  of 
coefficients  a»*  a,*,j  „•  •  accuracy  of  the  value  of  the 

evaluation/estimate  of  system. 

Thus,  the  method  of  determining  the  statistical  evaluation  of 
system  presented  uses  a  series/row  of  the  advantages  of  the  methods 


(VI. 51) 
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of  the  1st  and  2nd  groups  and  it  is  in  a  sense  intermediate.  This 
method  does  not  require  the  solution  of  the  nonlinear  system  of 
algebraic  equations  for  determining  the  statistical  nodes,  since  the 
nodes,  calculated  for  the  methods  of  the  1st  group,  are  used.  But  the 
coefficients  of  the  approximating  (interpolation)  polynomial  are 
determined  by  solution  of  linear  system  of  equations. 

The  necessary  number  of  statistical  nodes  lies/rests  in  the 
range  from  1  to  (24+1)™  The  increase  in  the  number  of  nodes  raising 
the  accuracy  of  calculations. 

Page  168. 

But,  as  the  studies  of  the  series/row  of  systems  [1,  8,  24,  34], 
selection  of  a  number  of  nodes  N  in  the  range 

m  +  l<iV<2",  (VI.  54) 

where  m  -  number  of  random  disturbances,  are  shown,  it  provides  the 
high  accuracy  of  the  determination  of  the  statistical  evaluation  of 
the  nonlinear  control  systems. 

Example.  For  the  illustration  of  the  method  presented  let  us 
consider  simple  system  [34],  described  by  equation  (dY/dt)=/l-V,Y1 , 
with  one  random  parameter  V  (Fig.  Vl.l),  subordinated  to  the  law  of 
uniform  probability  density  in  the  segment  [-(1/2),  +(  1/2)].  In  this 
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case  mathematical  expectation  values  the  V  and  initial  moment/torque 
of  the  third  order  M  [V1]  are  equal  to  zero,  i.e. 


The  initial  moment  of  the  second  order  can  be  determined  from 
the  expression 

+  T 

J  (V  +mv)‘dV  (VI. 66) 

“T 

but  the  value  of  the  initial  moment  of  the  fourth  order  is  determined 
by  the  equality 

+  T 

Mfl-  j  (Y  +  nv)*dV  »  — .  (VI.56)  ' 

f 


Exact  expression  for  the  coordinate  of  system  with  Y(0)=0  takes 


the  form 


Y 


sin  Vt 
V  • 


(VI.  57) 


Let  us  find  mathematical  expectation  mY  of  coordinate  Y  of 
system  for  different  moments/torques  of  time  t  employing  procedure 
presented  above  and  let  us  compare  it  with  the  exact  value: 


2 


(VI.  58) 


Let  us  assume  that  for  this  function  Y(t,  V)  can  be  approximated 
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for  the  prescribed  moment/torque  of  time  t,  by  the  expression 

i-0 
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Fig.  VI. 1.  Example  of  the  structural  scheme  of  nonlinear  system. 
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Then  the  approximation  formula  of  the  unknown 
evaluation/estimate  of  system  will  take  the  form 

+  T  t 

j  2«A',dV'-a0  +  atM[^l  +  a,M[V'*),  (VI. 59) 

JJ— l 
2 

since  M  [V]  =0;  M  [Vs]  »0  and  M  [Vs]  *0  on  the  condition. 


Consequently,  for  obtaining  the  approximate  estimate  of  system 
is  sufficient  to  determine  3  coefficients  of  a„ ,  a,,  a4.  From  Table  1 
(see  Appendix  6)  let  us  select  the  following  values  of  nodes 

X,  — 0,23862; 

X,  —  0,66121; 

X,  -  0,93247. 

In  this  case  the  value  of  statistical  nodes  (V.10) 


where 


A—  a  ,  ,  b  +  a 

2  J”. 


(VI.  60) 
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J*u  -0,1 19306; 
Mu  —  0,330000; 
M„  -  0,466230. 


So  that  the  coefficients  a^  aa,  a5  would  not  affect  solution, 
let  us  assume  that  they  are  found  from  the  conditions 


ai  +  asM?i  +  fljM?i  “  0; 
al  )*22  +  “3^22  +  asM22  ”  0; 
al  J*33  +  *31*33  +  aj)*33  ™  °- 


(VI. 61) 


Then  it  is  easy  to  determine  coefficients  a0,  a,,  a4,  solving 


the  system  of  the  linear  algebraic  equations 

Y(tu  i‘,i)«a0  +  aJnfl+a4Mi,: 

Y  (<|.  M22)  *■  a0  +*21*22  +  a«I*2a* 

Y  V 1,  M33)  *  a0  +  a2 M33  +««M33. 

i.e. 


(VI.  62) 


where 


ti 


a. 


*  (*2J  M22  '• 

»  »*J»  t*33 
nv  Mu)  M?,  Mil 

Y  V i*  )*M)  1*22  )*22 

Y  (*,.  1*8*)  MS3  t*33 

I  Y(tx,  m„)  Mi,  I 


1  Y  ^1’  )*a»)  J*22 
*  Y  (f  1*  (*33)  )*33 
1  M?i  Y  (ti.  Mu) 

(  M22  Y  (I,,  Mtt) 
1  M33  y  (ti,  Mm) 


(VI. 63) 
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Further  remains  to  substitute  the  obtained  values  of 
coefficients  of  a,,  a,,  a4  into  formula  (VI. 59)  for  determining 
approximate  value  of  the  mathematical  expectation  M  [Y]  at  different 
moments  of  time.  Table  VI. 1  gives  for  the  comparison  exact  and 
approximate  values  of  calculations.  The  results  of  computations 
testify  about  the  high  accuracy  of  method. 

3.  Method  of  the  formation  of  the  exciting  interactions  through  the 
equations  of  relation. 

Let  on  system  act  random  variables  Vu  Vm.  which  determine 
the  m-dimensional  region  S  of  statistical  nodes,  for  example,  A,  B,  C 
(Fig.  VI. 2).  As  it  was  noted  above,  one  of  the  ways  of  the 
determination  of  the  statistical  evaluations  of  system  [16,  34,  107] 
is  the  path  of  the  formation  of  random  disturbances,  the  assignment 
of  statistical  nodes  (VI. 5),  which  determine  the  behavior  of  system. 

Method  considered/examined  below  makes  it  possible  in  certain 
cases  to  carry  out  formation  of  random  variables  with  the  help  of  one 
random  variable,  which  makes  it  possible  to  substantially  facilitate 
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the  solution  of  the  problem  of  research,  complex  nonlinear  systems 
with  a  large  number  of  random  interactions-  due  to  the  decrease  of  the 
space  of  integrations. 

Let  us  assume  that  for  the  concrete  definition  of  stated  problem 
system  A  has  m  of  random  interactions  (Fig.  VI. 3). 
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“Table  VI.  1. 


uJ') 

M  [V] 

P"J  nornoiHOcTb 

»  % 

0,0 

0.0000 

0,0000 

0 

0.1 

0,0999 

0,1002 

-0,3 

0.2 

0,1999 

0,2004 

-0,25 

0.5 

0,4982 

0,4981 

-0,02 

1.0 

0,9862 

0,9867 

-0,05 

Key:  (1).  s.  (2).  Error. 
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Let  us  introduce  new  random  variables  Xa,...,  Xm,  connected  with 
initial  random  variables  V'i,  ^a.-.  Vm  with  some  functions  of  the  known 
form 


A-MVi.  vt . 

vj; 

Xt  =  ft(Vlt  vt(... 

.  VJ; 

xm=uvlt  v, . 

VJ 

(VI.  64) 


also,  between  themselves  by  the  following  relations: 


or 


^  =  <*(*,); 

Xi_i  -  <p,_,(X(); 
*H-i  =  qpi+i(X,); 

Xm  -  VmWi)  ' 

*»- <*(*,); 
X%  —  <Pi  (Af); 


(VI.  65) 


Xm—t  —  fm—  I  (Xm), 
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or  by  others,  that  determine  interdependency  Xl,x2,...,Xm. 

In  equations  (VI. 64)  and  (VI. 65)  are  unknown  some  coefficients 
and  statistical  characteristics  of  new  random  variables  Xlt  X2,..„  Xm. 
For  their  determination  it  is  necessary  to  compose  the  system  of 
equations,  which  relates  the  statistical  characteristics  of  new  and 
initial  random  variables,  that  usually  does  not  cause  special 
difficulties. 
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V, 

Kr 

a5 

n 

Fig.  VI. 3. 


Fig.  VI. 2.  Region  of  the  assignment  of  statistical  nodes. 


Fig.  VI. 3.  Diagram  of  the  interaction  of  input 
disturbances/perturbations . 

s  ,  • 

i 
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Thus,  for  instance,  it  is  possible  to  compose  the  equations 

M  [X|X;1  =  M  i,  i  =  l,  2, . . .  ,  m  —  1;  j 

M[X,X,\  *  M[f,/,|.  i,j=  1,  2 . m;  (VI. 66) 

M[XmX,\  /  •  •  1.  2 . m —  I .  J 

After  determining  the  coefficients  of  equations  (VI. 64)  and 
(VI. 65)  and  the  statistical  characteristics  of  random  variables 
X,,  X2,...,  Xm,  and  also  converting  equations  (VI. 64)  (VI. 65)  to  the  form 


(X<); 


IV1.67) 
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where  X(  —  random  variable  X1#  either  Xa,  or  Xm,  it  is  possible, 
being  given  values  of  random  variable  X(  through  the  equations  of 
relation  (VI. 67),  to  form/shape  general/common/total  signal  to  system 
A  on  all  m  inputs  (Fig.  VI. 4). 

Thus,  after  obtaining  one-dimensional  random  variable  Xit  which 
influences  the  system  along  m  channels,  it  is  possible  to 
substantially  simplify  research  of  system  A.  Moreover  the  interaction 
of  random  variable  Xt  because  of  the  equations  of  relation  is 
equivalent  to  interaction  m  of  random  variables. 

Formation  of  the  exciting  interaction  for  the  correlated  random 
variables.  Let  us  assume  that  on  the  control  system  acts  m  of  random 
variables  Vu  Vi...,  Vm  with  the  preset  correlation  matrix/die 


#U  Xlt 

•  • 

Rtt 

•  •  Xtm 

II  M  = 

Rm  ■ 

•  •  m 

•  Xmm 

and  by  known  mathematical  expectations  mv„  mv, . mvm  (information 

about  the  multipole  moments  they  are  absent). 


Fig.  VI. 4.  Diagram  of  shaping  of  general/conunon/total  input  signal 
for  system  A. 
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Let  us  connect  new  random  variables  Xlt  Xm  with  the  initial  ones 
and  between  themselves  with  the  following  system  of  equations: 


S ••  Si Sm-i —  odd  degrees; 


**•  . Xm —  random  variables,  which  have  the  symmetrical 
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distribution  density. 

It  is  not  difficult  to  see  that  in  system  (VI. 68)  there  is 
m(m  —  i)  unjcnown  coefficients  a>j,  m—  l  of  unknown  coefficients  b}  and  m 
of  the  unknown  values  of  dispersions  Dx„  Dx„  ....  Dxm,  moreover 
mXl=mXt—  . , .  *=  mx  =  0  °n  condition  (VI.  68),  i.e.,  in  all  we  have 

S  =  ^  +  2m  —  1  (VI. 70) 

unknowns . 


Consequently,  after  using  system  (VI. 68),  necessary  to  compose  S 
of  equations.  Such  equations  will  be  the  following: 

Dx.  + 

2xm  =  M(anll?i  +  ...+0J* 

and  0 

*xt*t  =  M  (foA  +  •  •  •  +  y J  (O/I^J  +  •  •  •  +  t'/)].  (VI. 72) 

<*/././-  I,  2 . m 


}  (VI. 71) 

j 


and  from  the  system  of  equations  (VI. 69)  we  will  have 


Dx,=  M  [(fr.At)2]; 
M  ((62A5‘)2]; 


DXn_t 

RXlx,  =  M  [b,X*UbiXfU\  ;  Rx.Xn=  M  [6(Xf|,Xm|, 
*  T4  /.*./=  I,  2,  ....  m  —  1. 


(VI.  73) 

(VI.  74) 


and 
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Equations  (VI. 72)  and  (VI. 74)  must  be  matched,  i.e., 
made  the  equalities 

M  [(fliA+  •  •  •  +  ^i)(o/iK  +  . .  •  +^/)l  = 

=  m  [vtf+.vtf-M; 

i  ^  it  i  *  1  *  2,  •  •  • »  fit  ~~~  1 » 

M  [(a«Vi  +  •  •  •  +^'/)(oml'/,i+  •  •  •  +  ^m)l  = 

i  —  1,  2 . m—  1. 


must  be 


(VI.  75) 


And  (VI. 73)  it  is  evident  from  equalities  (VI. 71)  that  a  number 
of  equations  is  equal  m+m-l=2m-l.  Equalities  (VI. 75),  obtained  from 
equations  (VI. 72)  and  (VI. 74),  must  form  the  missing  part  of  the 
equations.  Let  us  ascertain  that  this  thus. 


Let  us  compose  the  matrix/die 


Since  R,j  =  Rn, 
possible  to  obtain 


then, 


m*  —  m 


**.*■  **»*»  Rx,X,  .  •  .  R*\Xm 

Rx,x,  Rx,x,  . . .  Rx,xm 

11****/ II  - 

Rx,x,  . . .  Rx,xm 

Rx„X„ 

m  m 

as  can  be  seen  from  matrix/die,  it  is 
equations  (VI. 75). 


2 
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Thus,  the  total  number  of  equations  (VI. 71)  (VI. 73)  and  (VI. 75) 
comprises  2m  —  1+  —  ^"ffl  and  it  is  equal  to  a  number  of  unknown 
parameters  of  system  of  equations  (VI. 68)  (VI. 69). 

Page  175. 

For  the  illustration  of  obtaining  equations  (VI. 71)  (VI. 73)  and 
(VI. 75)  let  us  consider  the  case,  when  on  the  control  system  act  3 
the  random  variables  vlf  V,,  V5,  and  the  equations  of  relation  take 
the  form 

'  0 
X,  =  V,; 

X*  =  un^i  + 

X,  —  •+•  at^t  V v 

X,  = 

Xj  =  62X3. 


Let  the  random  variables  Vlf  V,,  V,  have  the  correlation 
matrix/die 


Ri» 

Ru 

11*1/11- 

*« 

R» 

Ra 

Then  the  unknown  equations  can  be  recorded  in  the  form 
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Dx,  -  R,ii 

Dx,  (■  li 2u2\K\t  +  Hit', 

Dx,  ^3i/?n  +  u\aRaa  +  Ra  +  2asiajj£ia-+  2a3i#is  +  2«s3#aa; 

Dx,  -  6?M  [X*|; 

Dx,  =  b\M  jxi0]; 

fcaiflu  +  #i»  —  t|M  [Xaj; 

onRn  +  033^1  a  +  #i3  =  6|6?M  fxi®] ; 
<2aifl3i#ii+{tf3itfsa  +  t'3i)  Ria  -f-  cai# i3  +  Ras  +  teaRaa  —  6aM[XaJ . 


The  obtained  equations  are  nonlinear;  therefore  their  solution 
causes  definite  difficulties.  Will  consider  below  some  paths,  which 
facilitate  the  determination  of  unknown  coefficients  a<j  and, 
therefore,  dispersions  Dx,,  t  =  1,2 . m. 
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Example.  On 

characterized  by 

and  mathematical 

expectations  mVt, 


system  act  two  random  variables 
correlation  matrix/die  „  „ 

i*,,  i-  *“*" 

ones  by  11  ** 

mVt-  Let  us  compose  two  equations 


v, 


of 


and  V, , 


relation: 


x 


3 


X,  =  V  —  mVt  =Vt; 
°»i  (^i  mv()  +  mv. 


0  0 
a  V  +V 

ti  i  ~  i> 


(VI.  76) 


where  Xw  X,  -  new  random  variables; 


<*ii~  unknown  coefficient. 
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Let  us  take  also  that  the  new  random  variables  are  connected 
with  the  relationship/ratio 

(VI. 77) 

where  X,  -  random  variable  with  the  normal  distribution  law. 

Let  us  find  the  values  of  coefficients  of  aai,  ba  and 
dispersions  Ox ,  for  the  transition/ junction  to  investigation  of 
system  with  one  random  variable. 

It  follows  from  equations  (VI. 76)  that  the  mathematical 
expectations  of  the  random  variables  Xa  and  X,  are  equal  to  zero, 
i.e.,  This  condition  satisfies  also  equality  (VI. 77), 

since  the  random  variable  Xa  has  the  normal  law  of  distribution 

[x|]  —  0. 

Then,  using  equations  (VI. 71)  (VI. 73)  (VI. 75),  it  is  possible  to 
obtain  the  following  system: 

DX,  -  M  [(«* .  V,  +  F,)  *]  -  a\  ,* ,,  +  2a, ,  R ,  2  +  /?„; 

*X,x.  -  M  [v,  (a,, +  yj  (VK78) 

From  equations  (VI. 78)  let  us  construct  four  nonlinear  algebraic 


equations 
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IS  is  S 


Actually/really,  let  us  represent  expression  (VI. 80)  in  the  form 


or 


1  >rv,v,- 


This  inequality  is  fulfilled,  that  as 

\rv,v,\<  1. 

The  case,  when \rvxv,  I  -  i.  does  not  have  in  this  task  of  sense,  since 
the  random  variables  Vx  and  Va  would  be  connected  with  the 
relationship/ratio 

o  o ' 

Vl-AVl  +  li, 

where  A  and  B  -  coefficients,  and  to  convert  to  the  random  variables 
Xlf  X,  would  not  follow. 

It  is  concealed  by  shape,  coefficients  aai,  b*  equations  (VI. 76) 
(VI. 77)  and  the  statistical  characteristics  of  the  random  variables 
X i  and  X,  are  found  that  it  makes  it  possible  to  determine  the 
structure  of  the  converter  of  random  variables. 
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For  this  let  us  rewrite  expressions  (VI. 76)  taking  into  account 
equality  (VI. 77)  in  the  following  form: 
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V'*-|X  J^xi-auxi+/nv. 


Vl-xt  +  mvl; 


(VI. 81) 


where 


and  also 


fl“l/  ~t: 

V,  =6,xJ  +  ml,i; 

V2  *  X2  —  (<4]8]  Xj  +  my. 


(VI.  82) 


a  > 


V|  =“  *1-^2  +  mv , 

Vq  —  Xg  CoAjXj 


(VI.  83) 


The  structural  schemes,  which  realize  relationships/ratios 
(VI. 81)  and  (Vi.83),  are  depicted  in  Fig.  VI. 5  and  VI. 6  respectively. 


In  a  number  of  cases  should  be  in  the  equations  of  relation 
(VI. 76)  input/embedded  the  relationship/ ratio 

X2-fr,X?( 

where  X,  -  random  variable  with  the  normal  distribution  law. 


In  this  case  equations  (VI. 79)  will  take  the  form 


&X,  “  °21^1 1  +  2°21^12  +  /?22; 

a2 1 R 1 1  +  ”  38 1  D.v 

DX'=  1»?D^. 
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Fig.  VI. 5.  Structural  scheme,  which  realizes  equality 


(VI. 81) . 


(VI. 83) . 
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Formation  of  the  exciting  interaction  for  the  uncorrelated 
random  variables.  The  formation  of  the  random  effect  on  the  system, 
subjected  to  the  effect  of  random  variables  Vu  V2,...,  Vm  with  the 
correlation  matrix/die 

flu  0  0  ...  0 
Rn  0  ...  0 
R»  ...  0 


employing  the  procedure,  presented  above,  significantly  is 
facilitated.  This  is  determined  mainly  by  simplification  in  equations 
(VI. 72),  (VI. 74)  and  respectively  by  the  simpler  procedure  of  their 
solution. 


(VI.  84) 
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It  is  necessary  to  keep  in  mind  that  if  random  variables 
V\,  V'j,  ....  Vm  are  correlated,  transition/ junction  to  mutually 
uncorrelated  random  variables  Vu  Vi. /m  does  not  cause  difficulties. 
For  this  it  is  possible  to  use  the  proposed  by  V.  S.  Pugachev  [77] 
methodology  of  the  composition  of  the  linear  functions 


V\  —  mvt  =  Vi ; 

V2  —  mv,  =  Ci\V i  -f-  Vz ; 

Vm  ~  mv„,  C""V'  I'  Cm*Va  I  ...  -f-  Cm,  m_,  K„_,  +  V  „ 
where  coefficients  are  equal  to: 


(VI.  85) 


C,| 


'Y, 


“  0^-  -  2  c^Dv^J,  |i  -  2,  3 . V—  1, 


(VI.  86) 


but  the  dispersions  of  random  variables  Vu  /a, ....  are  determined 
from  the  formulas 


.-1 


Dv  =  R„  -  V  |  c,xl*  Dv  ,  <—1,2 . m.  (VI.87> 

mm*  K 


X— i 


The  structural  scheme  of  the  formation  of  the  random  interaction 
Xt  and  X,  during  the  association  of  two  random  variables  VA  and  V, 
remains  previous  (see  Fig.  VI. 5  and  VI. 6). 
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However,  the  values  of  coefficients  of  ca  and  ca  will  become 


others,  that  as  Ria*0: 


«w-±l /J-.JSb.. 

V  2  /?» 

*  Ktt  y  *  t<u 


(VI.  88) 


Let  us  pause  in  somewhat  more  detail  at  the  methodology  of  the 
formation  of  the  one-coordinate  random  interaction  Xx  under  the 

effect  on  system  m  of  random  variables  Vu  V2 .  Vm  with  the  given 

values  of  dispersions  Dv„  Dv„  ...,Dvn. 


Let  us  assume  that  the  equations  of  relation  take  the  form 

=  v',;  ) 


2  ai^ i ^ 

/-i 

X,  =  b,XY-\  i  =  2,3 . m. 


(VI.  89) 


where  Xv  -  random  variable,  which  has  the  normal  distribution  law. 


For  determining  of  unknown  coefficients  aijt  b{  and  values  of 
covariances  Rxjxi  ( i  1,  2,  ....  m)  let  us  compose  system  of  equations 


Rx.x,  =  +  ^vit  i=l,2,  . . .,  m\ 

/-i 

Rxtxt  =  I*(2n«_i)a»  1  =  2,  3,  . . .,  m, 

an^\\  ~  ^1^(21)’  ‘  =  2,  3,  . . m; 

2  +  °hDv,  = 

/-i 

=  2,3,  . ...  m—  1;  7=1,2,  . . .  m  —  2;  t  =  3,  4 . m, 


(VI.  90) 
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where  a  number  of  latter/last  equations  is  determined  from  formula 
y~‘ — 2,  n, —  the  moment/torque  of  the  s  order  of  random  variable.  The 
solution  of  system  (VI. 90)  can  be  substantially  simplified,  if  we 
take  into  account  one  special  feature/peculiarity. 


Let  us  compose  subsystem  for  the  association  of  the  random 


variabl  s  V3  and  V,: 


Rx,xt  =Dv,;  Rx,x,  =  aiLDVl  —  b^\ 
Rx.x,  =  nliDvt  +  Dv,. 


(VI. 91) 
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After  determining  from  subsystem  (VI. 91)  of  value  a3l,  b7,  Rx,x„  Rx,x„ 
let  us  record  the  new  subsystem 

Rx,X,  =  fl31  Dv,  -f  032^1  +  ®v>> 

R X,X •  ^3^10* 

r»Dvt  ■-> 

anaziDVi  +  cnDv,  —  b%b#t 

for  the  association  of  the  random  variables  Vlf  V2,  V3.  It  is  obvious 
that  the  solution  of  subsystem  (VI. 92)  after  the  solution  of 
subsystem  (VI. 91)  significantly  is  simplified. 


(VI.  92) 


For  the  connection/attachment  to  the  united  three  random 
variables  Vt,  Vlr  V3  of  the  subsequent  random  variables  it  is 
necessary  to  compose  the  subsystems 
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i-i 


/?x(x;  =  2  fl//i^v/  D Vi ' 


/-i 


^XiXt  ~  tfP(2m—\)2’  .. 


V  —  I 


\i  a-llllPVl  ah^vi  ~  ^AP2<v+/—  I )' 


(VI.  93) 


/-i 

by  giving -to  indices  i,  v,  7  the  consecutively/serially  following 
values : 

i  =  4,  v  =  l  —  2  =  2,  v  =  2,  3; 
i  =  5,  7  =  i  —  2  =  3,  v  =  2,  3,  4; 


i  =  m,  y  =  ‘  —  2  —  m  —  2,  v  =  2,  3 . m  —  1 . 


Thus,  for  i=5,  7=3,  v-2 ,  3,  4  subsystems  (VI. 93)  will  take  the 

form 

#X,X,  —  fl5l  A',  +  ^62 Dv,  +  flwDv,  +  <  »A',  T  Ov,; 

^X.X,  - 

°nDv,  -  A5H10; 

ru£76lDv,  +  rM£V,  =  ^Am«; 

0uauDvt  +  ouaitDy,  4-  as,Dv,  = 

^uatxDv,  -f  atlatiDv,  +  +  cMDv,  =  &Anu. 

In  subsystem  (VI. 93)  the  first  two  equations  are  square,  and 
rest,  in  connection  with  the  presence  of  the  solutions  of  the 
previous  subsystems,  linear. 
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After  solving  system  (VI. 90),  it  is  possible  to  easily  find 
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After  determining  the  values  of  the  parameters  given  above,  let 
us  record  reference  system  in  the  form 

x*  -  ~  VTsVx  +  VTEvt  +  vti 

Is  further  easy  to  obtain  expressions  (VI. 92)  for  determining  of 


,  V, ,  V,  through  Xx : 
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v,  =  X,; 

36X'”a'JC‘r 

Vt  =*  YTE(— ^-xf— —  x?  +  —  x,V 

\  2160  1  36  |T4  7 


Correlation  matrix/die  of  the  random  variables  Xw  X,,  X: 

6  3  jVis 

n«i/n-  f  7/15  • 


It  is  easy  to  check  that  the  random  variables  will  be 
uncorrelated.  Actually 

RVlV,  -  M  [x,  (x»  -  X,  j)]  -  /?XiX<  -  1  RXiXi  .  0; 

**.  *."“[*»  (x,  -  KI5X,  +  -J-  /I5X,  j  J  = 

* Rx,x,~V 15**,*,  +  7  K^**,*,  = 

^  “  M  [(*» —J  Xi)  (x,  -  /Tlx,  +  -i  /TSx^J  = 

-  RX,x,  -  Vl6RXtXi  +  J  VlSRXiX' 1  RX  X'  +  1  /il/?^i/Ci  - 

-7  ^,5/?*,*, 
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CHAPTER  VII. 

The  approximation  method  of  determining  the  density  of  distribution 
of  probabilities  of  the  output  coordinates  of  nonlinear  systems. 

1.  Formulation  of  the  problem  and  essence  of  method. 

Let  the  behavior  of  automatic  control  system  be  as  before 
described  by  the  system  of  the  nonlinear  differential  equations  of 
the  n  order: 

. y„,  . v„,o  (vii.  i > 

at 

(j  =  1 . n) 

or  in  the  vector  form 

V.  i ). 

at 

where 


-  the  vector  of  output  coordinates; 
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-  vector  of  the  random  parameters'; 

)-  vector  of  right  sides; 

•  • 

fi(Y,Y,  0-  some  (in  the  general  case  nonlinear)  continuous  functions 
of  time,  coordinates  and  random  variables. 

Page  185. 

Let  us  assume  known 

P(y i«).  •••.  i/n<«)  —  the  combined  density  of  the  distribution  of  the 
probabilities  of  the  output  coordinates  of  system  Y ,,  Yn  at  certain 
fixed/recorded  moment/torque  t  —  U;  in  the  following  presentation  will 
be  sometimes  designated  p(yw)\ 

Pv(vu  ....  Vm)  -  the  combined  density  of  the  distribution  of  the 
probabilities  of  random  parameters  Vu...,Vm. 

Task  lies  in  the  fact  that  to  find  the  density  of  the 
distribution  of  the  probabilities  of  output  coordinates  in  any 
fixed/recorded  moment  of  time  t  6  [f„  T],  where  [/<,  T]  -  the  time  interval 


F(Y,  V ,  /)  = 


h  (Y.  V,  t ) 
tn(Y.  V.  t). 
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in  question. 


If  we  designate  through  YU)  the  value  of  vector  Y  at 
moment/torque  Ao.  then  for  value  Yu+>)  of  vector  Y  at  moment/torque 
/(+l  —  h  +  A*  it  is  possible  to  record  the  following  expression: 


Y(i+ 1)  =  Y(t)+  &Y  a). 


(VII.  2) 


where  Ay 


(/> 


AY 

AY 


r)  - 


vector  of  an  increment  in  the  output  coordinates 


for  the  time  At. 


Using  known  formulas,  it  is  possible  to  record  expressions  for 
the  joint  probability  density  of  the  components  of  vector  Yu+ i>,  as  for 
the  probability  density  of  the  sum  of  vectors  Yu>  and  AK(/,  in  the 
following  form: 


P  (^kj+o-  •  •  ••  y«i+i))  —  j  [m]  j  P  (^i(o . #«</))  * 

x  p& tfiw . y«(i+n  . Pn («)* 

xdylw...dyH 0.  (VII. 3) 

Here  . ynU+l)—y„JyHI) . yn{l>)  the  conditional 

probability  density  of  increment  A  Yin  with  that  f  ixed/recorded  Ytt, , 
where  instead  of  Ay'^i  -  I .  n)  is  substituted  —  y«t))- 

Let  us  record  expression  for  AY  in  the  form  of  Taylor  series 
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AK(0  =  y?(K(0.  V.  t,)  A/  + 


^(Y^V.  t.) 


it  .. 


With  sufficiently  small  At  it  is  possible  to  be  bounded  to  the 
first  term  of  this  expansion,  then 

AK(0  =  F (Y (/),  V,  (VII. 4) 


Page  186. 

The  task  of  determining  the  conditional  probability  density  of 
the  vector  of  increments  was  reduced,  thus,  to  the  task  of 
determining  the  probability  density  of  the  nonlinear  determined 
function  from  the  random  parameters.  The  complexity  of  its  solution 
is  determined  by  the  form  of  the  function  F(Y,  V,  t)  and  by  the  law  of 
distribution  of  the  random  parameters.  In  the  general  case  the 
unknown  conditional  probability  density  can  be  determined  by 
computing  the  multiple  integral.  In  special  cases  it  is  possible  to 
find  evident  expression  for  the  conditional  probability  density  of 
the  vector  of  the  increments  through  the  probability  density  of  the 
random  parameters. 

The  idea  of  the  method,  set  forth  in  present  chapter,  consists 
in  the  fact  that  after  the  separation  of  the  interval  in  question 
into  series/row  of  sections  with  the  step/pitch  At  consistently  is 
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determined  from  formula  (VI I. 3)  the  density  of  the  distribution  of 
the  probabilities  of  the  coordinates  of  system  at  each  point  of 
separation,  i.e.  on  the  preset  probability  density  at  the  initial 
moment  t0  probability  density  at  moment/torque  t2  is  determined,  on 
the  probability  density  at  moment/torque  t x  is  determined  the 
probability  density  at  moment/torque  t2,  and  so  forth.  In  this  case 
into  formula  (VI I. 3)  instead  of  P*  its  expression,  obtained  by  some 
method  or  other,  is  substituted. 


The  greatest  difficulties  in  computational  sense  during  the  use 
of  this  method  are  connected  with  the  need  of  computing  the  multiple 
integrals  on  TsVM  [IJBM  -  digital  computer]  and  with  the  approximation 
of  the  functions  of  many  variables.  Therefore  at  present  the 
use/application  of  the  method  in  question  is  appropriate  with  the  low 
order  of  the  system  of  the  differential  equations,  which  describe  the 
behavior  of  automatic  control  system. 

Some  special  features/peculiarities  of  the  computation  of  the 
multiple  integrals,  which  appear  during  the  use  of  an  approximation 
method,  and  possibilities  of  different  representation  of  probability 
density  as  the  functions  of  many  variables  are  presented  in  p.  5  of 
this  chapter. 


2.  General  case. 
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Let  us  consider  the  general  case.  pv(v{ . v,n)  -  joint  probability 

density  of  the  random  parameters. 

Taking  into  account  equation  (VII. 4),  following  recommendations 
of.  V.  S.  Pugachev  [77],  it  is'possible  to  obtain  the  following 
expression  for  the  conditional  probability  density  of  the  vector  of 
the  increments: 

pn  (^i<iv  ■  •  •  •  i<V ^i(o . y^i)  -  p±  (&y^y{l))  = 

00 

=  ’  *")  6  [Ay'(0  —  liw] -6  —  ^(/(l 

(VII.  5) 

where 

%>  ~  fi(Vtw  •  •  y* O'  vi‘  '  •  •'  vm) ^  ■* 

</“i . «) 

—//(</. . Un,  V, . Vm,  /,)A/.  (VII. 6) 

is  the  <>[...]  -  fl.  function . 

Page  187. 

If  with  n<m  equation  (VII. 6)  are  solved  relatively  i’i . vm 


(VII. 7) 
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then  replacement  of  variables  in  integral  (VII. 5)  and  integration  on 
n«o.  nn«)vith  the  use  of  properties  of  8-functions  gives  the 
following  expression  for  the  conditional  probability  density  of  the 
vector  of  increments,  in  which  variables  luo*  ti„«)  are  replaced  on 
A|/uj> A//, 4(o; 


where 


. 

>  vn. (  I*  •  •  1 

•'  Vm)X 

X  j- 

. *n) 

^1(0 . 

U)  dVn+l  ‘ 

•  •  dVm> 

(VII.  8) 

<*J>i 

d(<pl. 

—  iW 

Myn(l) 

•  ••••  A»n(l)) 

—  Jacobian 

mi 

Substituting  relationship  (VII. 8)  in  expression  (Vii.3),  we  will 
obtain 


P  (Phi+d . “  J  .(n!  j  P  (y.< . . ynin)  x 

— <*■ 

X  { J  ~  ")  J  (^ . +m.  ym)X 

x  •  •  •  *.}  ^ 


(VI  1.9) 


Page  188. 


If  with  n-m  equations  (VII. 6)  have  the  unique  solution 
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Ur~^r(r\)(tj . ’W))*  (VII.  10) 

(r  1,  ....  n) 

then  the  replacement  of  variables  in  integral  (VII. 5)  and  integration 
on  flu.*  -•  n»(«)  with  the  use  of  properties  of  5-functions  they  give  in  to 
the  expression 


MHAa)  =  . 


d(»fi . 4><.) 

<*(^1(0 . Ayn(/) 


(VII.  11) 


Now  expression  (VII. 3)  can  be  represented  in  the  form 


x/V(*i . *«) 


d(»i.  ....  yfn) 


d(Avi(ij.  ••••  ^yn(i)) 


*vm- ••****-  (V!I12) 


nil)' 


If  n=m,  then  analogously  it  is  possible  to  obtain  the  following 
expression: 


p  (».«+«>•  •  •  ••  U«I+I))  -  J  !"!  S  P  (»«« . ymn)  Pv  (’Pi*  ••••*.)* 


*(♦».  •• 

..  H>n) 

«(4»l(0*  •' 

•  •  •  *v«n) 

*&(A!t«o—'i«ii))dym  •  •  •  dy«  o-  <vu- l3> 


Research  of  the  system,  described  by  differential  first-order 
equation  with  several  random  parameters 

Vt . Vu,  t). 

is  a  special  case  of  using  formula  (VII. 9). 


(VII.  14) 
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Thus,  formulas  (VII. 9)  and  (VII. 12)  (VII. 13)  (VII. 15)  or 
(VII .16) ‘allow  on  the  preset  probability  density  of  vector  Y  at 
moment/torque  U  and  the  probability  density  of  the  random  parameters 
of  system  to  determine  the  probability  density  of  vector  at 
moment/torque  /<+i  =  U  +  A*.  Knowing  density  at  moment/torque  U+ 1,  it  is 
possible  to  determine  it  at  moment/torque  f<+j  =  ti+x  +  \t  and  so  forth. 

Page  189. 

Knowing  the  joint  probability  density  of  the  components  of 
vector  Y  at  any  moment  f*.  it  is  possible  to  obtain  the  probability 
density  of  each  component  along  the  formula 
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p  (Vm)  ^  s (n .7.°  j  p  (*»<«>•■ ■  ••  n  <%,>• 

~m  i-l 

1*1 

Thus,  if  we  use  the  method  examined,  then  the  task  of 
determining  the  density  of  the  distribution  of  the  probabilities  of 
the  vector  of  the  coordinates  -of  system  is  reduced  to  the  consecutive 

computation  of  multiple  integrals  for  each  moment/torque 
1,  N  l),  /<+l  £  (/„,  7],  7  =  tpr- 

The  multiplicity  of  integrals  in  the  general  case  is  determined 
by  an  order  of  the  system  of  differential  equations  and  by  a  number 
of  random  parameters. 

Thus,  the  use/application  of  the  method  indicated  in  the  general 
case  leads  to  the  sufficiently  cumbersome  calculations,  which  require 
the  expenditure  of  long  machine  time  TsVM.  It  is  possible  to  indicate 
the  cases,  when  the  use/application  of  the  method  examined  leads  to 
certain  reduction  of  computational  work  during  the  solution  of  stated 
problem,  however. 

3.  Special  cases  of  applying  the  approximation  method. 

Let  us  consider  the  class  of  tasks,  in  which  the  system  of 
equations  (VII.l)  can  be  represented  in  the  form 
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-  F»(Yi . Y„)  +  y  F„(Yt . Yn)  V„  (VII.  17) 

®  a i 

(/  I . n),  «  <«. 

where  Fn(Yu  ...,Yn)  -  some  nonrandom  functions  of  the  coordinates  of 
system; 

vi  -  mutually  uncorrelated  central  random  variables,  distributed 
according  to  the  normal  law  with  dispersion  D[Vt]. 

Thus,  the  right  side  of  each  equation  of  system  is  the  linear 
combination  of  the  mutually  uncorrelated  central  random  parameters',, 
distributed  according  to  the  normal  law  with  the  coefficients,  which 
depend  on  the  output  coordinates  of  system. 

Page  190. 

Let  us  show  that  in  this  case,  when  system  can  be  represented  by 
expression  (VII. 17),  during  the  use  of  an  approximation  method  the 
multiplicity  of  the  obtained  integrals  is  determined  by  the  order  of 
system  and  does  not  depend  on  a  number  of  random  parameters. 


If  we,  as  before,  are  bounded  to  the  first  term  of  expansion 
(VI 1.4),  then  j  component  of  vector  of  increments  can  be  represented 
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in  the  form 

^iu>  —  Fia(Yim,  Y nji))  At  +  A/  ^  Fjt(Y  i,n,  Y „{i))  Vt. 

(VII.  18) 

Since  Vh  ....  Vm  are  distributed  according  to  the  normal  law,  then 
increments  aV,«)(/ =  1,...,  n)  with  those  fixed/recorded  YJ(l)(j  =»  i,  that 
correspond  to  moment/torque  U,  are  also  distributed  according  to  the 
normal  law. 

Thus,  each  component  of  vector  of  increments  AK(/,  (/'  *  1, n)  with 
that  fixed/recorded  Y<o  is  distributed  according  to  the  normal  law 
with  the  mathematical  expectation 

M IAK/W]  =  ....  gw) 

and  the  dispersion 

D  (AV ju)]  —  A I*  ^  (ihw»  •  •  •  >  y«<o)  ^  l V<]. 

/-i 

It  is  not  difficult  to  see  that  any  linear  combination  of  the 
components  of  vector  of  increments  is  linear  combination  relative  to 

random  parameters  Vi(l  =»  1 m),  in  consequence  of  which  at  those 

fixed/recorded  Ym(j  =  1,  it  is  distributed  according  to  the  normal 

law. 

It  is  known,  [4]  that  if  any  linear  combination  of  components  of 
vector  is  distributed  normally,  then  vector  itself  is  also 


DOC  »  83173408 


PAGE 


distributed  normally. 

Thus,  the  vector  of  increment  with  that  fixed/recorded  Y{i) 

is  distributed  according  to  the  n-dimensional  normal  law. 

•  • 

The  conditional  probability  density  of  the  vector  of  increments 
in  this  case  can  be  represented  in  the  form 


(VII.  19) 


where  l^u')l  — 


tflKO  • 

•  Rln(t) 

Rnl{t)  . 

•  Rnn(i) 

determinant  of  correlation  matrix  at  moment/torque  U\ 


X=. 


(0 


*'"«>  AyIW)_M(Ay,w] 


m,(/)  Rn*n  A^o  —  M  ( 


Ay|(i)-M[Ay,(<>j  ...  -  M 


(0 


Page  191. 

Since  V,,  ....  Vm  -  mutually  uncorrelated  central  random  variables, 
then  mutual  covariances  /?)„!> «  R[by,u),  of  the  components  of  vector 

of  increments  with  those  fixed/recorded  //*«(/ -  h -.  «)  at  moment/torque 
ti  are  determined  by  the  following  formula: 
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^/*(o  —  \  f n  (i/i(i)>  •  •  •  *  ^  ■  •  •  ■  yn<o)  ^  [^;j ' 

<- 1 

It  is  possible  to  show  that  the  determinant  of  correlation 
matrix/die  l#<o|>0,  if  is  different  from  zero  at  least  one  of  the 
following  definitions: 


(^W  •  •  •> 

y*)) 

Fu 

0/iw  *  • 

■> 

•••  Ft, 

•  -  y^D 

Fu 

(</„„,  •  ■ 

‘Jinn) 

F* 

(y  uo’  •  • 

•>  ^n«>) 

••• 

•>  y^n 

Em 

(Urn . 

•  y> k») 

Fnl 

(V\w  •  • 

••  y^t)) 

•••  ^ 

(i/l(i).  ■  • 

••  Unu 

( K . 

l. 

• .  .  <?  = 

1.  2,  .. 

..  /n;\ 

V* 

majority 

of  the 

real 

cases 

this 

condition 

If  Rm  -  0  (/,  K 


where 


l, ....  ii,‘k  ^  I),  then 

n 

p A  (A  V*w)  “  n 

/-I 


(VII.  20) 


.  J  -  e  jDl^/wl 

/2n£i  |Ay/wj 


-  conditional  probability  density  of  the  components  of  vector  of 
increments . 


Substituting  expression  {VII. 19)  into  formula  (VII. 3),  we  will 
obtain  expression  for  the  probability  density  of  the  vector  of  output 
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coordinates  at  moment/torque  *<+' 


p(y 


■<*+•>• 


u  \  r  («)  f  p(yuir 


y  mil) 


where 


-«  {v**rv[R^\ 


*  dy 


id) 


•  dynuy 
(VII. 21) 


1  = 


*ll«) 

Pimn 

ym+i>~ ym~ M(d^i(i)l 

P/UHD 

4,m(l+ 1  )-i lm(l)-M  [Ay^o  1 

y\  <1+ 1 )~ y  1  <« — m|a«/  1  (0  ] . 

Page  192. 

If  RjK  ==  0  (/',  ic  =  1,  ....  n\  ic=£j),  then  expression  (VI 1. 21)  will  take  the 

form 

p (^1(1+1)’  •  •  ••  y^t+i i) —  j*  I,}  J p {y i(o>  •  •  ••  ymo)) FI  x 

*  P\  ( V/y+ 1  j  —  y id)l y{t))  dy i  •  ( vh  .  22) 

Thus,  formulas  (VII.21)  and  (VII.22)  confirm  the  validity  of 
confirmation  about  the  fact  that  if  the  system  can  be  represented  in 
the  form  of  expression  (VII, 17),  then  during  the  use  of  the  method  in 
question  in  present  chapter  the  multiplicity  of  integrals  will  be 
determined  by  the  order  of  system  and  does  not  depend  on  a  number  of 
random  parameters. 

Let  us  consider  the  case,  when  the  behavior  of  automatic  control 
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system  is  described  by  the  differential  first-order  equation,  which 
can  be  represented  in  the  form 

~-ruv)+yFty)Vh  (VII.  23) 

/—I 

where  Vt(l  —  1,  ....  m)  -  as  before  uncorrelated  central  random  variables, 
distributed  according  to  the  normal  law. 

S 

On  the  basis  of  expression  (VII. 21)  the  probability  density  of 
coordinate  Y  at  the  moment  of  time  ti+i  is  determined  as  follows: 


"  <»«-.)  -  7S  f  5Ei5»i 

yi “jL  VOiAjfwl 
where  M  [Ay(/)]  =  f0  (jf(#) 

D(H>]  =A/‘2^(yw)D[V([  . 


(VII.  24) 


Thus,  if  the  behavior  of  system  is  described  by  the  differential 
first-order  equation,  which  can  be  substituted  in  the  form  of 
expression  (VII. 23),  the  determination  of  the  probability  density  of 
output  coordinate  at  each  fixed/recorded  moment/torque  is  reduced  to 
the  computation  of  simple  integral  independent  of  a  number  of  random 
parameters. 


In  practice  frequently  are  encountered  the  cases,  when  not  all 
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random  parameters  are  distributed  according  to  the  normal  law. 

Page  193. 

For  example,  the  dynamics  of  automatic  control  system  is  described  by 
the  differential  equations 

-~-Fto(Y. . Yn)  +  yi(Yl . Yn)A- h 

+  . (VI  1.25) 

/■I 

where  <M Y .  Yn)  and  FAY .  Yn)  (/  -  I . n;  l  -  0,  I . m)  -  some  functions 

of  the  output  coordinates  of  system; 

l/i,  ....  Vm  -  mutually  uncorrelated  central  random  variables, 
distributed  according  to  the  normal  law; 

A  -  random  variable,  which  does  not  depend  on  vt . Vm,  distributed 

according  to  the  known,  but  different  from  normal,  law  with  a 
probability  density  of  Pk  (1). 

In  this  case  increment  A  Y (l)  in  vector  Y  for  the  time  At  can  be 


represented  in  the  form 
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where 


AK(/>  ■  /*■(/)  +  A(/),  (VII. 26) 


fm  -  F io(t/Hn . y»u))&t  ■+  A/  Ftl  (ytU) . ymt))  Vf, 

/—i 

(/  =  1 . n) 


Ann  —  {yun,  ■  •  •  >  y«n)  AAt . 
(/  ~  1  *  •  •  •  *  fl) 


It  is  possible  to  write  the  following  expression  for  the 
probability  density  of  the  vector  of  increments  A  K(0  with  that 
fixed/recorded 

Pa  (^*V%>)  =  j  .(n)  ]  Ff  (F(0/y(i))  Pti  (Ay(/)  F{t)/y{ij)  df  1(I).  . .  df^ • 

(VII.  27) 

Using  the  known  formulas  of  the  probability  theory,  we  will 
obtain 


M*. . VjW  FI  fi 

(-2  <■ 


x,-  . 

♦  l  (*1(0 . ^n(0)  J 

(VII. 28) 
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Conditional  probability  density  can  be  found  from  the  formula 


MW-  . /»*).  tvu.ss> 

_ _ 


A*1*  — 


*l  (0<«l . V„) 


where 
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After  substituting  dependence  (VII. 28)  and  (VII. 29)  into  formula 
(VII. 27),  replacing  in  this  case  M/  =  1. ....  n)  on  A yj{i)  —  fm  and 

integrating  on  h . .  taking  into  account  the  properties  of 

5-functions,  we  will  obtain  the  following  expression  for  the 
conditional  probability  density  of  the  vector  of  the  increments: 


M,)  =2  *  (/„„  /* . <r 


where 


(VII.  30) 


fnt)  *  A y 


M) 


+i(»iw . W 

U  --2,  ....  m) 

V2’  =  ~  f  no 

♦i  (yiw . yw  ^ 


Substituting  expression  (VII.30)  into  formula  (VII.3),  it  is 
possible  to  obtain  relationship/ratio  for  determining  the  probability 
density  of  vector  Y  at  moment/torque 


where 


p(^»+u)  p(ytit+t . -■  J  j  p  (</iW; . ynu))x 


x  )  j  pr(f i w  ^ 2(* >•  •  ■  /„,,)) 


dU  X 


1^1  (^1*0 . y«w)l*  <0( 

x  dtJUi)  •  •  •  dVnuy  (VII.3!) 

f  =u  —u  . y"«>>  lu  _u  V 

u  y/(i+1)  ym  ti(yiw . y-w)^'w+»  ^ 

(;  =  2 . m) 


A' 


(3)  __  yui+D~yut)  —  fun 
H1!  (V|(0 . Ui\)  dt  ' 
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Generalizing  the  obtained  result,  it  is  possible  to  do  the 
following  conclusion. 

Page  195. 

If  the  right  sides  of  the  system  of  differential  equations  can 
be  represented  in  the  form  of  the  linear  combination  of  the  mutually 
uncorrelated  central  random  variables,  whose  one  part  is  distributed 
normally,  and  another  -  according  to  the  law,  different  from  the 
normal,  then  the  use/application  of  the  method  presented  leads  to  the 
fact  that  the  multiplicity  of  integrals  is  determined  by  an  order  of 
system  and  by  a  number  of  random  parameters,  distributed  according  to 
the  law,  different  from  the  normal. 

As  can  be  seen  from,  use/application  approximation  method 
outlined  above  in  the  cases  examined  for  the  systems  of  low  order 
with  the  large  number  of  random  parameters  gives  the  possibility  to 
shorten  the  space  of  computations. 
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4.  Estimation  of  the  accuracy  of  approximation  method. 

The  error  in  determination  of  probability  density,  which  is 
obtained  during  the  use  of  an  approximation  method,  can  be  decomposed 
into  three  components. 

The  first  of  them  is  caused  by  an  inaccuracy  in  the  computation 
of  integrals  and  is  determined  by  the  method  of  computing  the 
multiple  integrals. 

The  second  is  defined  by  the  accuracy  of  the  representation  of 
probability  density  as  the  functions  of  several  arguments  and  depends 
on  the  method  of  approximation  or  on  the  step/pitch  of  tables  and 
methods  of  interpolation,  if  the  unknown  density  is  represented  in 
the  form  of  n-dimensional  tables. 

Third  component  is  error  inherent  in  the  method. 

For  the  evaluation/estimate  of  systematic  error  let  us  consider 


first-order  equation 
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first. 


IT  nY,V»...,vn), 


Let  us  record  expression  for  Y  at  moment/torque  U  + A/  in  the 
form  of  Taylor  series 

V  (/,  +  At)  ~  y  (tt)  +  dy  i‘-]  At  +  Qu  (VII .  32> 

at 

where  n  —  _L  d%Y  + 8A/) 

2  dt * 

O<0  <  1. 


The  approximation  method  in  question  in  the  present  chapter  of 
determining  the  probability  density  is  based  on  what  expression 
(VII. 32)  is  replaced!  by  the  following  approximation  formula: 

Y*  (/,  +  A/)  =  K(/,)  +  -ZM-  At,  (VII  .33)* 

where  through  Y*  markedly  approximate  value  of  the  random  variable  Y 
at  moment/torque  tt  +  At. ' 

Page  196. 

It  is  possible  to  show  the  validity  of  the  following 
confirmation. 

If  we  select  At  by  such  so  that  the  module  of  remainder  Q  would 
be  less  than  certain  «>0,  then  the  density  curve  of  probability. 
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determined  according  to  the  approximation  method,  will  be  displaced 
relative  to  true  curve  to  the  value  not  more  than  e. 


Actually/really,  if  IQifs^e, 

|  V(tl  +  A()-Y*(tl  +  A/)t  <  «. 

In  the  extreme  case 

Y(t,  +  M)  -  Y*  ((,  +  A/)  ±  e 
p  [y  Vi  ■+■  =  p[y*(ti  +  M)±&].  (VII. 34) 


Let  us  designate  through  A/w  the  module  of  the  maximum 
evaluation/estimate  of  the  error  in  determination  of  probability 
density: 

APm«=  +  AO  ±e)  —  p(j/*(f*+A/)]|. 


Expanding  p[y*(ti  +  A/)±  e]  into  Taylor  series  and  being  limited  to 
terms  of  first-order  expansion,  we  will  obtain  expression  for  the 
module  of  the  maximum  evaluation/estimate  of  the  systematic  error: 


dp  [y*  (VjhAQI  e 
dy-  (t,  +  A/) 


(VII.  35) 


Let  us  generalize  the  obtained  result  for  the  case  of  the  system 
of  equations  of  the  n  order,  which  let  us  record  in  the  vector  form 


DOC  =  83173408 


PAGE 


dY 

dt 


=  F(Y, 


V). 


Let  us  write  expression  for  vector  Y  at  moment/torque  U  +  &t  in 
the  form  of  Taylor  series 


where 


Y(ti  +  At)^Y(ti)  +  *LH&c  +  Qu 


dt 


Qi  =•---  ■— — £LIL±J£!L ,  o  <  a  <  1 , 


(VII.  36) 


Let  us  select  At  by  such,  in  order  to  Qx<e,  where  the  inequality 
sign  means  that  the  components  of  vector  Qx  do  not  exceed  the 
appropriate  components  of  the  vector 


Being  limited  to  first-order  derivative,  we  will  obtain 

K*(/,  +  A0  =  K(/,)  +  ^A/. 

at 

Page  197. 


Then  in  the  extreme  case  it  is  possible  to  record  the  following 
expression: 


Y(tt  +  \1)~  Y*(t,  +  At)±  e. 
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Hence  it  follows  that  the  probability  density  of  vector  Y  at 
moment/torque  +  A/  in  the  extreme  case  can  be  represented  in  the 
form 

p\y(‘i  i-  A/)i  +  st)  j;  b|. 


For  the  maximum  evaluation/estimate  of  systematic  error  it  is 
possible  to  obtain  the  expression 


(<<  +  A/) | 

dym 


or 


-V„u*  =  2 

/-I 


dp(y«(<,-  +  Ai)  | 
dyt 


(VII. 37) 


Thus,  formulas  (VI I. 35)  (VI I. 37)  give  the  maximum 
evaluation/estimate  of  the  systematic  error  in  determination  of 
probability  density  from  the  approximation  method.  This 
evaluation/estimate  is  connected  with  the  evaluation/estimate  of  the 
remainder  in  formulas  (VI I. 32)  and  (VI 1.36),  which  determines  the 
accuracy  in  the  integration  of  the  system  of  differential  equations 
for  Euler's  method  with  this  step/pitch  of  integration  At. 


Accuracy  in  the  integration  for  Euler's  method  with  the  preset 
step/pitch  At  can  be  in  the  most  general  case  determined  via  the 
comparison  of  the  results  of  the  numerical  integration  of  system  for 
Euler's  method  with  the  preset  step/pitch  At  with  the  "exact" 
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solution  (virtually  with  the  results  of  the  numerical  integration  of 
system  by  more  exact  method  or  for  Euler's  method,  but  with  the 
smaller  step/pitch). 

It  is  obvious  that  the  systematic  error  in  determination  of 
probability  density  from  the  approximation  method  can  be  reduced  by 
decreasing  the  step/pitch  of  solution  At. 

Natural  to  consider  that  the  systematic  error  of  one  step/pitch 
of  solution  is  the  random  variable,  distributed  in  interval 
[— Hpmu„  +jVw]  in  the  general  case  according  to  the  unknown 
distribution  law.  Strictly  speaking,  interval  depends  on  argument  AY. 

Let  us  attempt  (at  least  it  is  rough)  to  rate/estimate 
accumulated  error  after  N  steps/pitches. 

Let  us  introduce  into  the  examination  the  relative  systematic 
error  in  determination  of  probability  density  at  one  step/pitch 

A  Ap 

and  we  will  consider  as  the  its  random  variable, 
distributed  in  interval  (6.wmm.  Owm#*]  and  which  does  not  depend  on 

Page  198. 

Let  us  further  consider  relative  error  6«( 0  of  the  determination 
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of  probability  density  at  one  step/pitch  due  to  an  inaccuracy  in  the 

computation  of  multiple  integrals.  We  will'  consider  its  random 

variable,  distributed  in  interval  where  b«muk  6«m#x  - 

A 

minimum  and  maximum  values  of  the  error,  caused  by  an  inaccuracy  in 
•  • 

the  computation  of  integrals. 


Finally,  let  us  designate  through  the  relative  error  in 

determination  of  probability  density  due  to  an  inaccuracy  in  the 
representation  it  as  the  functions  of  many  variables  and  we  will 
consider  this  error  the  random  variable,  distributed  in  interval 
[Ofimin.  fifpmiixj.  where  aCTmlo  and  6/7m«*  -  respectively  minimum  and  maximum 
values  of  error. 


Thus,  a  total  relative  error  in  the  determination  of  probability 
density  at  one  step/pitch  can  be  represented  by  the  expression 

6t </>  ="  Sm«i  -f  6 hid  4-  6/7(0  • 

On  the  basis  of  formula  (VI I. 3)  expression  for  determining  the 
probability  density  on  (/c-M)  -  the  ohm  step/pitch  can  be  represented 
in  the  following  form: 

p(y<*+i))(i  -M,+i)  -  j  p(y<«i)(i  +  6«) Pi (y(*+D  — 

(VII.  38) 

where  d„+i  and  6„  -  relative  error  in  determination  of  probability 
density  after  k  +  1  and  k  of  steps/pitches  respectively.  Here  and 
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throughout  by  integration  for  the  vector  is  implied  multiple 
integration  for  its  components.  From  formula  (VII.38)  it  is  possible 
to  obtain  the  following  expression: 


6*4-1  1  ;  6*  -(-  6t<*4-D- 

It  is  not  difficult  to  see  that  accumulated  error  after  N 
steps/pitches 

N 

<—i 


where  5,  -  relative  error  of  probability  density  at  the  initial 
moment.  Subsequently  we  will  assume  S,=0. 

Page  199. 


If  one  assumes  that  all  components  of  error  to  all  N 
steps/pitches  are  independent  random  quantities,  then  it  is  possible 
to  record  the  following  expression  for  the  mathematical  expectation 
and  variances  of  error  after  N  steps/pitches: 


N 

M  |6iv|  =  V  (M  (6«(j)l  +  M  16/f<ol  +  M  [6/7(/>]|; 

N 

D(6\ |  =  ^  [D  +  0  (6w(i)]  +  D  [6n(i)1 1> 

/—  i 


(VII.  39) 


where  M[6«(o],  M[fiu«)]  -  mathematical  expectations  of  corresponding 

components  of  error  at  the  i  step/pitch; 
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£>[a'w(,)],  D[6h(<)1.  £(60<»1  -  dispersion  of  corresponding  components  of  error  at 
the  i  step/pitch. 


If  we  assume  further  that  the  components  of  error  have  identical 
probabilistic  characteristics,  i.e.f  at  each  step/pitch. 

M(6a(«)|  =  M[6a<1  =  const; 

i  =  1 . /V 

M[6W,|  -  M|6wl  -=  const; 
i  ==  1 . N 

M  (6n«)]  =  M  (flal  ~  const; 
i  =  1,  . .  N 

D  Pm, ol  -  D[bM\  -  const; 

l  ■  1 . N 

D  -  D  |A«|  -  const; 

l-  I . N 

D|Aa«>l  -•  D[t>n\  -  const, 
i  —  I . N 


then 

M  [fiwj  -  /V  (M  ]6mI  +  M [flal  +  M  [flail;  1 
D  lfl/v|  -  N  [D  |6/m]  +  D  [6«|  +  D  (flail  •  ) 


A  number  of  steps/pitches  of  solution  is  determined  by  the 


At  ' 


(VII.  40) 


formula 
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Hence  it  follows  that  the  decrease  of  the  step/pitch  of 
solution,  although  it  reduces  systematic  component  of  error,  can  lead 
to  an  increase  in  accumulated  error,  if  the  weight  of  other 
components  is  commensurated  with  the  systematic  error. 

Thus,  the  given  above  reasonings  make  it  possible  to  determine 
in  the  first  approximation,  the  most  appropriate  step/pitch  of 
solution.  For  this  it  is  necessary  to  come  to  light/detect/expose  the 
dependence  of  systematic  error  on  the  step/pitch  of  integration,  i.e. 
to  obtain 

i,  -  ef(Ai)  (j  --  1 . m). 

This  is  reached  by  integrating  the  reference  system  of 
differential  equations  for  Euler's  method  with  the  different 
step/pitch  of  the  integration  At. 

Page  200, 

From  the  obtained  dependence  it  is  necessary  to  switch  over  to 
determination  A.u(At).  In  this  case  limiting  values 
respectively  equal  ones  to 


max  —  ( 

'  \ 

\ 

\  P  (y)  I  m«x 

mill  = 

\  P(y)  /min 

are  taken  as  the 
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During  determination  fama*  and  it  is  necessary  to  be 

oriented  to  the  known  initial  probability  density  of  output 
coordinates. 

It  is  further  necessary  to  assign  some  limiting  values  of  other 
two  components  of  error  and  law  of  distribution  of  all  components  of 
errors  within  the  obtained  maximum  limits  (for  example,  by  normal 
law) . 


According  to  formulas  (VII. 40)  are  obtained  dependences  M(rt,v] 
and  D[a,vJ  on  the  step/pitch  of  solution  At.  Investigating  the 
obtained  dependences,  the  most  advantageous  value  At  in  the  first 
approximation,  is  chosen. 

5.  Special  features/peculiarities  of  the  computation  of  multiple 
integrals  and  representation  of  multidimensional  probability  density. 

From  the  previous  paragraphs  it  is  evident  that  during  the  use 
of  an  approximation  method  the  task  of  determining  the  probability 
density  is  reduced  to  the  consecutive  computation  of  multiple 
integrals.  In  this  case,  as  it  will  be  shown  below,  the  accuracy  of 
the  computation  of  multiple  integrals  substantially  affects  the  total 
error  in  determination  of  probability  density. 
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At  present  there  is  a  series/row  of  works  [15,  20,  52,  97], 
dedicated  to  the  computation  of  multiple  integrals.  In  these  works 
the  necessary  formulas  for  calculating  the  multiple  integrals, 
obtained  by  different  methods,  are  contained  and  evaluation/estimate 
of  the  accuracy  of  formulas  is  given. 

At  present  it  is  not  possible  to  give  single-valued 
recommendations  regarding  the  selection  of  one  or  the  other  formula 
for  any  case.  It  is  obvious,  the  selection  of  calculation  formula 
depends  on  specific  problem. 

However,  the  integrals,  which  it  is  necessary  to  calculate 
during  the  use  of  the  method  in  question,  have  one 
general/common/total  special  feature/peculiarity,  which  consists  in 
the  fact  that  the  integrand  considerably  differs  from  zero  only  in 
the  small  region.  The  latter  is  determined  by  the  intersection  of  two 
regions,  in  one  of  which  is  substantially  excellent  from  zero  values 
of  probability  density  at  the  i  point,  and  in  another  -  the  value  of 
exponential  curve. 

Let  us  designate  through  bm  and  (/'  =  l .  m)  the  limits,  in 

which  p(  J>(<) )  ^  8-  where  e>0  -  certain  sufficiently  small  positive 
number.  It  is  always  easy  to  determine  these  limits  according  to  the 
results  of  computations  at  the  previous  step/pitch. 
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Page  201. 

Let  us  consider  now  the  index  of  exponential  curve  in  formula 
(VII .21) : 

h  1 1  (/)  •  ■  ■  /no  11 1 

^/nl(J)  •••  ^nn(i)  an 

\  .  a»  • • ■  an  0 

#..<0  *■«<« 

H,  1(0  ••• 

where  ui  Hi  «+d  ^/<h 

(i  ■-=  1 . «) 


It  is  natural  to  assume  that  the  value  of  exponential  curve  is 
substantially  excellent  from  zero  when  |Xj<B,  where  B  -  certain 
constant  value,  whose  values  are  established/installed  from  the 
condition  of  the  proximity  to  zero  of  entire  integrand  in  formula 
(VII. 21) . 

Point  Umio.  i»ri(o).  in  vicinity  of  which  |X|>B,  it  is  possible  to 


determine  from  the  condition 
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The  borders  of  this  region  (£}y{.  c\ {7,  )  (/  ”  h  •••»  n)  can  be  in  the 
first  approximation,  found  from  the  formulas 

^  ~  ~  [F,0  (M  i  U)>  •  •  •  >  — 

WiOw  A/; 

j- i 

^/«+u  ~  [^/o  (^1  (0 . 

^  1 ^// (l* . fi/i(/»)|  V  D[Vt\\  St, 

i  -i 

where  Kt  -  some  constant  positive  values,  which  characterize  the  value 
of  disturbance/perturbation  Vi  in  the  standard  deviations. 

Depending  on  the  form  of  the  function  F^{y\,  s/n)  values  K>  are 
chosen  different.  Usually  K,  ^ 

Page  202. 

If  functions  Fit(y . .  yn)  (/  =  0,  1,  n)  very  strongly  vary  with  change 

</,(/  =  1 . *).then  it  is  possible  to  do  the  second 

approximation/approach,  using  formulas  (VII. 42),  but  during 
computation  F,t  instead  of  to  substitute  corresponding  values 

c»+>  or  c/w  (/ =  1.  n),  calculated  in  the  first  approximation. 

9Vj 

Integration  in  the  infinite  limits  in  expression  (VII. 21)  makes 
sense  to  replace  with  integration  for  the  finite  domain,  in  which  the 
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value  of  integrand  is  substantially  excellent  from  zero.  Integration 
limits  in  this  case  can  be  determined  according  to  the  following 
formulas: 


W  -  min  WK  ■ 


(VII.  43) 


Since  and  c'(t>  (/ -  !.—.«)  depend  on  the  point,  at  which  the 
probability  density  is  calculated,  then  limits  y%)  and  yftl 
determined  by  formula  (VII. 43),  also  depend  not  only  on  the  number  of 
step/pitch  (i),  but  also  on  point  ya+\).  Integral  on  isolated  thus 
region  can  be  calculated  by  different  methods. 

One  of  the  most  important  questions,  which  appears  during  the 
practical  use  of  a  method,  is  the  selection  of  the  method  of  the 
representation  of  multidimensional  probability  density,  i.e.  the 
representation  of  the  function  of  many  variables. 


With  the  low  order  of  the  system,  when  we  encounter  with  the 
one-dimensional,  two-dimensional  or  three-dimensional  probability 
densities,  their  representation  in  the  form  of  tables  is  possible.  In 
this  case  one  or  another  the  method  of  interpolation  is  used.  In  the 
simplest  cases  with  the  sufficiently  low  pitch  of  tables  linear 
interpolation  gives  completely  satisfactory  results. 
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However,  the  representation  of  probability  density  in  the  form 
of  tables  is  connected  with  the  known  inconveniences,  which,  first  of 
all,  include  the  need  of  computing  the  probability  density  to  (i+1) 
step/pitch  in  a  large  number  of  points,  which  substantially  increases 
the  time  of  solution. 


Since  due  to  the  errors,  examined  in  the  previous  paragraph,  the 
calculated  probability  density  cannot  completely  satisfy  the 
conditions  of  normalization,  has  sense  to  introduce  into  formula 
(VI I. 3)  normalizing  factor.  Then 


v(+>  „(+> 


where 


</+') . ^/i(i+u)  f  •••  |  KHp(yl(is,  ....  yn{l))  x 

.  vl<0 

x  ^ni) . \{t)  ■  ■  ■  n{iy  (Vii.44) 

K. 


'H  I, 


tf) 


lii)  =  Ji.!  J^(yi uv  •  •  U))dyHn  ■  ■  ■  dyn(n ■ 


The  introduction  of  normalizing  factor  makes  it  possible  to 
decrease  the  accumulation  of  the  error,  caused  by  an  inaccuracy  in 
the  representation  of  probability  density. 

Besides  the  tabular  representation,  it  is  possible  to  assume  the 
approximation  of  multidimensional  probability  density  by  the  segment 
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of  the  series/row  of  resolution  in  terms  of  the  orthogonal 
polynomials,  as  which  it  is  expedient  to  use  the  generalized 
Chebyshev  polynomials  -  Hermite.  Then  the  probability  density  of  the 
vector  of  coordinates  can  be  represented  in  the  form 


where 


^  •  •  •>  -  n 


/-i 


1  - 

2ji  6 


.2 

*/«> 


,  _  %>“X/<«  . 

m  - - - 

p/w 


X/w  -M  [%_,,]  +  F.a  (yl{l_ly . 

6 


P/(0 


=  o 

=  ^v(0  ~aa^y(l)  ~aa yllm  —0^^, 

■  w«/>Ww — a^yW)ym  —uarymym — o88i/w/)«/v(<)  — 

-uPv^a(/)l/8(n  —  2?si/a(0i/vW  —aviymyM  —a^  —aaya9i  — 

<•.,-( '  0 

l  0  npH  /c  =j4  /. 

*.  *  -  a,  P,  V.  5 


Key:  (1) .  with. 


From  the  expressions  for 


it  is  evident  that  the  transfer  of 
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indices  a,  . ..,  5  does  not  affect  value  therefore  the  values  of 

coefficients  *■-«  do  not  vary  from  the  transfer  of  indices. 

Page  204. 


A  number  of  different  coefficients  &<>...»  is  determined  from  the 
formula 


-  1  +  n  +  cT  +  c3n(n)  +  c*im  + 


(VII.  46) 


where  Cnim  (k  ^  2,  3,  4.. .)  -  number  of  combinations  with  the  repetitions 
from  the  n  elements/cells  on  k; 

c*</7)  _  (n  -f-<c—  I); 

/cl  (/i  —  |)|  - 

It  must  be  noted  that  in  formula  (VI I. 45)  xm  is  not  the 
mathematical  expectation  of  value  \i> to*  although  it  is  close  to  it,  and 
Pj(D  is  not  standard  deviation.  Because  of  this  in  expansion  (VI 1. 45) 
are  present  the  terms  with  coefficients  b0,t>a  and  b<&. 


Representation  of  probability  density  in  the  form  of  expression 
(VII. 45)  gives  the  possibility  to  reduce  the  problem  to  the  soxution 
at  each  step/pitch  of  the  system  of  linear  algebraic  equations  of  Nb- 
order,  whose  right  sides  are  determined  by  computing  the  multiple 
integrals  at  Nb  points.  In  this  case  the  algorithm  of  the  solution  of 
the  problem  of  determining  the  probability  density  can  be  presented 
in  the  following  form. 


’ 

* 

RD-A143  297 
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Output  data  at  each  step/pitch  of  solution  are  coefficients 
ba . » (i+i)  and  Ky+D- 

Coefficients  are  defined  as  the  solutions  of  the  following 

system  of  linear  algebraic  equations  of  <V/, -order: 

&0«+l)  +  2  ba (/-f  i )H o(*)  +  V  4*  V  iaPv«+l)^a9v(-)  4* 

a  af  o9v 

+  2  —  ~ ~  ~~  11 - — 1  ' ’I  ,  (VII. 47) 

where  a/375;  a/37;  a/3  ~  combination  with  repetition  from  m  numbers  (1, 

2,  ....  m)  on  4,  on  3,  op  2  respectively;  pu(vi„+i> . v„.lH.i>)  -  standard 

probability  density  at  the  point  v(/+ o; 


//«...»('»  -  generalized  polynomials  of  Chebyshev  -  Hermite,  which  are 
calculated  for  yii+u  -  Vt-n  from  the  same  formulas,  as  in  expression 
(VII. 45) ; 


y(+» 


P(v  1(1+1) . H  (V«+l»  I 


v(-l 

yU) 


by)  — 


B'd  apH  8(0  >  0  (]) 


0  npn  8(.)  <  0 

8(0  =  &0<i)  +  ^  b<m)H a(0  4-  2  ban i)H ap<i)  +  2  H 4* 

a  aP  afv 

4"  50jyj(oA/a?vMO- 
a@v» 


(VII.  48) 
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Key:  (1).  with. 


Page  205. 

•  • 

Limitations  on  Bm  it  is  necessary  to  input/embed  because  a 
finite  number  of  terms  of  the  expansion  of  probability  density  is 
considered,  and  this  can  lead  to  the  appearance  of  negative  values 
low  in  the  absolute  value  on  the  borders  (here,  as  before,  integral 
on  the  vector  it  indicates  multiple  integral  on  its  components). 


where 


Points  vj(i+i,  are  chosen  from  interval  d/u|i>| 

dK+i)~bti  +  Fio  (V, 


where 


'  (^1  <o»  • 

U  ~ 

•  •  >  y«</) ) 
*S8+*te!  . 

2 

(^1(0*  • 

•  •  *  y^n) 

II 

$4 
^  * 

2 

Coefficient 


*(1+1) 


*(<+0 


is  determined  from  the  formula 

~  1 
/  » 

'(i+D 


where 


(VII.  49) 
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'•*“  )  ‘"’j  "b  h^uh,' 

— w* 

■  bo,l+"  +  2  W  „//«(/+.,  +  V  6.,,/+,,//^^,,  + 

*  « 

+  22  ,,"^u  I- 1  I ' )  H-  21  v*w  l- '  up V»u  II). 

•PY  aPy* 

It  must  be  noted  that  values  %+•»  here,  as  a  rule,  knowingly 
differ  from  one. 

6.  Task  about  the  probability  of  the  nonappearance  of  the  coordinates 
of  system  for  the  limitations. 

In  a  series/row  of  applied  problems  it  is  necessary  to  solve  the 
problems,  connected  with  the  determination  of  the  probability  of 
reaching/achievement  by  certain  function  of  the  preset  borders.  The 
determination  of  the  probability  of  the  fact  that  in  the  interval  of 
time  [t,,  T]  the  preset  limitations  to  the  coordinates,  are  observed 
is  the  simplest  task  of  this  type,  i.e.  the  inequality 

A(-)  <  Y  (/)  <  A,+). 

is  fulfilled. 

The  approximate  method,  described  in  present  chapter,  makes  it 
possible  to  solve  this  task. 
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Page  206. 

Let  us  record  expression  for  random  vector  K</+  „  at  moment/torque 
U  +  M  through  its  values  K< i, 

Kkhu  Y&  1  AK». 

It  is  analogous  how  this  is  done  during  the  use  of  theory  of 

/ 

Markov  processes  [91],  let  us  introduce  into  the  examination  the 
probability  density  P*(y«i)  of  the  fact  that  at  moment/torque  t,  random 
vector  Y  will  be  found  in  interval  IYio>  Yuri-^Yutl  when  for  time  t,  —  tn 
vector  Y  not  fall  outside  the  limits  of  interval 

Task  consists  of  the  determination  of  the  probability  of  the 
fact  that  in  the  interval  of  time  fro.  t«  -  7]  will  be  implemented 
inequality  A<~,<;K<A(+,  if  it  is  known  that  the  probability  density  of 
vector  Y  at  moment/torque  t0  is  equal  to  p(y o)  and 

J  p  <y(0l)  i  • 

The  probability  density  of  vector  Y  at  moment/torque  t,*t,  +  At 
when  for  the  time  At=t*  -  t0  vector  Y  will  not  leave  for  the 
limitations,  can  be  determined  according  to  the  formula 
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p * (y,„)  -  J  P  (*,«,)  p. (*,.»- (V1I-50> 


Here,  as  before,  Pa(.V< d— j>,o»/J>(0))  -  the  conditional  probability 
density  of  the  vector  of  increments,  and  integral  on  the  vector 
should  be  considered  as  multiple  integral  on  its  components. 


Let  us  consider  moment/torque  t,=tx  +  At  further  and  it  is 
determined  the  probability  density  of  vector  yv •)  under  the  condition 
of  the  nonappearance  of  vector  Y  in  the  interval  of  time  t2  -  t, 
beyond  the  limits  of  the  preset  borders: 

p*  OW  «  J'  p*  (y<„)  p*  (y{3)  -  ylu/ylu)dy(ly 

it  is  analogous  for  any  i  moment 

„<+) 

p*(^«>)~  J  p  {yu—\))  Pa, (y,o  y^-.\'Jyii^.\))dy^\y  (Vii.si) 

*<-> 

where  P*(yu>)  and  P*(yu- 1>)  -  probability  density  of  vector  Y  at 
moments/torques  ‘i  and  *1-1  when  outside  time  —  /0  and  h-i  —  to 
respectively  vector  Y  does  not  fall  for  the  limitations. 


Page  207. 


At  moment/torque  in  —  T  we  will  obtain 
*‘+» 

P*(JU)  -  j  ffrit-i, ~ 


(VII.  52) 
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Then  probability  that  for  time  T-t,  vector  Y  not  fall  outside 
the  limits  of  limitations,  is  determined  by  the  following  formula: 

T)  f  /'*(>, *,)'%,>•  (VII. 53) 

Thus,  the  algorithm  of  the  determination  of  probability  density 
P*(y<n)  coincides  with  the  algorithm  of  the  determination  of  the 
probability  density  of  the  vector  of  output  coordinates,  presented  in 
the  previous  paragraphs,  if  we  instead  of  infinite  integration  limits 
take  the  limitations,  superimposed  on  the  values  of  vector  Y.  In  this 
case  it  is  necessary  to  take  into  account  some  special 
f eatures/pecul iar it ies . 

If  we  use  representation  P*{y)  in  the  form  of  tables,  then  the 
always  normalizing  factor  in  formula  (VII. 44)  Ku  -  1,  since  /«>  will 
differ  from  1,  if  somewhere  to  moment/torque  U  vector  Y  exceeds  the 
limits  of  the  preset  borders. 

For  the  same  reasons  in  formula  (VI I. 49)  it  is  necessary  to  take 

rt<(+n  *■  1. 


During  the  determination  of  the  range  of  integration  of  equality 
(VII. 43)  it  is  necessary  to  replace  with  the  following: 
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y'nn  -  ™*  VI  * 

y'li! "  min  l^««-  <%}.  VI  • 


(VII.  54) 


Example.  Let  us  consider  based  on  the  example  of  the  analysis  of 
the  behavior  of  the  automatic  control  system  the  use  of  a  method, 
presented  in  present  chapter,  described  by  the  nonlinear  differential 

equations  of  the  form 

dY,  I 

=  bx  (y\,  y»)  4-  (fit  +  &ai)  c04  Y ,  +  I(fli  ■+■  ^°t)  4-  (a,  +  ^fl»)  + 


+  (a4  +  AflJ  Y, I  Y-; 

dY  sin  Y 

— — —  mt  bt  (YtYi)  — (fli  +  Aai)  7~  +  Mtaj  +  Aa,)  4- 

ai  Y  i 

4-  (a«  4-  4a4)  Kjj  Yx, 


(VII.  55) 


where  bl(Yl,  Y,)  and  b,(Ylf  Y,)  -  some  preset  nonrandom  functions  of 
coordinates  Yx  and  Y,  (in  the  general  case  nonlinear); 


ct  i ,  a , ,  a,,  a4  -  determined  parameters; 

Aaw  Aa2,  Aa2,  Aa4  -  independent  central  probable  deviations  of  the 
parameters,  distributed  according  to  the  normal  law  with  the  known 
dispersions . 

Page  208. 

It  is  necessary  to  determine  the  probability  density  of 
coordinates  Y2  and  Y2  at  the  fixed/recorded  points  on  the  interval 
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Let  us  introduce  the  designations 

Afli  -  Vi;  Aa,  *  vti  Aa,  .  V,;  A  a,  -  t',; 

D[v,\jim  i — -»)  th  dispersion  of  probable  deviations. 

Let  us  lead  system  (VI I. 55)  to  form  (VI I. 17). 

We  will  obtain 

*f|«+  FllVl  +  F i*Vi  +  FiaVt  +  FltVt; 

~  *■  Fta  -f-  F +  F ■+•  F uVt, 
of 

where 

Fu  «■  *1  iY it  y*) + «ico»  k,  +  (“* + o* + <*x*)  y}> 
f,,  -co»K,;  f„-K?;  f13-K?;  f14«>V?; 

Ftt  *=  Yf)  -|-  fiiUi  +  f 4-  F t«a4; 

f  ji  “  -  i~ ’  i  fu  -  fu  -  *K/#. 

'  1 

Page  209. 

For  the  solution  of  problem  we  will  use  formula  (VII. 21),  after 
replacing  in  it  infinite  limits  by  the  final  ones  according  to 
formula  (VII.43): 
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<VC#>  —  +  I  /'//(HtMt)l  \fto  Wt\  |AI; 

<5#  =  y/d+i,-  ['v.Om  m)  -  2  k,i  f/i  (km.)  l  V'Wl\ !  a/. 

L  (-i 
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Graphs  of  the  probability  density  of  coordinates  Ya  and  Ya. 

Values  Hi  and  are  determined  here  on  the  following  iterative 
cycle: 


for  the  n  approx imation/approach 


One  should  stop  at  that  approximation/approach,  for  which 

Let  us  note  that  iterative  cycle  proposed  above  descends  not 
with  any  form  of  the  function  F>»  <vi.  utW  (/ -  i,  i). 

Page  210. 

As  t>n,y  a  —  i . n)  are  accepted  such  limiting  values  on  leaving 


*r 
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The  unknown  probability  density  of  components  is  determined  from 


the  formulas 


'GW**  JpGrlw, 


PUiu)>  ~  f  P(y>u)'  i /«(i>  ^n,r 


Fig.  VII. 1  gives  the  graphs  of  the  probability  density  of 
coordinates  Yx  and  Y,  in  the  section  t*0-3.6  s,  obtained  during  the 
use  of  the  algorithm  described  above  for  the  following  numerical 
values  of  the  parameters: 


Ml'i,  >'»)  =*  — [2.6  -f-  K,  (0.9- 10~6  -f-  0.7- 10— 3V'|)  rfj; 

MV'i.  K»)«-T7-(915  +  2.5y'l); 

'  i 

*-2,3;  at=5,3;  a,  -  0,1- IQ-4; 
a,  -  —0,3  •  JO a,  -  0,8  •  10“3; 

D  [VJ  *  0,01;  D  [V,]  —  0,4  •  X0 — 1 3; 

O  |V,|  -0,6  •  JO-";  D[Vt\  -0,5  .  10“*, 
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Chapter  VIII. 


SOME  TASKS  OF  THE  SYNTHESIS  OF  NONLINEAR  CONTROL  SYSTEMS  UNDER  RANDOM 
INFLUENCES . 


1.  Formulation  of  the  problem  of  synthesis. 

The  connection/communication  between  the  input  information  and 
the  control  pressure  is  determined  by  the  algorithm  of  the  control 
system.  With  the  optimum  algorithm  of  the  control  system  is  realized 
optimal  control  of  movement  when  the  outer  limit  of  the  previously 
selected  criterion  of  optimality  attains  in  the  process  of  motion  and 
the  conditions  for  limitations  are  satisfied. 

The  task  of  the  synthesis  of  optimal  steering  of  the  controlled 
objects  can  be  divided  into  three  stages:  the  synthesis  of  the 
optimum  program  of  control;  the  synthesis  of  the  optimum  law  of 
control;  the  synthesis  of  the  control  system,  which  realizes  optimal 
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steering. 

The  program  of  control  is  a  change  in  the  control  pressure  for 
guaranteeing  the  required  optimum  motion.  The  law  of  control  reflects 
the  process  of  molding  of  the  control  pressure  according  to  the  input 
information  for  the  ideal  system  of  control  (ideal  regulator). 

Page  212. 

The  nonlinear  laws  of  control  acquire  an  increasing  importance. 
In  the  general  case  even  the  linear  optimum  laws  of  control  upon 
consideration  of  limitations  are  nonlinear.  To  the  nonlinear  laws 
they  lead  different  contemporary  methods  of  optimization. 

During  the  equipment  realization  of  the  selected  law  of  control 
the  obtained  equation  of  the  control  system  can  differ  significantly 
from  the  equation  of  the  law  of  control.  Difference  can  consist  not 
only  in  the  degree  of  differential  equation,  which,  as  a  rule,  is 
raised.  Taking  into  account  of  the  objective  parameters  and 
parameters  of  single  elements/cells  and  devices/equipment  the 
equation  of  motion  of  the  control  system  usually  is  converted  into 
the  nonlinear,  frequently  with  the  variable  parameters.  The  internal 
random  disturbances,  connected  with  the  work  of  the  single  elements 
of  system,  can  appear.  In  the  implementation  of  the  law  of  the 
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control  digital  controller  the  system  is  converted  into  the 
discrete/digital.  Digital  computer  with  the  work  in  the  control  loop 
also  can  be  the  source  of  random  disturbances  as  a  result  of  the 
quantization  of  control  signal  both  on  the  time  and  in  the  amplitude. 

A  difference  in  the  real  equation  of  the  system  of  control  from 
the  selected  optimum  law  of  control  can  cause  the  essential 
divergence  of  the  real  guided  motion  from  the  optimum  and  lead  to  the 
motion,  whose  character  does  not  correspond  to  the  given  one  or  is 
unstable. 

Thus,  the  real  equations  of  system  of  control  can  strongly 
differ  from  the  law  of  control,  and  the  full/total/complete  control 
system  with  the  controlled  object  -  present  considerably  more  complex 
system  described  by  nonlinear  differential  equations.  Therefore  the 
synthesis  of  the  program  and  law  of  control  in  the  task  of  optimal 
steering  is  only  preliminary  stage. 

The  final  synthesis  of  steering  is  accomplished  in  the  third 
stage,  when  are  optimized  the  parameters  of  the  control  system,  the 
parameters  of  all  or  some  elements/cells.  To  these  parameters  can 
relate  the  factors  of  amplification,  the  time  constants,  limitation 
of  characteristics,  the  parameters  digital  of  controller,  some  design 
parameters  of  elements/cells,  etc.,  i.e.,  all  those  parameters,  which 


J 


I 
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characterize  the  operator  of  meters  and  the  operator  of  the 
amplifying  and  converting  device/equipment"  with  the  actuating 
controls  of  the  control  system. 

During  the  optimization  different  criteria  of  optimality  can  be 
accepted.  To  join  all  requirements  for  the  control  system  is 
difficult  in  one  criterion.  Therefore  the  principal  criteria,  which 
determine  the  fundamental  required  properties  of  system,  are  chosen, 
and  on  other  properties  assign  the  specific  limitations. 


»  < 


»  < 


C 


<• 


Page  213. 

As  the  main  criteria  it  is  possible,  for  example,  to  take  the 
criterion  of  the  accuracy  of  the  endurance/seasoning  the  preset 
program  motion  or  the  criterion  of  the  minimum  of  energy  consumption 
per  control.  Latter/last  criterion  appears  when  the  program  of 
control  is  not  optimized,  for  example  in  the  case  of  the  simple 
maintenance  of  the  constant  value  of  the  controlled  (adjustable) 
value. 


Since  only  the  law  of  control  can  ensure  the  required  accuracy 
of  the  motion  of  system,  as  the  criterion  it  is  necessary  to  examine 
the  error  of  the  endurance/seasoning  the  program  of  control. 


aft 
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The  controlled  object  together  with  the  control  system  is 
subjected  to  random  interactions.  Therefore  the  probabilistic 
characteristics  of  the  error  of  system  must  be  examined  as  criteria 
for  the  selection  of  the  law  of  control.  Actually,  the  initial 
conditions  of  moving  the  object,  as  a  rule,  are  by  chance,  the 
exciting  accelerations  are  the  random  functions  of  time.  Therefore 
the  divergences  of  the  finite  values  of  the  parameters  of  motion  are 
also  random. 


The  fullest/most  total/most  complete  statistical  criterion  is 
the  "maximum  of  the  probability"  of  the  fact  that  the  parameters  of 
motion  will  be  found  within  the  preset  limits  |CX  and  C, | ,  i.e.,  the 
error  of  the  system  E  is  located  in  the  specific  borders: 

P_.  P(CV<£<Q  (VIII.  1) 

or 

P  =  P(£<C).  y  (VIII. 2) 


The  optimization  of  the  control  system  must  be  carried  out 
through  the  maximum  value  of  this  probability.  The  characteristics  of 
the  system  of  control  is  determined  by  functional  from  output 
coordinates  The  function,  called  in  the  mathematical  set  theory 
characteristic  function  X,(0>j).  determines  the  probabilistic 


characteristic  of  functional  With  satisfaction  of  condition  (VIII. 1) 
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and  for  limitation  (VIII. 2) 


<Pi  —  c 

*,-c  t 


)■ 


(VIII.  4) 


It  is  easy  to  note  that  characteristic  function  X{  is  equal  to  1,  if 
cD,  —  £  satisfy  conditions  (VIII. 1)  or  (VIII. 2),  and  *<  =  0  otherwise. 


In  most  general  view  the  formulation  of  the  problem  of  synthesis 
indicates  the  following. 


Page  214. 

Let  the  projected  control  system  together  with  the  object  of 
control  be  described  by  the  system  of  nonlinear  differential 

equations  in  the  vector  form 

~  R(Y,  K,  Z,  t).  (Vlll.5) 

dt 

where  R  -  nonlinear  operator; 

Y  -  n-dimensional  vector  of  coordinates  ^  of  unit  and  control 
system; 

K  -  the  r-dimensional  vector  of  parameters  of  the  system  of 
control,  whose  selection  is  necessary  to  carry  out; 


Z  -  vector  random  function,  which  reflects  external  and  internal 


DOC  *  83173409 


random  interactions; 

t  -  current  time. 

Vector  K  must  ensure  the  extremum  of  certain  criterion  I,  which 
depends  on  the  operators  of  the  system  and  its  parameters. 

Thus,  the  task  of  the  synthesis  of  statistically  optimum  system 
can  be  represented  as  the  search  for  the  extremum  of  the  function  of 
many  independent  variables. 

As  is  known,  the  solution  of  this  problem  by  analytical  methods 
is  possible  only  for  the  simplest  cases.  It  is  possible  to  solve  this 
task,  applying  different  approximate  numerical  methods  with  the  use 
of  electronic  computers.  Their  efficiency  is  determined  by  the 
selected  machine  algorithm,  while  the  efficiency  of  algorithm,  in 
turn,  is  determined  in  by  the  bulk  of  necessary  solutions  of 
reference  system.  The  known  methods  of  solving  the  nonlinear 
stochastic  equations  assume  the  presence  of  the  random  interactions, 
preset  mainly  not  in  the  form  of  random  functions,  but  in  the  form  of 
the  determined  functions  of  time  and  random  variables.  Therefore  for 
solving  stated  problem  it  is  necessary  from  system  (VI I I. 5)  to  switch 
over  to  the  system 

R(Y,  K ,  V,  /), 


(VIII.  6) 
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where  V  -  vector  of  the  random  variable,  constructed  according  to  the 
vector  random  function  Z(t). 

It  is  further  necessary  to  define  the  value  of  criterion  I  as 

the  functions  of  the  form 

/  =  VX,fl„  (VIII.  7) 

i 

where  X,—  certain  characteristic  function,  determined  by  criterion 
by  the  I  and  preset  limitations; 

Bi—  weight  coefficients. 

Page  215. 

In  connection  with  the  fact  that  there  are  no  general  methods  of 
determining  the  nonlinear  law  of  control  for  the  solution  of  the 
problem  of  the  statistical  synthesis  of  complex  nonlinear  systems, 
usually  for  linearized  preset  control  components  and  controlled 
object  is  determined  the  approximate  law  of  control,  i.e.,  the 
approximate  structure  of  the  control  system. 

Further,  according  to  the  preset  nonlinear  characteristics  of 
the  object  of  control,  to  substantially  nonlinear  elements/cells  and 
to  the  converting  devices/equipment  of  system,  and  also  according  to 
the  preliminarily  selected  law  of  control  is  comprised  the  structural 
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scheme  of  the  control  system  and  the  equations  of  its  motion  are 
written/recorded. 

Then  the  random  variables,  which  characterize  these 
disturbances/perturbations,  are  determined  according  to  the  given 
statistical  characteristics  of  random  disturbances. 

Now  it  is  necessary  to  select  the  coefficients  of  the  law  of 
control  in  such  a  way  by  the  method  of  statistical  synthesis  that  the 
probability  of  falling  of  the  output  coordinates  of  the  object  of 
control  in  the  preset  region  would  achieve  its  greatest  value.  With 
selected  thus  coefficients  of  the  law  of  control  we  will  obtain  the 
optimum  law  of  control. 

During  the  equipment  realization  of  the  optimum  law  of  control 
the  new  design  parameters  (coefficients)  of  control  components 
appear.  They  include  the  factors  of  amplification  (transmission),  the 
time  constants,  time  lag,  dead  zone,  limitation,  the  coefficients  of 
logical  units,  etc. 

In  the  mathematical  description  of  this  real  system  of  control 
with  the  real  object  of  control  the  system  of  controls  can  differ 
significantly  from  the  equations  obtained  earlier. 
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The  task  of  the  synthesis  of  the  optimum  control  system  is  the 
determination  of  such  values  of  the  design" parameters  (coefficients) 
of  the  elements  of  system,  with  which  the  probability  mentioned  above 
reaches  the  greatest  value  with  the  stabilization  of  a  control 
process. 

We  will  count  control  process  of  stable,  if  the  standard 
deviations  of  the  initial  parameters  of  motion,  design  parameters  of 
the  system  of  control,  external  and  internal  interactions  from  their 
selected  values  cause  the  standard  deviations  of  the  output 
coordinates  of  the  controlled  object. 

Experiment  of  the  synthesis  of  the  complex  control  systems  shows 
that  the  stages  of  the  solution  of  problem  must  be  the  following: 

1.  Finding  the  design  parameters  of  the  control  system,  which 
ensure  the  minimum  of  the  divergence  of  its  output  coordinates  at  the 
condition  for  the  stabilization  of  a  control  process  without  taking 
into  account  random  interactions; 

2.  Determination  of  the  design  parameters  of  the  control  system 
under  the  random  influences  on  the  criterion  of  the  maximum  of  the 
probability  of  satisfaction  to  the  superimposed  limitations. 
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3.  Refinement  of  values  of  design  parameters  of  control  system 
by  its  partial  or  full/total/complete  simulation  in  computer.  During 
the  partial  simulation  the  motion  of  the  controllable  object  is 
simulated  in  the  computer,  to  which  is  connected  the  real  control 
system.  The  controlling  and  exciting  interactions,  close  to  the  real 
ones,  are  input /embedded  in  model  and  equipment  for  control. 

The  probabilistic  characteristics  of  the  coordinates  of  the 
system  of  control  and  object  are  usually  the  specific  values, 
determined  as  a  result  of  simulation. 

For  determining  these  characteristics  it  is  important  to  have  a 
method,  which  did  not  require  the  transformations  of  initial  system 
of  differential  equations,  since  only  in  this  case  it  is  possible  to 
apply  the  models,  which  contain,  besides  computers,  also  real 
equipment  of  the  control  systems.  Such  methods,  besides  ordinary 
statistical  simulation,  include  also  the  methods  of  equivalent 
disturbances/perturbations,  interpolation  polynomials  and  statistical 
nodes,  presented  respectively  in  (Chapter  IV,  V  and  VI. 

The  synthesis  of  the  nonlinear  law  of  control  can  go  along  two 
paths.  The  first  path  assumes  finding  the  approximate  form  of  the  law 
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of  control  via  the  consecutive  sorting/excess  of  its  possible 
components.  Along  the  alternate  path  first" it  is  determined  the  law 
of  the  control  of  simplified  system  of  one  of  the  known  methods,  and 
then  the  coefficients  of  the  law  of  control  of  the  method  of 
statistical  optimization. 

The  coordinates  of  system,  which  are  the  functional  of  the  form 

<D,  =  d>t(Ku  Kt . K„  Vx,  Vt . Vm,  Y0,  t„  t„).  (VIII. 8) 

i  -  1.  2 . p. 

are  the  criteria  of  the  optimality  of  the  law  of  control. 

Under  the  known  initial  conditions  Y0,  t,  the  value  of  each 

functional  (I\  will  depend  on  time  random  interactions  VX,VS. . 

and  parameters  (coefficients)  of  the  law  of  control  K\,  Kt,  ....  K,.  For 
each  moment  of  time  the  functional  will  be  the  function  of 
variables  Vm,  K,. 


==  <D, (/Ci,  K% . K„  Vu  V%,  ....  Vm).  (VIII. 9) 

The  characteristic  function  <D( 

X,  (®,  (/f,.  Kt . K„  Vlt  V, . VJ\ .  (VUI  •  10) 

is  the  probabilistic  characteristic  of  functional 


For  determining  the  probabilistic  system  characteristics  it  is 
necessary  to  determine  the  function 

F  —  M  \X,  {©, (/C„  Kt . K„  Vu  Vt . Vn))\.  (VIII .  1 1) 


DOC  =  83173409 


PAGE 


Page  217. 

Since  the  mathematical  expectation  of  functional  in  the  random 
variables  is  the  functions  only  of  nonrandom  values  K»,  then  we  will 
obtain 

F  =-  M  ix,  1<D, -=  F(KU  Kt . K,).  (VIII.  12) 

Thus,  value  F,  which  determines  the  probability  of  the  finding 
of  the  output  parameters  in  the  preset  region,  is  the  function  of  the 
coefficients  of  the  law  of  control. 

It  is  obvious  that  the  minimum  value  of  function  F  will 
correspond  to  optimum  system  on  the  criterion  accepted,  and  selected 
coef  f  icients  K.  -  K*.  will  be  optimum,  if 

F(Kl)  min  F  (/(,),  (VIII.  13> 

in  the  permissible  range  of  values  of  the  coefficients  of  the  law  of 
control . 

Consequently,  the  task  of  finding  the  optimum  coefficients  of 
the  law  of  control  is  reduced  to  the  task  of  determining  the  smallest 
value  of  the  function  of  many  variables. 
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On  the  other  hand,  by  assuming  that  the  computation  of 
mathematical  expectation  is  realized  according  to  the  method  of 
statistical  nodes  ((chapter  VI),  it  is  possible  taking  into  account 
equality  (VI 1 1. 4)  to  represent  expression  for  M(*.((Dij]  in  the  form 


The  method  of  consecutive  variations  in  the  coefficients,  when 
system  is  solved  for  all  possible  combinations  of  the  parameters,  is 
the  propagated  method  of  the  search  for  the  optimum  combinations  of 
coefficients.  Criterion  value  of  quality  is  determined  for  each 
solution  and  are  chosen  such  coefficients,  with  which  is  obtained  the 
maximum  of  probability. 

This  method  requires  the  enormous  volume  of  computational  works 
even  for  a  small  number  of  optimizable  coefficients.  Therefore  method 
is  used  in  the  approximate  version,  determining  the  criterion  of  the 
quality  of  system  for  single  variations  in  the  coefficients,  that  it 
does  not  give  guarantee  in  the  optimality  of  the  selected  values  of 
coefficients.  For  the  solution  of  this  problem  it  is  possible  to  use 
the  modified  method  of  gradient  or  a  method  of  random  directions. 
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With  the  synthesis  of  optimum  nonlinear  system  of  control  the 
criterion  of  the  optimality  of  the  system  of  control  (as  with  the 
synthesis  of  the  law  of  control)  is  the  functional 
4>(  -  <D,(/C„  l/m,  Y a.  U.  <„).  (VI»- 15> 

where  Kr  —  the  design  parameters  of  the  control  system,  which  are 
subject  to  selection. 

Page  218. 

Now  the  function 

F  -=  M  [X,  |®j(/C,)}1  -  F{KV  . .  .  Kr>.  (vin- 16> 

With  the  synthesis  of  the  control  system,  in  comparison  with  the 
synthesis  of  the  law  of  control,  are  complicated  equations,  that 
describe  dynamics  system,  a  number  of  optimizable  parameters 
increases  X,. 

2.  Directed  search  for  the  optimum  parameters  of  the  control  system. 

The  directed  search  for  the  design  parameters  of  automatic 
control  system  can  be  realized  by  methods  of  gradient  and  fastest 
descent. 

The  algorithm  of  the  method  of  gradient  in  general  form  can  be 
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represented  as  follows. 


Let 

H  -  grad  F ,(*•) 

be  the  vector  of  the  gradient  of  function  F„(K),  calculated  at  point 
K#.  Let  us  select  the  new  point  K1,  distant  behind  point  K#  at  a 
distance.  e>0  in  the  direction,  for  the  reciprocal  vector  of  gradient, 
i .  e. 

Value  e  is  called  the  step. 


If  the  values  of  function  F,,  calculated  at  points  K#  and  /r"’ 
satisfy  the  inequality 

mk“’xmk0>. 

then  the  transition  to  the  following  point  K*  according  to  the 
formula 

=  K0)-eH. 

is  realized.. 


Value  e  is  reduced  in  the  opposite  case,  and  value  F,(K‘)  again 
is  calculated  and  it  is  compared  with  F0(K#). 


The  method  of  successive  approximations,  which  consists  of  the 
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following,  is  based  on  this  principle. 

The  arbitrary  vector 

K{"  =  (/Cl.  K2 . K\) 

as  the  first  approximation  of  the  unknown  vector  K#  initially  is 
chosen. 

Page  219. 

It  is  possible  to  recommend  the  value  of  the  vector  of  the 
parameters  of  the  control  system  to  choose  so  that  the  minimum  value 
of  error  in  the  absence  of  random  disturbances  would  be  provided. 

Further  is  determined  the  direction 

. ft"), 

the  approximately  equal  to  gradient  on  K  from  function  F,(K)  with 
K*KX . 

The  second  approximation/approach 

k (J>  =  (/tf  \  . a*) 

is  determined  from  the  formula 

JCr  =  ‘  =  1.2 . (VIII.  17) 

where  the  step/pitch  el  is  chosen  from  the  condition 
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Fo{Kw)  <  Ft(K("). 

Continuing  by  the  analogous  shape  of  computation,  we  obtain  the 
sequence  of  vectors  K(>)<  ^(J).  with  which  are  satisfied  the 

conditions 

FAK0))  >  F#(/f<3’)  F,(K*~")  >  Fu(Km).  (VIII.  18) 

After  the  determination  of  first  approximation  K1,  and  also 
F,(Kl)  values  H\l)  are  determined  as  a  result  of  computing  the 
functional  Fq(/Ci",  . . ...  &'*)  in  the  following  form: 

J-  [f,  </rt" . /d”«.  +  4,.  *H!i . *'">  - 

-F.W" . *&. *8 . «'■>. 

In  expression  (VI 1 1. 19)  value  —  a  "small"  change  of  the  i 
parameter  of  initial  system  (i*l,  2,  . r). 

The  value  of  step/pitch  can  be  variable,  and  it  can  be 

determined  by  the  method  of  division  in  half. 


In  the  latter  case  is  taken  an  arbitrary  "small"  number  cxx>0 

and  it  is  determined 

'  =  *<<>_  e1,'  W,  i  =  1.2 . r  (VIII .  20) 


Fo  {K?)> 
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where 

/C‘.J)-=(/Cl!,/Cjl . Kri). 

With  fulfilling  of  the  inequality 

F0(K\2))<F,(Kl")  (VIII  .21) 

it  is  accepted 

Page  220. 

In  the  case  of  the  nonobservance  of  condition  (VI I I. 21)  it  is 
accepted 

««"  ..  —  eV  * .  (VIII.  22) 

2 

Step  e1!  again  is  made  more  precise. 

If 

==  J_  .to 

83  -t-2  , 

then  refinement  before  obtaining  of  the  inequality 

F»(K{2')<Fo  (*“’). 

where  K\V  K V*  —  eVW  ‘  -  l-  2 . r’ 

and.  k?-  (Kx„  Kt . 


vSl  -  certain  whole  number,  is  continued; 
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„(>)  .  Jtl _ 

E”>  ‘  n*-l 


Thus  are  found  vectors  Kin.  A(2) . Kw.  which  ensure  fulfilling  of 

the  inequalities 


Fo(K{i))  Fo(K{2))  >  ...  >Fo(K(t'). 

For  determining  the  coordinates  of  vector  it  is  necessary 

to  produce  computations  according  to  the  formula 

=  K?  -  e(,)wr'.  i  ~  1.  2,  ...  r.  (VIII .  23) 

The  value  of  step/pitch  e<’)  ^ 0  is  determined  analogously  e1. 
Direction  //'*'=  (H{i\  H™,  ....  H?)  is  determined  from  the  following  of  the 
dependences : 

«</(*").  /-I . ^  (vl»-24> 

MS' 

here  I  -  many  indices  i*l,  2,  /,  for  which  are  made  the 


equalities 


ties  F/(/C(I))  =  0;  (VIII.  25) 

CL(  =  (®<i»  •  •  •*  ®Jr)» 

a#/ (*<•>)  =  . . *?>- 

-Fo(M*' . *£..  K&, . ^”)1: 

ai((/0  =  IMXT . */-•.  +  A/,  Kft. . O- 

-Mtf*' . /(‘A.,  . #”)!• 


■  1 


>  1 


>  4 


)  4 


I  < 


»  < 


Page  221. 
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Vector  at  (/fw)  is  approximately  equal  to  gradient  on  K  for 

Fi{K),  when  K-^KW\  coefficients  a<  ^  0  (i  =  0,  l . i)  are  determined 

from  the  condition  that  direction  {—  His))  does  not  leave  from  region 
Qj which  is  determined  by  the  limitations 

Fi(K)<  0  (t  =  1,2,  ....  /). 

The  process  of  the  determination  of  design  parameters  K"= 

(A? . K*)  is  considered  completed,  when 

KT  A}"  (/  1 . r) 

and  with  the  preset  accuracy  is  fulfilled  the  inequality 

V  0.  (VIII. 26)  # 

i 

With  satisfaction  of  condition  (VIII. 26)  A(*+,,  it  is  determined 

from  the  expression 

K(t+l)  ---  Kw  -  twHw. 

Value  e(*’ ^  0  is  chosen  from  the  following  conditions: 

f,(r+lKo  (<-i . i) 

Coefficients  or<  ^  0  (i  —  0,  I,  .... /)  are  chosen  from  the  condition  of 


obtaining  the  greatest  value 
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Let  us  consider  the  simplest  computational  algorithm  of  gradient 
method. 


Let  us  assume  that  in  the  given  one  to  system  it  is  necessary  to 
select  design  parameters  Ki.  fo.  •••♦  K'  such  that  the  output  coordinate 
of  object,  for  example  Ylr  would  be  within  the  limits 

0<Kl<Cl.  (VIII.  27) 

Consequently ,  it  is  necessary  to  obtain  this  sequence  of  the 
managers  of  the  vectors 

K(0)  Kll)  K(,\ 

where  k  (K„  K% . Kr), 


so  that  would  be  fulfilled  the  relationships/ratios 
V,  (tip",  tip" . tiP[),  t)  <  Y\  (K\‘\  Kf . ti‘\  t). 


Page  222. 


For  the  optimum  transition/junction  from  one  vector  tii]  to  the 
next  /<■«+'>  with  the  help  of  the  gradient  method  we  are  first  assigned 
by  initial  values  /(?,  K*,  ....  K,  and  we  determine  the  gradient  of  the 
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function 


F(/Ci.  /C„  ....  Kr.  t) 


at  this  point,  for  which  we  alternately  give  the  same  small 
increments  to  parameters  K°i,  K° . /C?- 


The  components  of  gradient  will  be  approximately  equal  to 
F(KT  +  A K.  /Cl?’ . /Cf)  -F(K\0),  /Cf . KT)  ~ 


_  dF(t (\e> . /C(,01) 


d/C*,0’ 


A/C; 


fW0’,  M0’  H-  a/C.  /Cf . /c S**)  —  FC/rt0*.  /cf . /C*,0’)  as 


_  . *g) 


d/C“ 


A/C; 


F(/CV”,  M0) . /Ci°’  +  A/C)  —  F(K?i  \  Kf . 4°’)* 

-  *' ^ . *?’>  A*  ,«>«. 

d/C? 

After  determining  the  value  of  gradient  at  the  particular  point 

we  make  the  step  in  the  direction,  opposite  to  the  direction  of 

gradient,  i.e.,  in  the  direction  of  the  quickest  decrease 

F(i (u  Kj /Cr).  Next  point  is  found  by  the  formulas 

^ ■>  =  e  *? . a?)  . 

1  ‘  d/c<,°» 


/02”  =  KT  -  e  af^<|01’  ^ . ^0>)  • 


d/cf 


/C«”  =  /c<0)—  e  fg . /c*°)) 

d/C<°> 


(e>0). 


(V1H.28) 


a 
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Page  223. 

At  this  point  we  compute  K*\  ■  ...M")  and  compose  the 

*  • 

equality 

f(/CV\  /CV1, . (/rt0).  /Cf',  (V  111.29) 

If  this  equality  has  negative  value,  then  we  construct  gradient 
anew.  Otherwise  we  realize  a  fragmentation  of  step/pitch  e/2.  At  new 
point  again  we  compute  Aa,  ....  Kr) : 

«[.(!)  Zf-fO)  *  . *5). 

*'  _T- - *f—- 

.  (VIII .  30) 

*<•>_  df(K\0)’  ■•••  ^0)) 

'  '  2  ‘  dKm 

and  we  investigate  differences  (VIII. 29).  We  repeat  these 
computations  until  difference  (VIII. 29)  becomes  negative.  Analogously 
we  find  the  sequence  of  parameters  /cY*.  iCt, 

Each  subsequent  approximation/approach  is  found  by  the  recurrent 

formula  ,  , 

tfn  ^  /(«-■)_  e  dF —  K<r  I  ;  (VIII. 31> 

dK 

in  this  task  calculation  it  is  finished,  when  error  Y  ("gross  error") 
becomes  less  than  the  assigned  magnitude. 
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With  a  considerable  quantity  of  optimizable  parameters  this 

methodology  leads  to  the  high  expenditure  of  machine  time,  since  in 

proportion  to  approximation/approach  to  extremum  F  partial 

•  • 

derivatives  vanish  and  a  number  of  steps/pitches  unlimitedly 
increases . 

From  general  method  examined  above  of  the  search  for  the  optimum 
parameters  of  the  control  system  escapes/ensues  the  following 
computational  algorithm  of  gradient  method,  which  ensures  convergence 
to  the  minimum  (maximum)  independent  of  the  selection  of  the  initial 
approximation/approach: 

*fH>~  ry>  —  |  n.ffl  *fu  (VIII.32V 

1/  2  (AF/iJ* 
v  I- 1 

/»  1.  2 . .  l~  0,  I,  2 . 

where 


\F\i  =  F(t,  /(V’  +  A/C<0,  Kf . tCD-Fit,  /CY*.  X? . *'/’); 
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A  F2I  -  F(t,  Kl\  Kf  +  A/C<0 . Kr')  —  F  (i,  ,  Kf,  ....  Kl1')- 


A Frt=F(t,  Af,  Kf. 


...  +  MC^-Fit,  Af, 

e(i— 1),  e^H  F0<  <  ^o«-n; 

B  «*-'>  Q  c  x 

—  ,  ec.in  rat<z>  ro((— i>; 

AF tl-  F i,  F0l; 

A/7 ,/  -  Fqi‘, 


...  O; 

(VIII.  33) 


A  A ,i  -■  A ,/  F„. 


Key:  (1).  if. 


Page  224. 

The  space  of  computations  with  a  large  number  of  optimizable 
parameters  can  be  substantially  abbreviated/reduced,  if  the 
optimization  of  the  parameters  is  realized  not  immediately  from  all 
parameters,  but  after  their  laying  out  to  the  groups.  For  example,  in 
the  first  group  it  is  possible  to  include/connect  (Kx,  K,,  K,),  in 
the  second  group  (K,,  K,,  K«),  etc.  After  fixing,  for  example,  the 
parameters  in  all  groups,  except  the  first,  make  optimization  (Klf 
K, ,  K,),  then  the  obtained  parameters  (K*lr  K*a,  K*,)  and  the 
parameters  of  all  other  groups  are  f ixed/recorded,  besides  the 
second,  the  parameters  of  the  second  group,  etc  optimize.  The 
obtained  values  of  the  parameters  are  initial  for  the  carrying  out  of 
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the  simultaneous  optimization  of  all  parameters  on  the  "maximum  of 
probability".  The  end/lead  of  the  calculation  is  determined  by  the 
conditions 

<6‘;  (V11I.34) 

|  F0I  —  F0(i_.>|  <  ^2. 

where  5lf  5,  -  some  sufficiently  small  numbers. 


Formula  (VI II. 32)  in  general  form  is  written/recorded  as 
follows : 


(VIII.  35) 


For  the  symmetrical  function  F  the  step/pitch  e  can  be 

determined  according  to  the  formula 

e(<)  -  6*  \,r~r  /Co,  (VIII. 36) 

/ 

where  5  -  preset  error  in  the  computation  of  the  parameters; 

ft'p—  the  initial  value  of  the  parameters; 

r  -  number  of  parameters. 

Page  225. 


Use/application  of  formulas  (VIII. 32)  or  (VIII.35)  in  comparison 
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with  formula  (VI 1 1. 31)  gives  the  considerable  decrease  of  the  space 
of  computations. 


An  increase  in  the  accuracy  can  be  achieved/reached  due  to  the 
variable  step/pitch,  when 


e(<  I>,  eciH  F0I  <  fo</-u; 
~  e  (t-n  A 

—  ,  ethH  Fai  ^  o> 


(VIII.  37) 


Key:  (1 ) .  if . 


where  k  -  coefficient  of  the  fragmentation  of  step/pitch. 


However,  the  absence  in  this  method  of  the  necessary  information 
about  the  form  of  the  function  F  upon  transfer  from  one  step/pitch 
toward  another  impedes  the  determination  of  optimum  values  e<»>  and  k. 
Therefore  during  the  optimization  of  complex  systems  the  space  of 
computations  is  nevertheless  large. 


The  considerable  decrease  of  the  space  of  computations  is 
obtained  during  the  use  of  the  following  formula,  which  gives 
information  about  the  form  of  the  function  F: 


K)‘+l)  -  /cy>-(r+  DVV 


/a® 


=  sign  — — ,  (VIII. 38) 


where 


v<»  - 
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or 

A',4-1  -=  K/’  —  (r  +  1)  y1  V°  -r=fei  — sign  A/1'/,.  (V11J  .39) 

(/ 


The  use/application  of  this  formula  reduces  the  space  of 
computations  in  comparison  with  the  computations  according  to  formula 
(VIII. 31)  approximately/exemplarily  40  times. 

Substantially  the  decrease  of  the  space  of  computations  it  is 
possible  to  attain  also  by  the  use/application  of  the  method  of 
steepest  descent,  which  it  is  expedient  to  use,  when  the  function  of 
criterion  F  has  "flat"  relief. 

The  method  of  steepest  descent  is  realized  during  the  following 
selection  of  the  sequence  of  points  Kt0- 

K0)  ^  .=  ff(0)  -2tH.  (VIII. 40) 

The  computations  cease,  when  fulfilling  of  the  inequalities 


is  provided. 
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Page  226. 

Now  the  value  K{,~"  undertakes  initial,  and  the  described 
sequence  of  computations  further  is  repeated.  Here  at  each  step  the 
new  direction  of  gradient  also  is  determined  and  it  is  implemented 
r+1  integrations  of  reference  system. 

The  combination  of  gradient  method  with  the  method  of  steepest 
descent  can  give  the  specific  gain  in  the  space  of  computations. 

Let  us  give  the  short  description  of  the  algorithm  of  the 
solution  of  problem  based  on  the  example  of  the  search  for  three 
parameters . 

The  system  of  the  differential  equations  of  the  n  order  of  the 
type  of  system  (VIII. 6),  which  depends  on  parameters  Kw  K,,  K , ,  is 
given.  These  parameters  must  be  selected  so  that  the  function  M[AYa] 
would  take  minimum  value.  The  minimization  of  function  M[AY2]  is 
realized  according  to  the  method  of  gradient,  for  which  the  reference 
system  of  differential  equations  is  solved  by  the  method  of  Runge  - 
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Kutta  in  the  interval  [0,  T],  and  with  the  different  values  of  the 
parameters  are  calculated  from  the  method  of  statistical  nodes 
(Chapter  V)  the  following  functions: 


m[aY2(kT,  M0',  /ci-0’))  =  fo; 

M|AK*(/rt0,  +  e,  KT,  X(3°')l  ft; 

M{&Y2(K\°\  /Cf  +  e,  X(30,)|  h; 
Mf AY2(tf\  Kf\  /<30)  +  e)j  --  f3 . 


Are  calculated  differences  (f^f,)  (f,-f#)  (f,-f,),  the 
necessary  for  the  approximate  computation  directions  of  gradient. 


The  values  of  the  parameters  at  the  next  step/pitch  are 
determined  from  the  formulas 


O  ^<01 _ k  _ (/l  /q) _ , 

1  ‘  1  V  (/,-  W*  +  (/,  ~  /,)>  +  </,  -  w  ’ 

K2  ’  -  K[0)  —  e  - . /o)  ■  ; 

VUi-W  +  llt-ff  +  Ut-i, .)* 

/ft!)  A’i0)  —  * _ Ua  —  ta) _ 

j  V (lx - W*  +  (/.-/,)*  +  (/,-/»>*  ' 


We  carry  out  computations  as  long  as  l/o-0  —  I <  a  and  eS/3.  Those 

values  of  parameters  Kt,  K2,  Kjr  in  which  are  satisfied  these 

conditions,  and  will  be  unknown. 

A  block  diagram  of  calculations  for  a  =  0,01  and  f$  =  0,01  is  presented 
in  Figure  VIII. I. 

Algorithms  examined  above  of  the  method  of  gradient  do  not 
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possess  universality  for  all  types  of  the  surfaces  of  the  depicted 
functions  of  many  variables  due  to  the  locality  of  the  search  for 
extremum. 
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Fig.  VIII. 1.  Block  diagram  of  the  algorithm  of  the  optimization  of 
system  from  three  parameters. 
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Key:  (1).  Input/introduction.  (2).  Translation/conversion.  (3). 
Dispatching  of  initial  data.  (4).  Calculation  of  equations.  5). 
Interpolation  of  all  of  unknown  of  function  with  Y=0.  (6).  Printing 
all  functions  with  Y=0.  (7).  Accumulat ion  of  sum  for  M[AY]  *.  (8). 
Counter  for  exchanging  versions  j.  (9).  Computation.  (10).  Counter 
for  transition/ junction  on  K+e.  (11).  Printing.  (12).  Checking 
condition  ...  "minimization".  (13).  (e/P).  (14).  Checking  conditions 
"end/lead  of  calculation".  (15).  Storage.  (16).  Calculation.  (17).  It 
is  carried  out.  (18).  Printing  stop.  (19).  Transit  ion/ junction  from 
"i"  k  "i+1".  (20).  Transition/ junction  to  new  ones  ...  (from  s  to 
s+1).  (21).  Transition/ junction  from  "j"  k  "j+1'-.  (22). 

Transition/ junction  from  "i"  k  "i+1".  (23).  It  is  not  carried  out.. 

Page  228. 

Through  the  method  of  gradient  one  relative  extremum  of  function  F  of 
several  possible  ones  is  located  only,  i.e.,  there  is  a  part  of  the 

extrema,  with  which  the  inequality 

|£|<Clf  (VIII. 41) 

is  satisfied  but  for  others  the  inequality 

|£|  >CX.  (VIII. 42) 

occurs . 

For  the  solution  of  the  problem  of  the  synthesis  of  system  of 
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equations  for  the  maximum  of  the  probability  of  the  nonappearance  of 
error  (gross  error)  E  of  the  preset  limits  (0  and  Ca  or  Cx  and  C,)  it 
suffices  to  find  one  of  the  existing  extrema,  in  which  is  satisfied 
inequality  (VIII. 41)  and  corresponding  to  it  vector  K. 

If  the  first  obtained  extremum  does  not  satisfy  inequality 
(VIII. 41),  then  search  must  be  begun  from  another  point  (i.e.  with 
other  initial  values  of  parameters  Kx,  Ka,  Ka),  separated  from  the 
first  in  order  to  obtain  extremum  F,  which  satisfies  condition 
(VIII. 41).  Theoretically  it  is  possible  to  visualize  the  case,  when 
the  extremum,  which  satisfies  inequality  (VIII. 41),  under  the 
selected  law  of  control  is  not  located.  This  it  indicates  that  the 
selected  law  of  control  is  not  optimum  and  it  must  be  reexamined. 

Besides  the  modified  algorithms  of  gradient  method  (VI I I. 35) 
examined  and  (VIII.40),  the  leading  to  the  decrease  of  space 
computations  in  comparison  with  the  generally  accepted  algorithm  of 
gradient  method  in  several  dozen  times,  theoretically  gives  increase 
in  the  efficiency/cost-effectiveness  of  gradient  method,  for  example, 
the  method  of  improved  strategy. 

If  the  initial  value  of  vector  is  equal  K#,  and  the  subsequent 
approximation/approach  is  determined  from  formula  (VI I I. 38),  then  it 
is  possible  to  expand  function  F  in  Taylor  series  in  the  vicinity  of 
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point  K# ,  after  preserving  three  members: 


f{Ki0) —  e/f)  F  (*“") 


dF(Kw)  .  ,  1 

5T  e  +  T 


d*F  (y<0)) 

de* 


e*  +  0  (e*) . 
(VIII.  43) 


Derivatives  in  the  right  side  can  be  expressed  as  follows: 


d*F 

dr* 


dF 

di 

r 

=  v 


ft  dK<  — 


/  —  I 


/./—I  '  /,/-! 


Task  is  reduced  to  the  determination  of  direction  H,  in  which 
the  difference 

F(Ki0))-F{Ki0)-eH ) 

reaches  maximum  value. 

Page  229. 


As  is  evident,  here  is  considered  quadratic  term  of  expansion 
(VIII. 43),  who  makes  it  possible  to  improve  strategy  of  the  selection 
of  optimum  direction  in  comparison  with  the  ordinary  gradient  method, 
in  which  is  considered  only  second  term  of  expansion  (VI I I. 43). 


According  to  Newton's  method  it  is  possible  to  approximately 
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determine  the  value  of  the  step/pitch: 


2  uni 

«—i 


2  vm 

t.i- 1 


After  substitution  and  solution  of  problem  to  the  maximum  via 
the  equating  of  particular  derivatives  of  [F(  Kw)-F(Kw-eH) ]  on  H  zero 
will  be  obtained  linear  algebraic  system  (r-1)  of  equations  with  r  by 
unknowns  relatively  Hit  whose  solution  determines  vector  H: 


V 

/Ti 


-  0, 


Here  a  number  of  steps/pitches  and  the  space  of  computations 
depend  on  the  successful  selection  of  the  initial  point  K*  and  the 
form  of  the  function  F. 

The  use  of  methods  of  the  global  search  for  the  extremum  of 
function  F  is  of  interest.  Besides  the  method  of  the  random  search, 
are  a  net  point  method,  "ravine"  method  [21],  which  is  the 
combination  of  the  random  search  of  gradient  method,  method  of 
sections,  based  on  the  determination  of  the  form  of  modular  surface  F 
and  assuming  the  "smoothness"  of  this  relief. 
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Up  to  now  still  there  are  no  waste  algorithms  of  these  methods 
for  solving  stated  problem.  Attempts  at  the  use/application  of  these 
methods  for  the  solution  of  the  problem  of  the  optimization  of  the 
multidimensional  systems,  described  by  the  equations  of  high  order  in 
the  presence  of  random  interactions,  lead  to  the  volume  of  the 
computational  works  of  the  same  order  as  as  the  method  for 
statistical  testing. 

3.  Limited  synthesis  of  the  optimum  nonlinear  control  system  on  the 
criterion  of  the  "maximum  of  probability". 

The  task  of  the  limited  synthesis  of  optimum  nonlinear  system  of 
control,  is  of  interest,  when  the  structure  of  the  control  system  is 
preset,  and  it  is  necessary  to  select  the  optimum  parameters,  which 
would  ensure  the  determination  of  the  output  coordinates  of  object  in 
the  preset  limits  during  the  specific  time  with  the  maximum 
probability. 

Page  230. 

In  the  theory  of  control  this  task  is  formulated  as  the  task 
about  the  "overshoots". 
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Below  there  is  stated  the  methodology  of  identification  of 
parameters  on  the  criterion  of  the  "maximum  of  the  probability"  of 
satisfaction  to  the  limitations,  superimposed  on  the  output 
coordinates  of  system,  and  the  example  of  optimization  of  the  system 
of  the  angular  stabilization  of  the  controlled  object  in  the  digital 
computer  is  given. 

The  motion  of  the  controlled  object  together  with  the  control 
system  in  general  form  is  described  by  the  system  of  the  differential 
equations 

•&L  -=  F,  (t,  Ylt  Yt . Ym  Vj,  V, . V m,  Kit  K . Kr). 

(VIII.  44) 

where  Yt  -  coordinate  of  the  motion  of  object; 

Ku  A'j.  ....  Kr  -  parameters  of  the  system  of  control,  which  must  be 
selected; 

Vu  V2,  ....  Vm  _  ran£iom  variables,  whose  probabilistic  characteristics 
are  preset. 

Limitations  for  the  motion  of  apparatus  they  are  determined  by 
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the  system  of  the  inequalities 

Ui(0<Yt(0<W,0).  (VIII.  45) 

*  »  1.2 . g, 

where  Ui(t)  and  'X'x(t)  -  preset  functions  of  limitation; 

gSn  -  number  of  limited  coordinates. 

/ 

Limitations  can  be  preset  in  the  form  of  the  one-way 
inequalities: 


(VIII.  46) 

t  =  1  >  2,  . . . ,  g. 


The  criterion  of  optimality  -  the  positive  functional,  • 

determined  on  the  solution  set  of  system  (VI I I. 44),  can  be  recorded 
in  the  form  of  the  relationship/ratio 

V, . Yn)>  0.  (VIII. 47)  * 

Under  the  fixed/recorded  initial  conditions  it  is  possible  to 

examine  4>  as  the  function  of  variables  Vi.  V2,  ...,  Vm  and  /(,,  /C2 .  Kr,  to  • 

consider 


-  o  (Vlt  Vt.  . . . ,  Vm,  Kx,  Kv  ....  Kr,  t) .  (VIII .  48) 
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Criterion  can  be  probability  that  the  values  of  functional 
lie/rest  at  the  preset  interval 

P[G<<D<C]  =  P(/,  Klt  Kv  ....  Kr).  (VIII. 49) 

Page  231. 

The  selection  of  the  optimum  parameters  of  system  can  be  carried 
out  through  the  maximum  of  the  probability  of  satisfaction  of 
condition  (VIII. 45)  or  through  the  minimum  of  the  probability  of  the 
emergence  of  coordinates  from  region  (VII I. 45),  i.e.,  in  value 

min  [I  —  PJ  . 

Using  methods  of  statistical  nodes  [109]  and  nonlinear 
programming,  it  is  possible  to  determine  the  optimum  parameters  of 
system. 

Being  assigned  by  certain  set  of  the  statistical  nodes 

(H,}.  (-1,2, . s,  (VIII. 50) 

of  the  determined  from  the  statistical  characteristics 
disturbances/perturbations,  it  is  necessary  to  obtain  s  of  the 
realizations  of  the  solutions  of  system  (VIII.44)  for  the  given 
initial  values  of  parameters  K)(j  —  l,  2, .... r). 
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Criterion  (I,<-  further  is  calculated.  Then  by  a  variation  in 
parameters  K,  it  is  possible  to  obtain  their  values  K/>  which  satisfy 
the  conditions,  under  which  K]  belong  to  the  preset  parametric  domain 
Q,  and  the  value  of  criterion  $  with  the  substitution  of  parameters 
K]  attains  extremum. 

For  the  evaluation  of  the  statistical  characteristics  of  the 
output  coordinates  of  the  control  systems  let  us  use  the  method  of 
statistical  nodes,  based  on  the  approximation  of  the  nonlinear 
dependences  of  the  system  being  investigated  in  the  random  parameters 
and  the  interactions  stochastic  nodes  of  integration  with  the  help  of 
the  orthogonal  polynomials. 

This  transition/ junction  makes  it  possible  to  choose  the 
approximating  function,  applying  different  measures  for 
approximation/approach. 

The  polynomials  of  Lagrange,  encompassing  orthogonal  polynomials 
of  the  (q+l)th  order  and  constructed  on  Chebyshev's  nodes,  make  it 
possible  to  obtain  sufficiently  simple  expressions  for  determining 
the  moments/torques  of  the  output  coordinates  of  the  control  system. 

According  to  characteristic  function  X,  [see  formula  (VIII. 3)] 
it  is  possible  to  obtain  expression  for  determining  the  probability 
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of  the  determination  of  coordinates  in  preset  region  (VIII.45).  The 
process  of  computations  can  pass  as  follows. 

Being  assigned  by  the  tabular  values  of  the  nodes  of  Chebyshev 
and  numbers  of  Christoffel,  we  integrate  the  system  (VIII. 49)  to  the 
required  moment  of  time.  According  to  the  obtained  results  we  further 
determine  the  value  of  the  statistical  criterion,  which  is  certain 
function  from  the  obtained  evaluations/estimates  of  system.  The  fact 
that  the  determination  of  the  value  of  criterion  easily  is  realized 
on  TsVM,  is  the  advantage  of  this  methodology.  It  suffices  to  send 
each  particular  realization  into  one  summing  cell  before  obtaining  of 
the  full/total/complete  value  of  criterion. 

If  controlling  or  exciting  interactions  are  preset  in  the  form 
of  random  functions,  then  it  is  necessary  to  switch  over  from  the 
random  functions  to  random  variables  by  one  of  the  known  methods. 

Page  232. 

Applying  the  combined  method  of  steepest  descent  and  gradient, 
the  search  for  the  optimum  parameters  of  system  is  realized  by 
methods  of  nonlinear  programming. 


Let  us  give  the  necessary  relationships/ratios  for  solving 
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stated  problem. 

With  the  help  of  the  computers  it  is  possible  to  find  the  set  of 
the  solutions  of  system  (VI I I. 44)  in  Chebyshev’s  nodes 

I yi(t>  ^2,. . *'•  ** . <r=l,r . q, 

(VIII.  51) 

where  q  -  order  of  the  approximating  polynomial,  and  to  compute  the 
characteristic  function  of  the  divergences  of  the  output  coordinates 

i- 1  * 

(VIII.  52) 


lilfLzML]  J_  r,  ,  Yiin-utm 

YAt)  —  V,(t) I  I  2  I  '  I  Yilt)  —  U:(l\ 


From  this  equality  it  is  evident  that  the  characteristic 
function  with  certain  assumption  can  take  two  values: 

1 6)1  — npH  BbinoAHeHHH  yoaoBHH  (VII  1.45); 

X(t)  =  i(»0  —  npH  HapyuieHHH  xoth  6bi  oaHoro  H3  HepaBeHCTB 
1  (VIII. 45) . 

Key:  (1).  1  -  with  satisfaction  of  condition  (VIII.45).  (2).  0  - 
during  disturbance/breakdown  at  least  of  one  of  inequalities 
(VIII.45) . 


The  probability  that  in  the  interval  of  time  t^tst,  the 
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disturbances/breakdowns  of  inequalities  (VIII.45)  will  not  occur,  is 
calculated  from  the  formula 

pV»  *i)  =JimM  11  *(*,,) 

»-»0  ^“0 


(VIII.  53) 


where  v  -  max|tP+i  —  tp|;  tp  -  moments  of  time  characterizing  by  the 
relat ionship/ratio 

*o  =*  ti  <  <  *,  <  . . .  <  t*  *  tr. 


With  sufficiently  large  N 


P(U, 


N 


n  *(xp) 

L/>~0 


(VIII.  54) 


i.e.,  probability  P(tlf  t2)  is  approximately  equal  to  the 
mathematical  expectation  of  the  function 


<*>('..  /,)  - 


n  x^p). 


P—  0 


(VIII.  55) 
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For  determining  the  mathematical  expectation  M  [*(tx,  t,)] 
sufficient,  using  relationships/ratios  (VIII.51),  to  find  the  values 
of  function  X(t)  according  to  formula  (VIII. 52) 
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i*(V  l*u,.  I*a«. . (VIII. 56) 

s  --  m  +  n;  /c,,  /c, . /cr  =  0,  1,2 . q, 

from  which  is  calculated  the  set 

{®(*»  Pi..*  ■**«. . (VIII. 57) 

s  =s  m  +  n;  /q,  /c, . /c,  =  0,  1,  2 . 

In  Chapter  V  it  is  shown  that  the  mathematical  expectation  of 
function  with  a  sufficient  degree  of  accuracy  is  determined  from  the 
formula 

yi»  2  <*>«..« . «,flP/«,.  (VIII. 58) 

where  Pi*/  -  Christoffel  number. 

The  selection  of  the  optimum  parameters  of  the  control  system 
can  be  carried  out.  through  the  maximum  of  the  probability  of 
satisfaction  of  conditions  (VIII. 45),  i.e., 

max {P (/i,  g) as  maxi  V  . ,,flp„  (VIII. 59) 

U, . /-i 


or  on  the  minimum  of  the  probability  of  the  emergence  of  coordinates 
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from  region  (VIII. 45).  Let  us  record  expression  (VIII. 59)  in  general 
form: 

P{t,  K\,  K\ . ti)  =  max [P (t,  Ku  Kt . Kr)\.  (VIII. 60) 

where  K\ ,  K\, Kmr  _  optimum  parameters. 

With  the  help  of  the  computers  it  is  possible  to  solve  equation 
(VIII. 60). 

Thus,  the  methodology  presented  makes  it  possible  to  carry  out  a 
selection  of  the  optimum  values  of  the  parameters  of  the  system  of 
control  of  the  preset  structure  along  the  maximum  of  the  probability 
of  satisfaction  of  the  limiting  conditions. 

Example.  Let  us  consider  the  system  of  the  angular  stabilization 
of  object,  which  consists  of  sensing  elements,  amplifier-converter 
device/equipment,  which  includes  nonlinear  logical  block,  and 
actuating  elements. 

The  optimization  even  of  this  simple  system  in  the  presence  of 
nonlinearity  and  random  interactions  causes  great  difficulties.  The 
fuller/more  total/more  complete  account  of  the  objective  parameters 
of  elements/cells  and  instruments  of  system  and  mutual  effect  of 
control  channels  can  lead  to  the  even  greater  difficulties.  Let  us 
use  the  methodology  presented  for  the  solution  of  the  problem  of  the 
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optimization  of  system. 

Page  234. 

•  • 

The  nonlinear  equations  of  motion  of  object  let  us  record  in  the 
following  form: 


(VIII. 61) 


t  / 

dX, 

1  dt9 

~VX,' 

-/x.)  u 

dt 

d9Xt 

,  %  dX, 

dXj 

• 

-'x.)  a 

dt 

d'Xj 

1 1 

1 

dX% 

'■  dt% 

-('x,  - 

~'x,)  M 

dt 

where  Xlf  X,,  X,  -  the  angular  coordinates  of  object; 

Ulf  U,,  Uj  -  control  function. 

Let  us  describe  one  of  the  versions  of  the  control  system  along 
channels  Xx,  X3,  X3  by  the  equations 


(Y  ,)  +  f„  i-  1.2,3. 


(VI 1 1. 62) 


where  y.  -  signal  at  the  output  of  the  sensor  of  angle  along  the  i 
channel ; 


Ui  -  control  signal,  formed/shaped  with  i-th  channel  with  the 
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relay  hysteresis  amplifier,  included  by  negative  aperiodic  feedback 
with  the  switched  time  constant; 

a„  b,  -  preset  functions  of  the  i  channel; 

*  • 

f‘- -  i  random  disturbance,  which  has  the  following  statistical 
characteristics: 

Ki(x)  =  D,e~“ *'*t|  cos  {i/t;  =  0. 

For  obtaining  the  high  accuracy  of  the  stabilization  of  object 
at  the  presence  of  the  random  disturbances  fw  f3,  f3  it  is  necessary 
to  carry  out  a  selection  of  the  optimum  parameters  of  the  system  of 
the  preset  structure.  If  necessary  the  system  can  be  supplemented  by 
compensating  circuit  with  the  transfer  function 


Va,s' 

- .  (VI  i  1. 63) 

V*,,' 

/- 1 


Above  it  was  noted  that  the  most  acceptable  statistical 
criterion  is  criterion  of  the  maximum  of  the  probability  of  the 
nonappearance  of  the  phase  coordinates  of  object  and  energy 
consumption  G  beyond  the  limits  of  the  preset  borders,  i.e. 


maxF(|*|<|C,|  .  \  X\<  |C,|.  |G|<C,1. 


(VIII.  64) 
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where  C4  -  requirements  vector  of  the  angular  coordinates  of  object; 

C2  -  vector  of  limitation  of  the  angular  velocities  of  object; 

C,  -  limitation  of  energy  G  of  the  control  system,  spent  on  the 
control  of  object. 

It  must  be  noted  that  the  limitations  can  be  some  functions  of 

time. 


Methodology ' presented  above  of  the  statistical  synthesis  of 
stabilization  system  in  connection  with  the  object  in  question 
consists  of  the  following. 

Let  us  assume  that  random  functions  flr  f2,  f3  can  be  with  the 
help  of  the  nonlinear  transformation  represented  in  the  form  of  the 
functions  of  random  variables  and  time 

/,  (/)  a.  a,  (sin  V'ljr  +  cos  V',,/).  *  =  1.2.3  (VI 1 1 .65) 

where 

-  VXHi);  M  |V„|  -  I);  M  {v\t\  -  1. 
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Thus,  the  operation  of  three  random  functions  is  equivalent  to 
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six  random  variables  vti,  i  -  i.  2,  3.  the  density  of  distribution  of 
which 


A 1 


/>(«.,)- -py  <  ; 

Al  +  «?  +  P? 

(“il  +  a?  +  ??)  — 


1  =  I ,  2,  3. 


(Vllt.lXi) 


In  this  case  the  reference  system  of  controls  (VIII. 61) 

(VIII. 62)  in  the  preliminarily  selected  parameters  it  is  necessary  to 
integrate  in  Chebyshev’s  nodes,  obtained  in  six  random  variables 

l^i*, 1  ^a*,.  f4#*,},  (VIII. 67) 

fCj=*0,  1 , 2 (j\\  Kf  —  U ,  1 1  2 . —  0i  1  *  2, . . . .  ?it 


value  of  which  they  are  determined  by  relations 


arctg  — ! - arctg _ ! - 

at  a, 

*i*,-ai*i*r  6. 


i-1,2,3; 


(VIII.  68) 


In  the  process  of  integrating  system  (VIII. 61)  (VIII.62)  there 
is  monitored  function  'l*'  (VI 1 1. 55)  and  calculated  according  to  it  is 
the  value  of  the  probability 
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Further  task  of  synthesis  consists  in  the  directed  variation  in 
the  parameters  (for  example,  by  the  combination  of  gradient  method 
and  method  of  steepest  descent),  their  determining  not  only  the 
value,  but  also  the  structure  of  system  on  selected  statistical 
criterion  (VIII.64). 


The  conducted  investigations  of  a  number  of  analogous  systems 
shows  that  after  the  preliminary  synthesis  of  system  the  large  part 
of  the  processes  under  the  operation  of  disturbances/perturbations 
falls  outside  the  preset  borders  of  C x ,  C,,  C,.  After  statistical 
synthesis  it  is  possible  to  obtain  system  with  a  maximally  possible 
probability  of  the  determination  of  the  phase  coordinates  of  object 
in  preset  limitations. 

4.  Synthesis  of  nonlinear  systems  with  digital  controller  in  the 
control  loop. 

Digital  computers  (TsVM)  can  be  used  in  the  automatic  control 
systems  as  the  setting  device  for  producing  the  program  of  control 
and  as  control  of  system  in  the  locked  outline  for  the  stabilization 
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of  system  and  production/consumption/generation  control  signal. 

Page  236. 

The  use/application  digital  of  controller  (TsUM)  in  the  control  loop 
makes  it  possible  to  realize  the  complicated  laws  of  control  with  the 
fuller/more  total/more  complete  account  of  the  properties  of  the 
object  of  control  and  characteristics  of  controlling  and  exciting 
interactions. 

Engineering  practice  puts  forth  the  task  of  developing  the 
method  of  the  synthesis  of  the  optimum  automatic  systems,  which  have 
in  the  control  loop  of  TsUM  and  a  number  of  the  preset  linear  and 
nonlinear  elements/cells,  such  as  actuating  elements,  measuring 
elements/cells,  which  convert  devices/equipment,  etc.  (Fig.  VI I 1.2). 

The  synthesis  of  complex  nonlinear  systems  with  TsUM  in  the 
control  loop  in  the  presence  of  random  of  controlling  and  exciting 
interactions  is  great  difficulties.  At  present  still  there  are  no 
general  methods  of  the  solution  of  this  problem.  Great  successes  are 
achieved  in  the  development  of  the  methods  of  the  synthesis  of  linear 
numerical  controls  under  the  known  and  random  influences. 


The  solution  of  the  problems  of  synthesis  can  go  in  two 
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directions.  In  the  first  direction  with  the  synthesis  the  algorithm 
of  digital  compensator  with  the  preset  structure  and  the  preset 
elements/cells  of  the  locked  control  loop  is  determined;  the  secondly 
-  from  the  solution  of  variational  problem  is  determined  the 
structure  of  closed  system  as  a  whole,  i.e.,  transmission  matrix,  and 
then  according  to  the  known  equations  of  single  elements/cells  and 
object  of  control  the  algorithm  of  TsUM  is  determined. 

The  second  direction  is  more  complicated,  and  completely  this 
problem  is  not  yet  solved. 

For  the  solution  of  the  problem  of  the  statistical  synthesis  of 
complex  nonlinear  systems  with  TsUM  in  the  control  loop  it  is 
possible  to  propose  this  path. 

1.  For  linearized  preset  control  components  and  controlled 
object  by  one  of  known  methods  are  determined  approximate  structure 
of  linear  numerical  control,  operation  algorithm  of  TsUM,  its 
fundamental  characteristics. 

2.  According  to  preset  nonlinear  characteristics  of  object  of 
control  and  substantially  nonlinear  elements/cells  (actuating 
elements,  sensing  elements,  which  convert  devices/equipment)  for 
preliminarily  selected  structure  of  TsUM  connect  themselves  of  system 

of  control  and  equations  of  motion. 


Fig.  VIII. 2.  Block  diagram  of  automatic  system  with  TsUM  in  the 
control  loop. 

Key:  (1).  Meters.  (2).  Converter.  (3).  Drive.  (4).  Control  elements. 
(5).  Object. 

Page  237. 

3.  According  to  preset  statistical  characteristics  of  random 
disturbances  random  variables,  which  characterize  these 
disturbances/perturbations,  are  determined. 

4.  From  precomputation  and  engineering  considerations  are 
assigned  parameters  of  control  components  and  parameters  of  TsUM, 
which  must  be  optimized  on  selected  criterion. 

5.  Selection  of  optimum  parameters  of  nonlinear  numerical 
control  of  involuntary  (preset)  structure  on  statistical  criterion  is 
realized  by  method  of  statistical  synthesis. 

The  criterion  of  optimization  can  be  the  criterion  of  the 
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maximum  of  the  probability  of  the  nonappearance  of  the  parameters  of 
system  from  the  preset  region  (for  example,  output  coordinates  or  the 
velocities  of  the  controlled  object). 

Below  is  stated  the  methodology  of  this  statistical  synthesis  of 
nonlinear  numerical  controls. 

Under  the  effect  on  the  system  of  the  random  exciting 
interactions  the  synthesis  of  optimum  discrete/digital  nonlinear 
system  just  as  continuous,  can  be  reduced  to  the  selection  of  the 
optimum  parameters  of  TsUM  and  other  elements  of  system  on  the 
statistical  criterion  of  quality  accepted.  This  method  can  be  used 
for  the  synthesis  of  the  algorithm  of  TsUM,  i.e.,  actually  for  the 
synthesis  of  the  law  of  control. 

In  the  mathematical  setting  the  idea  of  synthesis  presented 
indicates  the  following. 

Let  the  object  of  the  control,  for  which  it  is  necessary  to  work 
out  discrete/digital  regulator,  be  the  dynamic  component/ link,  which 
can  be  described  in  general  form  by  equation  in  the  vector  matrix 
form 
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~  0\B(Y,  t)A(U,  i)C[F,  01,  (VIII. 70) 

where  G  [B(Y,  t)]  -  nonlinear  operator  with  matrix/die  nxm  (mSn)  the 
controlled  object; 

G  [ A(U ,  t)]  -  nonlinear  operator  with  matrix/die  nxg  -(gSn) 
control; 

G  [C(F,  t)]  -  nonlinear  operator  with  matrix/die  nxi  (/S n)  the 
disturbances/perturbations,  applied  directly  to  the  object; 

Y  -  vector  of  the  output  coordinates  of  dimensionality  n  with 
coordinates  (Y\,  Yn)\‘ 

» 

U  -  vector  of  the  control  of  dimensionality  r(rSn)  with 
coordinates  ^ . Ur); 

F  -  vector  of  the  exciting  interactions  of  dimensionality  /(/Sn) 
with  coordinates  (h,  h,  ....  ft), 

or  for  the  simpler  case 

=  B(K,  t)+  A(U,  t)  +  C{F,  t). 

dt 


(VIII. 71) 
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The  structural  scheme  of  the  object,  described  by  equation 
(VIII. 71),  is  depicted  in  Fig.  VIII. 3,  where  H  is  the  diagonal 
matrix/die  of  size/dimension  nxn,  nonzero  elements/cells  of  which  are  - 
integral  operators 


If  object  is  described  by  linear  equation,  then  equation 
(VI I I. 71)  takes  the  form 


dY 

<U 


=  B(t)Y  +  A(t)U  +C(t)F. 


(V  111.72) 


In  this  case  it  is  sometimes  convenient  for  the  research  of 
discrete/digital  system  to  determine  the  equation  of  the  parameters  • 

of  state  of  the  object 

Y  l(K  +  I)  T\  »  tl>  (T)  ( Y  («r|  -h  a  (T)  U  [kT\  I  b  (T)  F  |/cT|| 

*-  0,1.2 .  (VIII .  73)  » 
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which  is  obtained  from  equation  (VI 1 1. 72)  when  in  the  interval  of 

time  [t^/cT,  1 2 * ( *+l ) T ]  control  pressure  U  and  disturbance  F  are 
•  • 

constant. 


In  equation  (VIII. 73)  are  accepted  the  following  designations 


(<*+1)7  \ 

j*  Bdt  \=  exp(BT); 

<*+l  )T 

c(T)  -  )  (<D(/cT  —  t)dx\  A\ 

»'r 

(k+DT 

b(T)  -=  j  [®(/cr— T)dt]C. 
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Fig.  VIII. 3.  Block  diagram  of  the  object,  described  by  equation 
(VIII. 71) . 

Page  239. 

For  the  one-coordinate  control  the  object  can  be  described  by 
the  linear  rational-linear  operating  transfer  function 

^  <*<  (0  J 

IP(s)--£2 - .  (VIII.  74) 

To  the  object  it  is  necessary  to  connect  discrete/digital 
control  system.  The  state  of  the  coordinates  of  object  is  determined 
with  the  help  of  the  meters.  A  number  of  meters  of  coordinates 
{/i,  Yj, ....  /*}  can  be  h,  where  hsn. 

In  practice  not  all  variables  can  be  measured  directly. 
Therefore  it  is  necessary  to  introduce  the  matrix/die  of 
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transition/ junction  D  from  the  parameters  of  state  Y  to  the  measured 
parameters  X,  due  to  which  will  be  formed/shaped  control  U: 

X  —  D(K)  (-  V  (/),  (VIU. 75) 

where  D(Y)~  operator  with  the  matrix/die  by  size/dimension  mxn, 
preset  or  determined  in  the  process  of  synthesis; 

X  -  m-dimensional  vector  of  measurements; 

V(t)  -  the  m-dimensional  vector  of  errors  of  measurement. 

This  equality  can  be  recorded  in  the  form 
X-DY  +  V  (0.  (VIII. 76) 

where  D  -  matrix  of  size/dimension  mxn. 

The  law  of  the  formation  of  control  U  in  the  digital  form  can  be 
assigned  by  the  following  equation: 

u\kt\=.m{k,  xi*'n.  on . *i°i.  zi*ni. 

(VIII.  77). 

where  M  -  nonlinear  operator,  who  determines  the  algorithm  of  the 
work  of  the  control  system,  the  part  of  elements/cells  of  which  and 
their  parameters  are  known; 


U  [«T]  -  vector  of  the  control  pressures  into  the  *th  period  of 
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discreteness; 

Z  [*T]  -  vector  of  r-measured  random  function  (rSn); 

X  [iT]  -  vector  of  coordinates  in  the  i  period  of  discreteness 
( i«* ,  k- 1,  . . . ,  0) ; 

K  -  some  initial  parameters  of  the  systems,  whose  selection  is 
necessary  to  carry  out. 

After  describing  the  analog-digital  and  digital-analog 
converters  of  system  respectively  by  the  equations 

X(*r]  «<*{*(/));  (VIII.  78). 

^(0  =  <P.{i/(*n).  (VIII.  79) 

it  is  possible  to  compose  structure-matrix  diagram  of  the  control 
system  together  with  the  object  (Fig.  VIII.4). 

Page  240. 

Thus,  the  system  being  investigated  can  be  described  by  the  set 
of  the  vector-matrix  continuous  and  discrete/digital  equations  or  of 
the  completely  discrete/digital  equations  of  the  form 

X\k+  1 1  =  G  {*,  *1*1,  •••■  *[01.  U[k\,  K,  Z(k) |.  (VIII. 80) 
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where  G  -  nonlinear  operator  with  the  matrices/dies  of  unit  and 
discrete/digital  control  system. 

It  is  obvious  that  from  the  values  of  parameters  K  the  structure 
of  the  synthesized  system  can  depend  substantially. 

Vector  K  can  include  any  of  the  parameters  of  system,  for 
example  the  period  of  discreteness  T  (which  is  especially  importantly 
with  the  synthesis  of  system  taking  into  account  the  operating 
disturbances/perturbations),  or  the  time  constants  of  compensating 
circuits,  amplification  factors,  the  measured  coordinates,  etc. 

The  task  of  the  statistical  synthesis  of  discrete/digital 
nonlinear  system  in  accordance  with  the  method,  presented  in  p.  3  of 
Chapter  vm,  can  be  solved  as  follows. 

Being  assigned  by  certain  set  of  the  vector  nodes 
IfM  (<-1.2 . s\  (VIII. 81) 

of  those  determined  from  the  statistical  characteristics  of  the 
vector  of  disturbances/perturbations  Z  [*],  it  is  necessary  to  obtain 
s  of  realizations  (solutions  of  system)  (VIII. 80)  at  the  given 
initial  values  of  the  vector  of  parameters  K#. 
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The  criterion 

/-i>np/.  (VIII.  82) 

<-l  /-I 

where  -  characteristic  function,  determined  by  the  character  of 
criterion,  further  is  calculated; 

p;  -  weight  coefficients. 

Then  it  is  possible  to  obtain  its  value  of  K,  which  satisfies 
the  following  conditions  by  a  variation  in  vector  K*:  ^‘belongs  to  the 
preset  parametric  domain  Q;  the  value  of  criterion  I  with  the 
substitution  of  parameters  K* attains  extremum. 

Vector  K*  is  called  optimum,  and  the  control  system,  which  has 
the  vector  of  the  parameters  indicated,  by  optimum  system. 


Pig.  VI I I. 4.  Structure-matrix  schematic  of  the  control  system. 

Page  241. 

Thus,  the  methodology  of  the  statistical  synthesis  of  the 
nonlinear  control  systems,  presented  above,  completely  can  be  used 
for  the  synthesis  of  nonlinear  statistically  optimum  systems  with 
TsUM  in  the  control  loop. 

As  has  already  been  spoken,  there  is  a  number  of  methods  of  the 
evaluation  of  the  statistical  characteristics  of  the  output 
coordinates  of  the  nonlinear  discrete/digital  and  continuous  control 
systems.  However,  one  of  promising  ones  is  the  method,  based  on  the 
approximation  of  the  nonlinear  dependences  of  the  system  being 
investigated  in  the  random  parameters  and  the 

disturbances/perturbations  stochastic  nodes  with  the  help  of  the 
orthogonal  polynomials,  examined  in  Chapters  V  and  VI.  This  method 
makes  it  possible  to  select  the  approximating  function,  applying  the 
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different  methods  of  approximation/approach,  for  example, 

/l  =  |M[*„-*]|;  (VIII.  83) 

/#  =  M  [(*,-*)*];  (VIII.  84) 

/, ss  P || M (*,-*)!<  Cl.  (VIII. 85) 

where  X  is  the  n-dimensional  vector  of  the  output  coordinates  of 
system; 

X„  -  n-dimensional  vector  of  the  coordinates  of  system  for  the 
approximation  accepted; 

C  -  const. 

After  assuming  that  the  solution  of  the  system  being 
investigated  exists  and  is  single  for  each  sample  of  independent 
random  quantities,  it  is  possible  to  represent  the  unknown  solution 
in  the  form  of  certain  function  of  time  *T  and  random  variables 
VuV . . Vm 


X,  ~X,(kT,  Vu  V, . Vn),  (VIII. 86) 

i  =  l,2,  . . .,  n. 

Then  exact  formula  for  computing  the  mathematical  expectation 


can  be  recorded  in  the  form 
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M  (X,  (icT,  Vlt  V, . 1/J]  =  j  . . .  j  X,(/c7\  vu  o, . »m)x 


x  I!  Pi(vl)dvi> 

I- 1 

»  =  1,  2 . n, 


(VIII.  87) 


where  Pi(v})  -  density  of  distribution  j-ol  of  random  variable  Vj. 


Page  242. 

If  we  now  express  approximately  with  the  required  degree  of 
accuracy  function  X,  with  the  help  of  Lagrange's  polynomials 

XiW.Vy  Vv 

-  2  *<<*»•■  ■>., . ^.>n-  — . 

. . «■  i-lH  l.l+l  {Vi*j)(V, -*!*,) 

(VIII.  88) 


where  i(Vj)  -  orthogonal  polynomials  of  the  q+1  order,  constructed 
by  Chebyshev's  nodes 

Pi*. . 

and  to  replace  in  formula  (VIII. 87)  exact  solution  (VIII.86)  with  his 
approximation/approach  (VI I I. 88),  then,  after  resetting  the 
operations  of  addition  and  integration,  we  will  obtain 
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M  [X,  (kT,  Vu  Vt . Vn)\  = 


Hi.i+Uvi)Pf(vi)dvl  ' 
(VIII.  89) 


or  in  the  simpler  form 


M[X,(«7\  V,.  Vi . Vm)\  = 

-  2  xt*T-  fv . ^jn  9m r  (V1II*90) 


** . 


J-l 


where 


<•'  '  (vi) Pi (vi) 

,K‘  1  ov/)  (v  i -»*,) 


du, 


Formula  for  the  approximate  computation  of  the  correlation 
functions  of  the  second  order  can  be  obtained  identically. 


Regarding  we  have 


mix, for.  vv  v, . vm)  x.for,  vu  vt . vj\  - 

m 

f  •  •  J  X,  for,  ult  vt,  . . vm )  X,  for ,  uv  ....  vm)  [""[  Pi  (U/)  dvj, 

*  *  **  I _ I 


/-I 


(VIII. 91) 


i  =  l,  2,  n. 
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Using  a  replacement  in  expression  (Vlii.91)  of  the  product  of 
functions  X{  and  Xx  by  approximation  according  to  formula  (VIII. 88) 
and  after  leading  the  series  of  transformations,  we  will  obtain 


M 


(£:  iv)*„  i,  w-  . *• 

........ 


r 

(VIII.  92) 


Then  calculation  formula  for  computing  the  correlation  functions 
of  the  second  order  will  take  the  form 


xX&T.n  i 


.)  n  p,'t 

/-* 


(VIII.  93) 


Covariances  of  any  order  of  the  output  coordinates  of  the 


control  system  can  be  determined  according  to  the  formula 
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M 


v*i 

Ai,  •  A/f  • 

Xj,  5.T ,  , 


^  v  x?;x?,* . . .  x°;  fj  e,v  (vm.94) 

* . Km 


where 


a,  =  0,  l,  2, 

E.  -  0.  I.  2, 

<i  —1,2 . 

jct  -  0,  1,2,  . . 


n; 


. .  j  a,.  —  0,  1,2,  ■  ■  • ,  i .  •  i  a„  —  0,  1,2,  •  •  •, 

S,«0,  1.  2,  5n  =  0,  1,  2, 

=  1,  2,  3,  ....  n;  •  •  •»  =  h  2,  3 . n, 

Q\  k,  —  0,  1,2,  Km  =  0,  1,  2,  •••,<?, 

E,7\  5,7- . L,r€  TV). 


Page  244, 


If  we  introduce  the  characteristic  function 

Ol^r,  2,71  -  n  L(kT).  (VIII. 95) 

«-o 


into  the  examination  where  \J  —  T*  -  beginning  of  process; 


-  Tn  -  end/lead  of  the  process, 


n*n->n  y[‘- 


X,IkT)-V,(kT)  1  1  C) 


i  X^K-n-U^nT)  1 
1  A/(kT)  —  Ui(kT)  1  ]’ 


then  it  is  possible  to  obtain  sufficiently  simple  expression  for 
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determining  the  probability  P  of  the  determination  of  coordinates 
in  the  preset  region: 

Ut  (kT)  <  Xt  (kD^W^kT),  (VIII. 96) 

P  =  M  I4>(g,7\  y  0Kt . <rn  p,«r  (VIII. 97) 

*1 . *,  /“* 

Final  expressions  (VIII.94)  and  (VIII. 97)  permit  implemention  of 
a  process  of  calculation  as  follows. 

Being  assigned  by  the  tabular  values  of  the  nodes  (see  Chapter 
V),  they  integrate  system  (VI I I. 80)  to  the  required  moment/torque  of 
time  «T .  Further,  after  substituting  the  results  of  the  obtained 
realizations  into  formulas  (VIII.94)  or  (VIII. 97),  is  determined  the 
value  of  the  required  statistical  evaluations  or  criterion  of  system. 
In  this  case  one  should  stress  that  the  values  of  Christoff el ' s 
numbers  are  counted  previously,  which  considerably  simplifies  the 
procedure  of  the  computations  of  probability  (VII I. 97). 

The  advantage  of  this  methodology  is  the  fact  that  the 
determination  of  the  value  of  criterion  is  easy  to  carry  out  by  ETsVM 
[99sp04  -  digital  computer],  since  it  is  not  necessary  to  memorize 
all  values  of  the  obtained  realizations  during  the  integration  of 

system.  It  suffices  to  send  each  particular  realization  into  the 
summing  cell  before  obtaining  of  the  full/total/complete  value  of 

criterion  (VIII. 97). 
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t 

Chapter  IX. 

OPTIMUM  SELF-TUNING  CONTROL  SYSTEMS. 

1.  the  systems,  which  self-tune  to  the  extremum  of  statistical 
criterion. 

The  self-tuning  systems,  which  work  with  the  incomplete  initial 
information  about  the  interactions  on  the  fundamental  control  loop, 
are  examined  in  this  chapter.  Self-adjusting  in  these  systems  is 
realized  to  the  extremum  of  the  criterion  accepted:  to  the  minimum  of 
variance  of  error,  to  the  maximum  of  the  probability  of  the 
nonappearance  of  error  from  the  preset  tolerances,  etc. 

Let  us  formulate  the  general/common/total  formulation  of  the 
problem. 


We  will  consider  that  the  fundamental  control  loop,  intended  for 
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fulfilling  some  functions,  can  be  described  by  the  nonrandom  operator 
v  (Fig.  IX. 1). 

Let  on  the  input  of  operator  acts  the  signal  X,  which  is  the  sum 
of  useful  signal  G  and  interference  Z.  Let  us  designate  the  output 
value  of  fundamental  control  loop  by  Y.  Different  types  of  tasks 
appear  with  different  initial  data  about. useful  signal  G  and  about 
interference  Z,  which  operate  on  the  fundamental  control  loop,  under 
different  assumptions  about  the  fundamental  control  loop  (about 
operator  w) ,  with  different  criteria  of  evaluation  of  the  quality  of 
the  work  of  system. 

The  initial  data  about  the  useful  signal  and  about  the 
interference  are  the  probabilistic  characteristics  of  these  signals. 
With  the  linear  operator  w  usually  it  suffices  to  have  the  first  two 
moments/torques  -  mathematical  expectations  and  the  correlation 
functions  of  useful  signal  and  interference;  with  the  nonlinear 
operator  w  it  is  necessary  to  have  laws  of  distribution  of  signals  G 
and  Z. 

If  the  probabilistic  characteristics  indicated  are  known 
completely,  there  is  no  sense  to  use  self-adjusting.  But  if  these 
characteristics  are  known  not  completely,  then  it  makes  sense  to 
attempt  to  use  self-tuning  loops  for  an  improvement  in  the  quality  in 
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the  work  of  system,  i.e.,  for  approaching  the  criterion  of  the 
comparison  of  systems  to  its  outer  limit.  - 

The  incompleteness  of  the  information  about  the  required 
probabilistic  characteristics  of  signals  G  and  Z  can  be  different:-  a) 
are  known  all  probabilistic  characteristics,  except  the  dispersion  of 
interference;  b)  are  known. all  probabilistic  characteristics,  except 
dispersion,  useful  signal;  c)  are  known  all  probabilistic 
characteristics,  except  the  dispersion  of  interference  and  dispersion 
of  useful  signal,  etc. 

Different  cases  of  the  incompleteness  of  initial  information 
about  probabilistic  characteristics  of  useful  signal  and  interference 
determine  the  different  methods  of  constructing  the  self-tuning  loops 
by  themselves. 

Fundamental  control  loop  can  be  linear  or  nonlinear  (self-tuning 
system  as  a  whole  always  nonlinear).  With  the  linear  outline  the 
criterion  is  calculated  more  simply,  with  the  nonlinear  -  it  is  more 
complicated. 


The  criterion  of  evaluation  of  the  quality  of  the  work  of  system 
substantially  affects  self-tuning  loops. 


•  1 


•  < 
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There  is  no  common  sense  to  develop/process  in  detail  the 
structure  of  self-tuning  system  in  the  general  case  for  any  initial 
data  about  the  probabilistic  characteristics  of  signals,  for  any 
operator  of  fundamental  control  loop,  for  any  criterion.  To  more 
expediently  consider  several  typical  cases.  These  cases  encompass  a 
large  quantity  of  practical  situations.  In  addition  to  this,  at  these 
typical  cases  will  be  explained  the  general  principles  of  the 
construction  of  the  self-tuning  and  optimum  self-adjusting  systems  on 
the  statistical  criteria. 

Before  switching  over  to  the  optimum  self-tuning  systems,  is 
expedient  briefly  to  speak  about  the  ordinary  self-tuning  systems. 
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Fig.  IX. 1.  Diagram  of  fundamental  control  loop. 

Page  247. 

Let  us  consider  several  cases,  characterized  by  one  or  the  other 
initial  data  about  the  probabilistic  characteristics  of  signals, 
about  operator  w  and  about  the  criterion. 

1.  Law  of  distribution  of  dispersion  of  interference  is  unknown. 
Let  to  the  input  of  fundamental  control  loop  be  fed  signal  X  (see 
Fig.  IX. 1),  which  is  the  sum  of  useful  signal  G  and  interference  Z. 

We  assume  that  useful  signal  G  interference  Z  in  the  calculations  can 
be  considered  stationary  (their  probabilistic  characteristics 
negligibly  little  they  are  changed  for  the  control  time  of  system). 

Let  the  mathematical  expectations  of  useful  signal  and 
interference  be  equal  to  zero  (m0  «  mz  -  0),  interference  and  useful 
signal  are  not  correlated.  Consequently,  the  correlation  function  of 
the  input  signal  X  is  equal  to 


Kx  W -tfo(T) +  /(*(-*). 


(IX. 1) 
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The  correlation  function  of  useful  signal  is  known  completely, 
while  the  correlation  function  of  interference  Kz  takes  the  form 

Kz(t)  =  DzRz(x),  (IX.  2) 

where  Rz( -c)  -  known  normalized  correlation  function  of  interference; 
Dz  -  dispersion  of  interference  with  the  unknown  distribution 

law. 


However,  it  is  known  that  this  dispersion  is  changed  in  time 
slowly.  For  the  control  time  in  the  control  system  it  is  possible  to 
consider  it  constant. 

Let  the  fundamental  control  loop  be  linear  system  with  the 
preset  structure  and  with  k  controlled  parameters  x . . . 

Consequently,  it  is  possible  to  consider  that  w  is  the  weight 
function  of  system  and  that  this  function  is  known  as  the  function  of 
the  time  r  and  parameters  xt, .... 

w  =  w(x,  xv . x«).  (IX. 3). 

Let  the  fundamental  control  loop  be  intended  for  the 
reproduction  of  function  H,  which  is  the  result  of  fulfilling  the 
preset  linear  operation  L  above  useful  signal  G: 

H(t)  -  L{G(t)}. 


(IX. 4) 
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As  the  criterion  of  system  we  accept  the  variance  of  error  of 
system. 

Thus,  in  this  case  there  is  no  complete  initial  information 
about  the  effects  on  the  system:  the  dispersion  of  interference  dz 
is  unknown.  In  connection  with  this  it  is  expedient  to  attempt  to 
create  the  self-tuning  system. 

Page  248. 

In  order  to  realize  self -tuning  loops,  it  is  necessary  to  determine 

the  criterion  of  system  in  the  process  of  its  work.  In  this  case  it 

is  determined  so  [6,  77]: 

De  =  M  [£>]  =  M  [(V  -  //)»]  =  Ky  (0)  -  2 Kyh  (0)  +  Kh  (0)  - 

--  Dy  —  2 Dyh  +  Dh>  (IX .  5) 

where  dy  ~  dispersion  of  the  real  output  value  of  system; 

0H  -  dispersion  of  the  desired  output  value; 

Oru  -  mutual  dispersion,  i.e.,  the  value  of  cross-correlation 


function  /CyH(f)  with  r*=0. 
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Does  arise  the  fundamental  question:  how  to  determine  db  in  the 
process  of  the  work  of  system? 

Let  us  consider  separately  each  component /term/addend  in  formula 
(IX. 5).  The  dispersion  of  real  output  value  Dy  cannot  be  calculated 
without  the  further  working  information,  since  it  depends  on  unknown 
value  -  the  dispersion  of  interference  Dz.  Therefore  it  is  necessary 
to  use  working  information  about  process  of  Y.  Should  be  to  measure 
•value  Y  and,  assuming  process  of  Y  by  ergodic  according  to  the 
dispersion,  computed  dispersion  Dy  according  to  approximation 
formula  [6,  771 

,  t+!» 

Dr~~f7l )  Y'Wdx'  (IX.  6)  l 

where  Tp  -  time,  during  which  is  fixed/recorded  the  realization  of 
random  process  Y. 


Value  dyh  *n  this  case  can  be  computed  according  to  formula  [6, 


77] 


Dyh=  p.<t  — t,  ....  xk)Kxo(t  —  Qdx 
“  [*•<.  |j  «»('  — t,  . xJ/Cc(t  — 


.  (IX.  7) 


where  T  -  control  time  of  fundamental  control  loop. 


Dispersion  D„  is  determined  from  formula  [6,  77] 


Dh  -  [LttU,Ko(,t\  — 


(IX. 8) 
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and  it  does  not  depend  on  the  parameters  of  fundamental  control  loop; 
therefore  it  does  not  affect  the  construction  of  self-tuning  loops. 

Thus,  using  formulas  (IX. 6),  (IX. 7),  (IX. 8),  it  is  possible  to 
compute  criterion  (IX. 5).  It  is  the  function  of  parameters  x,,...tx«of 
fundamental  control  loop: 

Db  =  De(Xi . xK).  (IX. 9) 

Now  should  be  selected  the  method  of  the  search  for  the  extremum 
(minimum)  of  criterion  and  formed  self-tuning  loops. 

Page  249. 

Let  us  take,  for  example,  gradient  method  [6,  49,  110]  and  will 
design  the  diagrams  of  self-tuning  system  (Fig.  IX. 2). 

To  the  input  of  computer  BY  are  fed  initial  information  of  HH 
(K a,  Rt,  L,  '...)  and  the  instantaneous  values  of  controlled  parameters 

x, . xH.  Criterion  Dr<  continuously  is  determined  at  its  output 

Synchronous  detectors  [6,  49,  110]  or  other  instruments  determine  the 
instantaneous  values  of  particular  derivatives  of  criterion.  The 
integrating  components/1 inks  (together  with  the  synchronous 
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detectors)  realize  the  gradient  method  of  the  search  for  the  minimum 
of  the  variance  of  error  of  system.  In  the-  diagram  are  not  shown 
other  the  components/1 inks,  which  can  stand  in  the  self-tuning  loops 
of  real  system  (actuating  elements,  converters,  etc.). 

The  continuous  process  of  search  in  accordance  with  the  diagram 
in  Fig.  IX. 2  provides  the  monotonic  decrease  of  dispersion  under 
arbitrary  initial  conditions  [5,  6,  7,  49]. 

In  this  case  it  was  relatively  easily  possible  to  compute 
criterion  £>*,  since  the  correlation  function  of  useful  signal  is 
completely  known,  useful  signal  is  noncorrelated  with  the 

I 

interference,  i.e.,  were  undertaken  initial  data  sufficiently  narrow, 
limited  form. 

Let  us  note  one  additional  special  feature/peculiarity  of  the 
formulation  of  the  problem  examined:  in  this  task  fundamental  control 
loop  has  the  preset  structure,  to  change  only  the  predetermined  group 
of  parameters  x\, ....  xH  is  possible.  Obviously,  with  different 
structures  of  fundamental  control  loop  and  with  different  groups  of 
the  measured  parameters  different  minimum  values  of  criterion 
will  be  obtained  £>*•. 
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Fig.  IX. 2.  Schematic  of  system  with  the  self-adjusting  according  to 
the  method  of  gradient. 


Page  250. 


The  more  successful  are  selected  the  structure  and  the  controlled 
parameters,  the  less  the  smaller  value  of  criterion  Dt:  the 
self-adjusting  system  can  ensure. 


A  question  about  the  selection  of  the  structure  of  the 
fundamental  control  loop  and  its  controlled  parameters,  which  ensure 
the  smallest  (absolutely  extreme)  value  of  criterion,  will  be 
examined  below  at  the  examination  of  the  optimum  self -tuning  systems 


The  quality  of  the  work  of  the  self-tuning  system  affect  also 
the  accuracy  and  the  high  speed  of  the  meters,  executive  and  other 
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devices/equipment  in  the  channels  of  self-tuning,  accuracy  and  the 
high  speed  of  computer.  With  the  low  accuracy  of  these 
devices/equipment,  even  in  a  good  diagram,  it  can  seem  that  the 
self-tuning  system  will  be  worse  than  the  ordinary  diagram.  Here  and 
throughout  are  not  considered  the  further  errors  of  these 
devices/equipment,  i.e.,  we  consider  it  their  ideal.  The  account  of 
the  errors,  introduced  by  the  channels  of  self-adjusting,  can  be  the 
object/subject  of  further  experiments. 

2.  Law  of  distribution  n  of  parameters  of  correlation  function 
of  interference  is  unknown.  We  consider  in  this  case  that  the 
correlation  function  of  interference  takes  the  form 

Kz  --=  . . .  Y«.  *).  (IX.  10) 

where  Kz  -  known  function  from  the  time  r  and  from  slowly  changing 
in  the  time  random  parameters  y\,  •••.  y»,  the  law  of  distribution  of 
which  is  unknown.  Remaining  initial  data  are  the  same  as  in  the  first 
case. 


It  is  easy  to  see  that  in  this  case  the  self-tuning  system  can 
be  designed  just  as  in  the  first  case  (see  Fig.  IX. 2). 

Number  n  of  parameters  yi . y»  can  be  any  (and  infinite).  The 

self-tuning  system  can  work  also  in  the  extreme  case,  when  nothing  is 
known  about  correlation  function  kz  (i.e.  if  n=®) .  It  is  important 
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only  so  that  the  form  of  this  function  slowly  would  be  changed  in  the 
time. 

3.  Law  of  distribution  of  dispersion  of  useful  signal  is 
unknown.  The  correlation  function  of  interference  is  completely  known 
in  this  case.  And  the  correlation  function  of  useful  signal  takes  the 
form 

Kg  ~  DoRa (t),  (IX.  11) 

where  Ra( t)  -  preset  normalized  correlation  function  of  useful 
signal; 

Da  dispersion  of  useful  signal,  about  which  it  is  known  that 

it  slowly  is  changed  in  the  time;  the  law  of  its  distribution  is 
unknown . 

Remaining  initial  data  are  the  same  as  in  the  first  case.  In 
this  case  components/terms/addends  Dr  and  DH  in  criterion  (IX. 5)  are 
calculated  as  in  the  first  case,  according  to  formulas  (IX. 6),  (IX, 8) . 

Page  251. 

The  component  Dy„  according  to  formula  (IX. 7)  cannot  be  computed 
since  function  Ka  is  completely  unknown  in  this  formula.  As  it 
follows  from  formula  (IX. 11),  for  total  determination  Kg  is  necessary 
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in  any  manner  to  find  Dti.  Finding  K„  possibly  variously. 


Let  us  consider  the  following  path. 


Dispersion  dy  in  the  self-tuning  system  is  determined  by 

continuously  computer  according  to  formula  (IX. 6).  This  dispersion 

can  be  determined  also  according  to  formula  [6,  5,  77] 
r  r 

Dy  I'  fw(t,  x, . xK)w(X,  xx . —  1)  h 

o  o 

-i  Kz(x-X)\dxdX  /C,  (x, . x.)  Da  +  Kt  (xx . xj,  (IX  12) 

where 

r  r 

Ki  (Xu  . . .  •  x*)  j"  |  w  (x,  xlt  . .  •  i  x„)  w  (1,  xt,  •  •  • ,  x,)  x 
b  b 

xR0(x~X)dxdX;  (IX.  13) 

r  t 

Kt(xv . xK)  =  j  j  w(x,  x„  . . ..  x«)  au(X,  x„  ....  x*)  x 

xKz(x  —  X)dxdX.  (IX.  14) 


From  relationship/ratio  (IX. 12)  easily  is  determined  unknown 
dispersion  D0 : 


On  known  dispersion  d0,  using  formula  (IX. 7),  it  is  possible  to 
determine  component/term/addend  DYn.  Thus,  diagram  in  Fig.  IX. 2  can 
be  used  also  in  this  case.  Difference  from  the  first  case  lies  in  the 
fact  that  the  computation  of  criterion  db  is  here  realized  by  a  more 
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complicated  path. 

4.  Law  of  distribution  of  two  parameters  of  correlation  function 
of  useful  signal  is  unknown.  Initial  data  in  this  case  are  the  same 
as  in  the  preceding  case,  with  exception  of  the  fact  that  the 
correlation  function  of  useful  signal  takes  another  form: 

Kq  —  Ka (y».  V*.  t),  (IX.  15) 

where  yx,  y2  -  random  parameters  with  the  unknown  distribution  laws. 

In  this  case  before  the  determination  of  criterion  it  is 
necessary  to  determine  the  values  of  the  parameters  y2  and  y2.  For 
this  it  is  necessary  to  obtain  further  working  information,  for 
example,  to  compute  X  dispersion  Dx  according  to  the  realization  of 
process. 

Page  252. 

Consequently,  the  schematic  of  the  self-tuning  system  in  this  case 
must  be  more  complicated  in  comparison  with  the  diagram,  depicted  in 
Fig.  IX. 2.  This  more  compound  circuit  is  depicted  in  Fig.  IX. 3. 

Computer  in  this  diagram  continuously  determines  the  dispersion 
of  real  output  value  Dy  and  the  dispersion  of  input  value  Dx.  The 
same  dispersions  can  be  calculated  from  the  formula  [5,  6,  77] 


DOC  -  83173411 


PAGE 


T  T 

Dy  -  f  f»(T(  X, . xK)w(k,  Xl . XK)X 

6  o 

+  [Kg  (V».  V„  x  —  k)  +  Kz(r—k)\di  dk\  (IX .  16> 

Dx  =  Kg  (Yx.  y».  0)  +  Dz ;  (IX .  17). 

these  two  equations  determine  two  unknown  parameters  ylt  y t ,  which 
can  be  found  by  the  cut-and-try  method.  In  this  case  the  parameters 
Yx  and  7,  are  determined  by  considerably  more  complicated  path,  than 
parameter  dg  in  the  preceding  case. 

If  the  correlation  function  of  useful  signal  contains  a  larger 
number  of  unknown  random  parameters,  then  for  their  determination  it 
is  necessary  to  compute  additionally  any  probabilistic 
characteristics  of  the  signals,  fot  example,  of  the  value  of 
correlation  functions  Kx( t«).  KY{tj)  at  the  different  values  of  the 
intervals  of  time  x,  and  x,.  By  this  method  to  proceed  is  undesirable, 
since  very  long  realizations  of  random  processes  are  required  for 
computing  covariances  of  connection/communication  when  x„  t^o  with 
a  sufficient  accuracy. 
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Fig.  IX. 3.  Schematic  of  the  self-tuning  system  with  the  determination 
of  the  parameters  of  useful  signal. 
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Consequently,  the  designing  of  the  self-tuning  systems  when  a  large 
number  of  unknown  random  parameters  of  the  correlation  function  of 
useful  signal  is  present,  is  qualitatively  a  more  complex  problem. 
The  practical  realization  of  this  system  is  very  difficult  or 
impossible. 


5.  Law  of  distribution  of  dispersions  of  useful  signal  and 
interference  is  unknown.  This  case  is  the  combination  of  the  first 
and  the  third.  Correlation  functions  Ka  and  here  take  the 


following  form: 


Ka  —  DqRq  (t); 
Kz  DzRA  t), 


(IX.  18) 
(IX.  19) 
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where  Du,  Dt  -  random  parameters  (dispersions)  with  the  unknown 
distribution  laws; 

/?z(t)  -  known  normalized  correlation  functions  of  useful 

•  • 

signal  and  interference. 


In  this  case  during  engineering  of  self-tuning  system,  it  is 
expedient  to  use  the  diagram,  depicted  in  Fig.  IX. 3.  For 
determination  dy„  [see  formula  IX. 7) 3  and  D„  \D„  in  the  process 

of  self-adjusting  it  does  not  play  the  significant  role)  it  is 
necessary  to  determine  dg.  This  can  be  done,  using  values  of 
dispersions  DY  and  Dx ,  the  obtained  in  the  computer,  and  formulas, 

which  determine  dy  and  dx  through  Da  and  Dz  [5,  6,  77]: 

Dy  —  K\Da  -f-  KsD?,  (IX.  20) 

Dx-Dq  +  Dz.  (IX. 21) 

where  Kx  -  is  determined  by  formula  (IX. 13); 

t  r 

Ki  ■=»  f  fw(t.  x, . xK)w(\,  xx . xK)Rz(t  —  \)dxd\.  (IX. 22) 


From  relationships/ratios  (IX. 20)  and  (IX. 21)  easily  is 
determined  dispersion  D0 : 


Da 


Dy  —  A 

Kx-K* 


(IX.  23) 


Now  computer  can  compute  and  dy„  according  to  formula  (IX. 7). 
Consequently,  diagram  in  Fig.  IX. 3  makes  it  possible  to  compute 
criterion  and  its  gradient. 
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It  is  easy  to  see  that  methodology  presented  here  is  applicable 
also  to  the  more  general  case,  when  Ka  -  /Co(vi,  t)  and  A*'-  Kz(ya.  t)  depend 
on  the  random  parameters  7X  and  7,  with  the  unknown  laws  of 
distribution. 

If  correlation  functions  /f0i  x2  depend  on  a  larger  number  of 
random  parameters,  then  it  is  necessary  to  compute  correlation 
functions  Kx(xi),  K-r(Xj)  -at  the  different  values  of  the  intervals  of  time 
tj.  Deficiencies/lacks  in  this  path  were  noted  above. 

Page  254. 

6.  Mathematical  expectation  and  correlation  function  of 
interference  are  unknown.  Criterion  -  probability  of  the 
nonappearance  of  the  error  of  system  from  the  preset  tolerances. 
Initial  conditions  in  this  case  in  essence  are  the  same  as  in  the 
case  the  second.  Difference  lies  in  the  fact  that  the  mathematical 
expectation  of  useful  signal  mu  =*  o  {m0  is  known),  and  the 
mathematical  expectation  of  interference  mz  is  unknown.  As  the 
criterion  in  this  case  it  is  expedient  to  take  the  probability  of  the 
nonappearance  of  error  from  preset  tolerances  [1,  3]: 

P  -  />(C,  <  £  <  C.)  -  yjLy  f  exp  j-  <^j  „£,  (IX  24> 
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where  mE  ~  mathematical  expectation,  it  is  determined  from  formula 

[6]  t 

\  m£  =  |(mo+  mz)w('x‘  xi . x*)dx  —  L{ma\  =  mY  —  mH;  (IX.  25) 

De  -  variance  of  error,  is  determined  from  formula  (IX. 5),  in  which 

o  a  ‘o 

instead  of  E,  Y,  H  one  should  supply  E,Y,H  (central  random 
8  functions). 

The  law  of  the  error  distribution  of  the  system  is  accepted 
normal. 

For  computing  the  criterion  P  it  is  necessary  to  preliminarily 

a 

■  compute  mathematical  expectation  mB  and  dispersion  DE  of  error. 

Second  term  can  be  computed  previously  in  formula  (IX. 25).  First  term 
mY  is  expedient  to  compute  according  to  the  realization  of  the 

H 

output  process  Y,  if  we  assume  this  process  ergodic.  For  this  should 
be  used  the  approximation  formula 

i  ,  '+!• 

mY  =  ~~  \  Y(j)dx.  (IX. 26) 

T»  'i 

In  formula  (IX. 5),  which  determines  dispersion  dk,  first  addend 

i 

Dy  =  -p-  j  "y*  (t yit  -  -  J "  [ Y  (X)  —  mY iJ  dT,  (IX .  27) 
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second  term  is  determined  from  formula  (IX.7). 

Thus,  m£  and  Ds  are  determined.  Computer  now  can  compute 
criterion  P  according  to  formula  (IX. 24). 

Page  255. 

The  schematic  of  the  self-tuning  system  in  this  case  coincides 
with  the  diagram  in  Fig.  IX. 2,  only  instead  of  criterion  de  it  is 
necessary  to  supply  criterion  P  (and  instead  of  to  supply  -2L. 

instead  of  the  coefficient  "-K"  (K>0)  one  should  supply  "+K". 

If  the  parameters  of  the  correlation  function  of  useful  signal 
are  known,  then  during  engineering  of  the  self-tuning  system  along 
the  maximum  of  the  probability  of  the  nonappearance  of  error  from  the 
preset  tolerances  one  should  use  the  diagram  in  Fig.  IX. 3.  With  a 
large  number  of  unknown  parameters  appear  the  same  difficulties,  as 
in  cases  of  3,  4,  5. 

The  fact  that  in  them  the  structure  of  fundamental  control  loop 
is  assigned  arbitrarily,  is  the  main  disadvantage  in  self-tuning 
systems  examined  above.  Therefore  there  is  no  assurance,  that  even 
with  the  ideal  work  of  self-tuning  loops  is  obtained  criterion  value, 
close  to  the  minimum  (maximum).  During  the  successful  selection  of 
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the  structure  of  fundamental  control  loop  it  is  possible  to  obtain  a 
good  approximation/approach  to  a  possible  outer  limit  of  criterion, 
at  the  unsuccessful  selection  of  this  structure  (and  the  group  of 
controlled  parameters  ...,*,)  the  criterion  of  system  will  be 
distant  from  its  extreme  value. 

2.  Optimum  systems,  which  self-tune  to  the  minimum  of  the  variance  of 
error  of  system. 

Different  cases  of  the  synthesis  of  the  self-tuning  systems  on 
the  statistical  criteria  are  examined  in  the  previous  paragraph.  It 
was  explained  that  the  computation  of  criterion  (gradient  of  this 
criterion)  is  primary  task  in  this  case. 

In  the  present  paragraph  will  be  investigated  the  optimum 
self-tuning  systems,  i.e.,  the  self-tuning  systems,  which  ensure 
under  the  given  conditions  the  absolute  extremum  of  the  criterion 
accepted. 

The  method  of  computing  the  criterion  (gradient  of  criterion) 
depends  on  the  initial  data  about  the  conditions  for  the  work  of 
system.  Therefore  here,  as  in  the  previous  paragraph,  will  be 
examined  different  typical  cases.  However,  the  content  of  this 
paragraph  will  carry  more  general  character. 
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1.  Law  of  distribution  n  of  parameters  of  correlation  function 
of  interference  is  unknown.  Let  the  diagram  of  fundamental  control 
loop  take  the  form,  depicted  in  Fig.  IX. 1.  we  will  consider  that 
correlation  function  /cc{t)  of  the  stationary  useful  signal  G(t)  .is 
known.  Correlation  function  Kz  =*  Kz(y i, ....  y»,  t)  depends  on  n  parameters 
Yi,  ....  y»»  law  of  distribution  of  which  is  unknown.  These  random 

parameters  slowly  are  changed  in  the  time  (for  the  transit  time  in 
the  fundamental  control  loop  them  it  is  possible  to  consider 
constants,  process  Z(t)  it  is  possible  to  consider  it  virtually 
stationary) . 

Page  256. 

Parameters  yi.  Yn  in  different  cases  can  be  different 
characteristics  of  components  of  correlation  function  Kz.  For 
example,  they  can  be  to  the  dispersion  of  different  components  of 
interference.  If  the  correlation  function  of  interference  has  a  form 

(1X.28) 

(-i 

and  values  p,  are  unknown,  then  it  is  possible  to  consider  that 

Yi  =  B\,  . . ..  y±  =  Bm,  y«,  ,  “  P . .  -  PM- 

2  2  ^ 

Let  the  mathematical  expectations  of  useful  signal  and 
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interference  be  equal  to  zero  (mo  =  /n2  =  0).  Useful  signal  and 
interference  are  not  correlated,  i.e.,/CGz“0.  Consequently,  the 
correlation  function  of  the  input  signal  X(t) 

Kx(t)  =  Ka( t)  +  Kz(yl . yn,  t).  (IX. 29) 

fundamental  control  loop  is  intended  for  the  reproduction  of 
function  H(r),  which  is  the  result  of  fulfilling  certain  linear 
operation  L  above  useful  signal  Git).  Examples  to  functions  Hr 
H(t)*G(t);  H(t)*G(t);  H(t)»  G(t+Ta).  Operation  L  in  the  specifi 
problem  is  known: 

Thus , 

Hit)  —  L  |G(0}-  (IX. 30) 

In  this  case  there  is  no  complete  initial  information  about  the 
interactions,  in  particular,  there  is  no  complete  initial  information 
about  the  correlation  function  of  interference.  The  formulation  of 
the  problem  about  the  creation  of  the  self-tuning  system  means  makes 
sense. 

/ 

We  will  study  the  possibility  of  designing  of  the  optimum 
self-tuning  system,  which  ensures  the  minimum  of  variance  of  error, 
vhich  in  this  case  is  determined  from  formula  [6,  60] 
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T  T 

De-  f  f  u>(j)w(X)(/(g(t  —  X)  -j-  Kz (Yi,  . ...  yHx  —  X)\dxdX  — 
o  o 

T 

-2  <jj<0H(x)w(x)dz  +  D„,  (IX. 31) 

0 

where  /(gh(t)  -  correlation  function  of  the  connection/conununicat ion 
•  • 

between  the  useful  signal  G(t)  and  the  desired  output  value  H. 

Taking  into  account  expressions  (IX. 29)  and  (IX. 30),  it  is 
possible  to  write 

Koh  (t)  ~  LKa  (t) .  (IX. 32) 

Page  257. 

This  means  that  correlation  function  Kau  is  known  function  from 
t  . 

If  parameters  yi»  Y»  were  known,  then  it  would  be  possible  to 
determine  optimum  weight  function  [6],  which  ensures  the  minimum  of 
dispersion  £>*.  But  these  parameters  are  not  known;  therefore  let  us 
act  as  follows:  let  us  determine  optimum  weight  function  during  the 

replacement  of  unknown  parameters  y<>  •••»  Y»  by  some  numbers  x{ .  xn.  Thi 

means  that  in  function  A'z(yi.  ....  y<»  t)  instead  of  unknown  parameters 
Yi.  ....  Y"  it  is  necessary  to  write  numbers  xh  xn.  After  this  it  is 
possible  to  determine  the  optimum  weight  function,  which  is  the 
solution  of  integral  equation  [6,  5,  60] 
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—  1)  +  Kz(xXt  . . x„,  X  — 1)1  X 

0 

xw(Kxl . x„)  dX  -  Kgh( T)  -  o,  (IX. 33) 

0<t  <r. 

Solution  w0  of  this  integral  equation  depends  on  numbers 
*u  •••*  *»• 

“»a  =  “M*.  *i.  •  •  ••  *«)•  (IX. 34) 

Being  given  different  combinations  of  values  x, .  x„,  we  will 

obtain  optimum  weight  function  w0( t,  x,,  ....  x„)  as  function  r  and 

variable  parameters  x, . xn.  Obviously ,  the  optimum  weight  function, 

which  ensures  the  absolute  minimum  of  dispersion  De  is  located  in 
the  class  of  these  weight  functions.  It  is  easy  to  see  that  the 
unknown  optimum  weight  function  is  obtained  from  geheral/common/total 
expression  (IX. 34)  with 

=Vu  •••>  —  yn.  (IX. 35) 

However,  parameters  y>*  ••••  Y»  are  unknown.  For  the  automatic 
determination  of  the  values  of  parameters  yi.  •••»  Yn  or  for  the 
self-adjusting  of  weight  function  w0( t,  xu  ....  xn)  for  weight  function 
»o(t,  yi.  ....  Yn)  let  us  introduce  self-tuning  loops. 

Fundamental  control  loop  is  created  for  this  in  accordance  with 
weight  function  a»o(f,  *i.  •*«) •  This  outline  must  have  changing 
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parameters  (factors  of  amplification  of  components/1 inks,  time 

constants,  etc.),  which  correspond  *0  variable  parameters  x, . xn. 

Weight  function  wo(x,  xu  ....  x„)  or  transfer  function  corresponding  to  it 
determine  the  structure  of  fundamental  control  loop  and  the 
set/dialing  of  its  variable  parameters. 

In  order  to  synthesize  self-tuning  loops,  it  is  necessary  to 
solve  the  task  of  computing  of  criterion  oK  and  its  gradient.  This 
criterion  at  each  given  moment  of  time  can  be  calculated  according  to 
formula  (IX. 31),  in  which  instead  of  the  arbitrary  weight  function  w 

should  be  Supplied  w0(T,  . x«),  that  is  the  solution  of  equation 

(IX. 33) 

r  t 

De  (x\t  •  •  • »  xn)  —  J  j"  w0  ("*•  *11  •  •  ••  Xn)  *•  (^'  *1*  •  •  •  •  X»)  * 

x  [Kg  (t  —  1)  +  Kz  (?i,  ••»?«»  t  —  X)]  di  d\ 

—  2  [  Kqh  (t)  w9  (t,  xx . x„)  dx  +  Dh-  (,x  •  36) 


Page  258. 

Here  first  term  is  dispersion  dy  the  output  value  of 
fundamental  control  loop.  We  assume  that  the  output  value  Y  is 
stationary  ergodic  function  (on  the  dispersion).  In  this  case, 
feeding  signal  Y  into  the  computer,  on  one  sufficient  long 
realization  it  is  possible  with  the  required  accuracy  to  determine 
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unknown  dispersion  Dr.  The  computation  of  this  dispersion  is  realized 
according  to  formula  (IX. 6). 

Second  term  in  formula  (IX. 36)  can  be  calculated,  if  we  to  the 
computer  feed  the  values  of  parameters  xit  ....  xn  (these  values  of  the 
parameters  they  are  known,  they  correspond  to  the  real  values  of 
parameters  .  *»  in  the  fundamental  control  loop). 

Third  component/term/addend  Da  does  not  affect  the  process  of 
self-adjusting  and  easily  it  can  be  calculated  previously,  prior  to 
the  beginning  of  the  work  of  system. 

Thus,  criterion  Ds  can  be  calculated  as  the  function  of  current 
parameters  xu  ....  x„. 

Further  should  be  solved  the  task  of  determining  the  gradient  of 
criterion  DK.  For  the  motion  to  the  extremum  we  use,  for  example,  a 
gradient  method.  The  components  of  gradient  can  be  determined  by  the 
method  of  synchronous  detection  or  by  any  other  method  [49,  110], 

Gradient  method  in  its  ideal  form  in  this  case  as  follows 
relates  rate  of  change  in  parameter  xt  and  corresponding  component 
of  the  gradient  of  the  criterion: 
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where  K  -  certain  positive  number. 

The  schematic  of  the  system  of  extreme  control,  which  realizes 
the  method  of  computing  the  criterion  presented  and  the  gradient 
method  of  motion  to  the  minimum  of  variance  of  error,  is  depicted  in 
Fig.  IX. 4.  Besides  the  fundamental  control  loop,  characterized  by 
weight  function  ®o(t,  xj,  ....  xn),  the  system  encompasses  other  self-tuning 
loops.  These  outlines  contain  the  elements/cells,  intended  for 
computing  the  criterion  de,  for  determining  the  components  of  the 
gradient  of  criterion  -£££-, f  —  1, n,  for  the  realization  of  motion  to 
the  minimum  of  criterion. 

Page  259. 

Criterion  Ds  is  determined  by  computer  and  is  fed  into  all  n  of  the 
channels  of  self-adjusting.  In  the  computer  is  fed  the  initial 
information:  correlation  function  Kgh(x);  dispersion  DH\  function 
xn).  The  instantaneous  values  of  parameters  *u  •••>  are 
working  information.  This  working  information  enters  computer  from 
the  fundamental  control  loop  (or  from  the  output  of  the  integrating 
components/1 inks  of  the  channels  of  self-adjusting). 

The  components  of  the  gradient  of  criterion  are  determined 

4*i 

continuously  with  the  help  of  the  synchronous  detectors  (or  in 
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another  manner), 


designated  in  Fig. 


IX. 4  by  rectangles  - , 

djti 


Motion  to  the  minimum  of  dispersion  Dm  is  realized  in 
accordance  with  formulas  (IX. 37)  or  with  the  formulas 

x,  -+-  x, (0).  /-  I . «.  (IX. 38) 

equivalent  to  them. 


In  accordance  with  signals  (IX. 38),  obtained  from  the  output  of 
the  integrating  devices/equipment,  the  actuating  elements  change 
parameters  xu  jc*  of  fundamental  control  loop. 
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Fig.  IX. 4.  Optimum  system,  which  self-tunes  to  the  minimum  of 
variance  of  error. 


Page  260. 


The  values  of  parameters  *u  ....  •*».  introduced  into  the  computer, 
simultaneously  analogously  are  changed.  The  continuous  process  of 
search  in  accordance  with  the  diagram  in  Fig.  IX. 4  provides  the 
monotonic  decrease  of  criterion  Du  to  its  minimal  value.  In  fact, 
full/total/complete  derivative  of  criterion  on  the  time  is  equal  to 


<*de  *df.  dx\  <txn 

dt  dxl  dt  dxn  dt 


(IX.  39) 


OUr 

Derivative  ■  -  —  in  the  assumption  is  close  to  zero.  Therefore  it 

dt 

is  not  taken  into  consideration  in  expression  (IX. 39).  Substituting 
relationship/ratio  (IX. 37)  into  formula  (IX. 39),  we  obtain 
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Hence  it  is  apparent  that  the  full/total/complete  derivative  of 
criterion  on  the  time  always  less  or  is  equal  to  zero.  Consequently, 
criterion  be  is  reduced  in  the  process  of  search  to  the  minimum 
value. 


If  function  has  DK  =*  ZM*i,  ....  *«)  several  minimums,  then  it  is 
necessary  to  find  out  the  global  minimum,  by  using,  for  example,  a 

random  assignment  of  the  initial  values  of  parameters  * . .  However, 

in  the  practical  tasks . usually  with  the  real  ranges  of  a  change  in 
parameters  xit  ....  x„  dispersion  DK  has  one  minimum. 

To  the  case  examined  here  (see  Pig.  IX. 1  and  formulated  initial 
data)  is  reduced  also  that,  when  the  interferences,  applied  at 
different  points,  operate  on  the  system. 

Let  us  compare  this  version  of  the  optimum  self-tuning  system 
with  version  2,  examined  on  page  250  of  this  book.  System  with  weight 

function  «>o(t,  x, x„)  provides  in  the  general  case  the  smaller  value 

of  criterion  db  with  the  ideal  self-tuning  loops,  than  system  with 

weight  function  w(j,'x . which  corresponds  to  version  2  (see  page 

250  of  this  book). 
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In  this  the  advantage  of  the  optimum  self-tuning  system. 

However,  the  self-tuning  system  with  weight  function  w(x,  xu  ....  x„)  of 
fundamental  control  loop,  as  a  rule,  is  more  easily  realized  (this 
system  it  is  selected  in  the  class  of  the  easily  realizable  systems) 
and  it  can  be  used  for  different  initial  data  (with  different 
correlation  functions  Ko  and  Kz). 

It  should  be  noted  that  in  the  optimum  self-tuning  system  a 
structure  of  fundamental  control  loop  and  a  number  of  its  controlled 
parameters  are  uniquely  determined  by  initial  data  -  correlation 
functions  Ka,  Kz  and  designation/purpose  of  system  (by  form  of 
operator  L) . 

Page  261. 

2.  Law  of  distribution  m  of  parameters  of  correlation  function 
of  useful  signal  is  unknown.  Let  as  before  the  diagram  of  fundamental 
control  loop  take  the  form,  depicted  in  Fig.  IX. 1.  The  initial  data 
about  the  interactions  and  the  designation/purpose  of  system  the  same 
as  in  p.  1  of  this  paragraph,  with  exception  of  the  fact  that  the 
correlation  function  of  useful  signal  in  this  version  is  known  with 
an  accuracy  to  m  parameters  v, Vm,  and  the  correlation  function  of 
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interference  is  known  completely,  i.e. 

Kq  Kq  (»i,  •  •  •  t  '**,1  l)i 

where  /C0 (vt . vmi  t)  -  known  function  r  and  parameters  vi; ....  vm; 

vi,  ....  vm  -  the  random,  slowly  changing  parameters  with  the 
unknown  distribution  law. 

The  parameters  can  make  sense  of  the  dispersions  of  single 
components  of  random  process  G(t),  the  indices  of  exponential  curves, 
which  approximate  correlation  function  /c0l  and  so  forth. 

It  is  easy  to  see  that  in  this  case  the  correlation  function  of 

the  input  value  X  is  equal  to 

Kx  -  /Co(»t, . .  ■*)  -f  /C* (x).  (IX. 41) 

and  the  correlation  function  of  the  connection  between  functions  X 
and  H  is  determined  from  formula  [6,  77] 

Kxii  Kuii  Lh u(*, . .  “*)•  (IX. 42) 

In  contrast  to  previous  in  this  case  correlation  function  kxh 
depends  not  only  on  r,  but  also  on  unknown  parameters  vi, ....  vm.  This 
circumstance  substantially  complicates  the  process  of  the  synthesis 
of  the  optimum  self-tuning  system,  which  will  be  evident  from  the 
following  presentation. 
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Criterion  ds  in  this  case  is  written/recorded  in  accordance 

with  formula  (IX. 31),  also,  taking  into  account  formulas  (IX. 41)  and 

(IX. 42):  -  ( 

r  r 

£>£=  f  fwtOvflH/Gafo . vmi  t  —  1)  t  Kz  (t  —  X)]  dx d\  — 

o  b 

T 

—  2  ^LKa(\,  ....  *m,  x)w(x)dx  +  DHt  (IX. 43) 

o  ( 

where  w(r)  -  the  weight  function  of  fundamental  control  loop. 

If  parameters  vtl  ....  vm  were  known,  then  it  would  be  possible  to  < 

determine  the  optimum  weight  function  of  system  [6,  77],  which 
ensures  the  minimum  of  dispersion  Ds.  But  these  parameters  are 
unknown  in  stated  problem.  Therefore  let  us  act  as  follows.  ( 

Let  us  determine  the  optimum  weight  function  w0  during  the 
replacement  in  /Cu(vi, ....  vOT,  t)  values  v*i vm  by  some  numbers  xi xm.  < 
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Page  262. 

After  this  replacement  optimum  weight  function  is  defined  as  the 
solution  of  integral  equation  [5,  6,  60,  77] 

T 

f  f/Co  (Of,  ....  xm,  x  —  X)  +  Kz(t)]w(K  xu  ....  xJdX— 

6 

—  LKa (Jfi . xm,  t)  =  0,  (IX. 44) 

0<x<T. 

Solution  w0  of  this  integral  equation  depends  on  . . . 

wa~w9(x,  . xm).  (IX. 45) 

Further,  being  assigned  by  different  combinations  of  values 
x\,  ....  xm,ve  will  obtain  optimum  weight  function  xlt  ....  xm)as  function 
r  and  variable  parameters  *i,  ....  xm.  it  is  obvious,  in  the  class  of 
these  weight  functions  wo(x,  x,,  ....  xm)  is  located  the  optimum  weight 
function,  which  ensures  the  absolute  minimum  of  dispersion  DB  at  the 
real  values  of  unknown  parameters  vi, ....  vm.  it  is  easy  to  note  that  the 
unknown  optimum  weight  function  is  obtained  from  general/common/total 
expression  (IX. 45)  with 

*1  =  . Xm  -=  ''*•  (IX. 46) 
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Now  it  remained  to  find  the  method  of  changing  the  parameters 

X\ . Jem  in  the  fundamental  control  loop,  at-  which  is  achieved  exact  or 

approximate  fulfilling  of  relationships/ratios  (IX. 46).  It  is 
possible  to  attain  this  with  the  help  of  the  self-tuning  loops. 
Fundamental  control  loop  in  accordance  with  weight  function 

u/of-c.xi . *m)  first  is  realized.  This  outline  is  the  linear  system  of 

determinate  structure  with  m  by  controlled  parameters  *i . xm. 

In  order  to  create  self-tuning  loops,  it  is  necessary  to  solve 
the  task  of  computing  the  criterion  Ds-  This  criterion  at  each  given 
moment  of  time  is  determined  by  formula  (IV. 43),  in  which  instead  of 
the  arbitrary  weight  function  w  should  be  supplied  function 

(t,  x . xm),  which  is  the  solution  of  equation  (IX. 44): 

r  T, 

De(xi . xm)  =  C  j'  Wt(x,  x, . xm)w0(X,  x, . X„)x 

6  6 

X  [Kg  (v*.  ....  t  —  A.)  -f-  Kz  (t  —  1)J  dxdX  — 

T 

2  ^  LKq  ("*lt  . . . ,  '•b,,  t)  xlf  . . . ,  x„,)  dx  Dh.  (IX .  47) 

o 

Page  263. 

First  term  in  expression  (IX. 47)  is  dispersion  Dr  of  the  real 
output  value  of  fundamental  control  loop.  Counting  this  value  Y  of 
virtually  stationary  and  ergodic  on  the  dispersion,  we  can  with  a 
sufficient  accuracy  compute  its  dispersion  according  to  sufficiently 
long  realization  Y(t).  The  computation  of  dispersion  Dr  is  realized 
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according  to  formula  (IX. 6). 


Second  term  in  expression  (IX. 47)  in  contrast  to  the  previous 
case  cannot  be  calculated,  that  as  it  it  depends  on  unknown  values 
vi,  ....  vm.  This  component/term/addend  cannot  be  determined,  also,  with 
the  help  of  the  further  measurements,  since  it  is  cross-correlation 
function  K*-H(0)“£rH  between  the  real  and  that  desired  by  output  by 
values,  and  the  desired  output  value  H  cannot  be  measured. 


Third  component  Du,  as  in  the  previous  cases,  the  search  for  the 
minimum  of  criterion  does  not  affect,  since  it  does  not  depend  on  the 
parameters  of  fundamental  control  loop. 


Thus,  in  this  case  criterion  D*  is  represented  in  the  form 

Dg  —  Dy  (jfji  •  •  •  •  xm )  2 Dyh  (*i»  •  •  *i  •  •  •  •  *m)  “h  • 

(IX.  48) 

Dispersion  DY  depends  also  on  parameters  vt, ....  vm,  but  this 
dependence  is  not  considered,  since  it  in  further  reasonings 
explicitly  is  not  used.  Dependence  DYH  on  these  parameters 
significantly  affects  the  method  of  computing  the  criterion  (gradient 
of  criterion). 


During  engineering  of  self-tuning  loops  it  is  important  to  have 
a  method  of  obtaining  the  components  of  gradient.  Therefore  we  will 


I 
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further  seek  the  approximate  method  of  computing  the  components  of 
the  gradient  of  criterion,  but  not  criterion  itself.  For  this  instead 
of  the  exact  formulas,  which  determine  the  component  of  the  gradient 
of  the  criterion 

dDe  dDv(x i . *„)  _  2  dDYH  (v . V  «»• . *  J 

dx,  dxi  dxj 

i  1 . m,  (IX.  49) 

and  which  contain  unknown  parameters  v>*  ••••  Vm*  we  will  use  the 
approximation  formulas 


— — «  <p,  (x.  -  )  -  . 

dx,  . x"> - ST, - 

O  dDY"(V‘ . *1 . «J| 

dx. 


,  i  —  1 . m.  (IX.  50) 


Page  264. 


dDY 

Derivatives  dx/  can  be  obtained,  for  example,  with  the  help  of 
the  synchronous  detection.  The  derivatives 


d°YH  (y\  ■ 


•V,.:  *1 . *m) 


dx. 


-i 


can  be  obtained  in  the  computer,  using  working  information  about 
parameters  xlt  ....  xm  and  initial  information  about  the  effects  on 
system. 


Thus,  instead  of  the  partial  derivatives  (IX. 49)  of  the 
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criterion  from  parameters  x,  in  the  self-tuning  system  it  is  proposed 

to  use  functions  <P;,  determined  by  formulas'  (IX. 50).  This  approximate 

method  of  computing  the  components  of  the  gradient  of  criterion  is 

proposed,  in  the  first  place,  because  in  the  well  working  self-tuning 

system  parameters  x,  are  close  to  parameters  /  -  l .  m  and  the 

replacement  of  parameters  vj  with  parameters  does  not  lead  to  the 

dDE 

large  divergence  of  functions  <fj  from  derivatives  — — . 

In  the  second  place,  as  it  will  be  shown,  the  proposed 
approximate  method  of  computing  the  components  of  the  gradient  of 
criterion  DE  it  provides  the  process  of  self-adjusting,  which 
converges  to  the  minimum  of  criterion  0*. 

Motion  to  the  minimum  of  dispersion  DK  in  this  case  is  realized 
according  to  the  modified  gradient  method,  determined  by  the 
relationship/ratio 


Xf  —  (^i»  •  •  •»  ^m)» 

(IX. 51) 

f 

Xf  =  ^  K  j*  (pfdt  +  Xj  (0), 

(IX.  52) 

o 


j  =  m. 

Let  us  show  that  actually/really  the  motion  according  to  this 
method  is  realized  to  the  minimum  of  dispersion  de  and  that  the  state 
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of  equilibrium  of  system  is  reached  when  —  v,-. 


Page  265. 

In  order  to  determine  the  values  of  the  parameters,  which 
correspond  to  the  state  of  equilibrium  of  system,  necessary  to  equate, 
to  zero  derivatives  x,  [see  formulas  (IX. 51)  and  (IX.50)]: 


dpr(* . . «„)  odDy»(vt . V  «i . *J| 

1  dx/  d*  /  !  ,,-x, 


/  -  I . m. 


(IX.  53) 


Let  us  compare  system  of  equations  (IX. 53)  with  the  equations 


dDY  ( x 


I . xm)  o  a0YW  (V1 . V*! . *m)  _ 


0,  /  =  1 . 

(IX.  54) 


which  are  obtained  by  the  equating  of  zero  derivatives  — j -  1 . m 

dx/ 

[see  expression  (IX.49)]. 


It  is  easy  to  comprehend  that  equations  (IX. 54)  are  satisfied  at 
the  values  of  parameters  =  vi.  xm  =  vm,  since  these  values  of  the 
parameters  correspond  to  the  minimum  of  variance  of  error  DE.  Hence  it 
follows  that 
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. . .  . .  *!■  j  _0 

d*  l  dx/  <|Bi| 

'•*-*«  (IX.55) 

In  this  case  equations  (IX. 54)  have  the  following  solution: 

*1  =  xm  =  *«• 

Consequently,  the  system  of  extreme  control,  in  which  the  motion 
to  the  minimum  of  criterion  D*(x\,  ....  xm )  is  realized  in  accordance  with 
formula  (IX. 51),  provides  in  the  steady-state  mode/conditions  the 
outer  limits  of  parameters  xj  -  vj,  /  -  1,  ....  m  and  the  minimum  of  the 
variance  of  error  of  fundamental  control  loop 

De  min  —  De  (^i,  •••!  v«i)*  ■ 

The  schematic  of  the  system  of  extreme  control,  which  realizes  a 
motion  to  the  minimum  of  variance  of  error  in  accordance  with  law 
(IX. 51)  or  (IX. 52),  is  depicted  in  Fig.  IX. 5. 

In  contrast  to  the  previous  case  (when  is  absent  complete 
initial  information  about  the  correlation  function  of  interference 
and  there  is  the  complete  initial  information  about  the  useful 
signal)  here  not  at  all  values  of  parameters  •••.  xm  is  provided  the 
monotonic  decrease  of  criterion  DE  in  the  process  of  the  search  for 
the  minimum  of  this  criterion. 
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Let  us  explain,  what  limitations  should  be  applied  on  the  value  of 

parameters  . so  that  the  diagram  in  Fig.  IX. 5  would  provide  the 

monotonic  decrease  of  dispersion  De ■  For  this  let  us  write  expression 

for  the  f ull/total/complete  derivative  of  Ds  on  the  time,  taking  into 
.  dDE 

account  that  —  —  -*>0,  and  taking  into  account  relationship/ratio 
(IX. 50)  and  (IX. 51) : 


-«Y 


dOE 

VI  dDa 

dxi 

it 

it 

dDy 

0aoVH(vll , 

•••  V  *!•  • 

dx, 

dxt 

1 

(IX.  56) 

Taking  into  account  expression  (IX. 49),  formula  (IX. 56)  can  be 
rewritten  in  the  following  form: 


. Vji . O 

dxj  dxj  L  9xi 

d0vw(v . .  *i . Pi 

d*l  J 


m  m> 
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Fig.  IX. 5.  Diagram  of  extreme  control  according  to  the  law,  described 
by  equation  (IX. 51)  or  equation  (IX. 52). 
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It  follows  from  the  latter/last  relationship/ratio  that 
criterion  Dx  monotonically  decreases,  if 


dDf 


dx, 


>2 


dPr«(v . .  *i . *m) 

dxt 


dpvw(vi . V  *i . *m) 

dx, 


•-•-I- 


(IX.  57) 


This  condition  is  satisfied  with  a  sufficient  proximity  of 
parameters  to  parameters 

vi,  (  ■  I , ,  m. 


With  the  initial  data  examined,  when  m>2,  ordinary  (not  optimum) 
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self-tuning  system  cannot  function  without  the  further  measurements 
and  the  computations  (see  Section  4  of  previous  paragraph).  In  this 
case  in  the  optimum  self-tuning  system  it  is  possible  to 
approximately  compute  the  gradient  of  criterion,  because  the  outer 

limits  of  parameters  . coincide  with  the  instantaneous  values  of 

unknown  parameters  vt, ....  vm. 

It  is  important  for  the  normal  work  of  the  optimum  self-tuning 
system  in  the  case  in  question  so  that  the  initial  values  of 
parameters  *i.  •••.  ^  would  be  established/installed  by  sufficiently 

close  to  the  instantaneous  values  of  parameters  vi . v,„.  Sufficient 

proximity  */(0)  to  vfl  / «  I . m  can  be  rated/estimated  by 

relationships/ratios  (IX. 57). 

3.  Law  of  distribution  m  of  parameters  of  correlation  function 
of  useful  signal  and  n  of  parameters  of  correlation  function  of 

interference  is  unknown.  In  the  case 

Kq  —  Kq  (v„  ....  t); 

Kz  Kz  (Vi . Y„.  i); 

Kx  Kq  (v, . vm,  t)  +  Kz  (Yi . Y«.  t); 

Kxm  ~  Kqh  —  LKq(i . . xm,  t). 

in  question. 

Criterion  in  this  case  is  written/recorded  according  to 
formula  (IX. 31)  taking  into  account  expression  (IX. 58)  in  the 
following  the  form: 


(IX.  58) 
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r  t 

De  =  J  |  ®  (T)  *  W  (*0  (V1 . .  T  —  X)  +  /Cz  (vl(  ....  Yfl.  t— 1)1  x 

r 

XdxdX  —  2  j* . vm,  x)w(x)dx  +  DH  =  ZV  —  £y«  +  £>«, 

(IX.  59) 

where  w(r)  -  the  weigh*  function  of  fundamental  control  loop. 
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For  known  parameters  vi . vm,  yi.  .M  y«  it  is  possible  to  determine 

the  optimum  weight  function  of  system  [6,  60],  which  ensures  the 
minimum  of  dispersion  DK.  However,  these  parameters  are  unknown  in  the 
task  in  question.  Let  us  act  analogously  how  they  entered  in  the 
previous  cases:  let  us  determine  first  optimum  weight  function  w, 

during  the  replacement  in  function  /Co (v . .  t)  of  values  vi . vm  by 

numbers  * . .  xm  and  in  function  /Cz(yi . Y».  *)  of  values  Yi . .  by  numbers 

yu  •••,  (/n-  After  this  replacement  the  conditional  optimum  weight  function 
w,  is  defined  as  solution  of  integral  equation  [5,  6,  60] 

T 

. x„,  x—  X)  +  Kz(y»  ....  y„,  t  — X)]o;x 

X  (X,  xt,  ....  xm,  tji,  . . . ,  yH)  dX  LKq  (Xj,  . . . ,  xm,  x)  =  0, 

0<t<7.  (IX. 60) 

Solution  w,  of  this  integral  equation  depends  on  numbers 

Af|,  •••!  Xmt  y |/n» 
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If  we  are  be  given  different  combinations  of  the  values  of 
numbers  •••> **»,  yu  ....  j/».  then  we  will  obtain  optimum  weight  function 

w0(x\ . xm,  . . yn)  as  function  r  and  parameters  . . .  . . . .  it  is 

obvious,  in  the  class  of  these  conditional  optimum  weight  functions 
is  located  the  optimum  weight  function,  which  ensures  the  absolute- 
minimum  of  dispersion  De  at  the  real  value  of  unknown  parameters 
vi, ....  vm,  yi.  Y»of  the  probabilistic  characteristics  of  signals  G(t)  and 
Z(t).  It  is  easy  to  see  that  the  unknown  optimum  weight  function  is 
obtained  from  the  general/common/total  expression  of  the  conditional 
optimum  weight  function 

»<>(*.  *x . *«.  yi . yn)  (ix. 6i) 

with 

XjSrvj,  . . . i  xm  vm,  i/i  7»>  •  •  •  i  l/»  =  Vi»*  (IX. 62) 

It  is  necessary  to  find  the  method  of  achieving 
relationships/ratios  (IX. 62),  i.e.,  to  find  the  method  of  an 
automatic  change  of  parameters  x,  *  ••••  yu  yn  also,  in  the  fundamental 

control  loop,  at  which  is  achieved  exact  or  approximate  fulfilling  of 
relationships/ratios  (IX. 62).  It  is  possible  to  attain  this  with  the 
help  of  the  self-tuning  loops. 

Fundamental  control  loop  in  accordance  with  weight  function 

»o(t,  x\ xm,  tj\ yn)f  irst  is  realized.  In  this  outline  must  be  n+m  of 

controlled  parameters  X\9  .•■«  xm>  lJu  ....  yn.  For  the  creation  of  self-tuning 
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loops  it  is  necessary  to  solve  the  task  of  computing  of  criterion  DB 
or  its  gradient.  Criterion  at  each  moment  of  time  is  determined  by 
formula  (IX. 59),  in  which  instead  of  the  arbitrary  weight  function  w 
should  be  supplied  function  a/0(r,  xu  ....  xm,  yu  ....  yd,  which  is  the  solution 
of  equation  (IX. 60): 

T  T 

De  —  |  1  (ti  xx  ... i  xm,  </i,  •  •  •  i  Wq  (1*  xXt  ... i  xm,  yx,  .  •  >,  yd  x 

5  5 

x  [K a  (»i . .  t  —  X)  +  Kt  (v, . y„,  x  —  X)|  dx  d\  — 

r 

-2  Jltfc(  vn  •  •  •  •  vm»  t)tt‘0(T,  xlt  ....  xm,  yx,  ....  + 

+  Dh  Dy  —  2Dyh  +  Dm.  (IX.  63) 

Page  269. 


This  criterion  is  the  function  of  known  parameters  x, . xm,  y, . yn 

and  unknown  parameters  vt,  ....  \m,  yu  ...  y»- 


First  term  in  expression  (IX. 63),  as  in  the  previous  cases,  it 
is  calculated  in  formula  (IX. 6),  where  Y(t)  -  the  realization  of  the 
real  output  value  of  fundamental  control  loop. 

Second  term  cannot  be  computed.  As  in  the  preceding  case,  we 
will  calculate  approximately  not  criterion  Dx,  but  its  gradient.  For 
this  instead  of  the  exact  (unrealizable)  formulas,  which  determine 
the  components  of  the  gradient  of  the  criterion 


DOC  -  83173412 


PAGE 


&Pe  __  sdy  (*i . xih’  . o 

dxf  dxj 

gd£>y»(V| . V"‘  •*"'  y‘' (IX. 64) 


dxt 


dDe 

dy,< 


dPY  (x, ,  ....  xm,  y, . yn) 

dy, 


.2dDYH(* I . %■  *1 . xm‘  jjJLl  1^1 . «,  (IX. 65) 

dy, 

containing  unknown  parameters  vlt  ....  vm,  y«*  ••••  Y«.  we  will  use  the 
approximation  formulas 

dI>e  _  dDr(*\ . . . . 

~SxJ~  Ixj 

O  &DYH  (vi . * . .  v, . »,)| 

d*l  I  »,«x, 


“  *P/  (*i»  •  •  •  •  ■*(■>  !/ii  •  •  •  i  Un) i  /**  1  •  •  ■ «  (IX .  66) 

<?fs  dPY( x . . . . 

dyt  dy, 

n  ^PyH  (*l . *„•  *|  •  •  •  •  <  xm>  y,i  •  •  •  •  y„) 

l  - 

”  •  •  •»  xmt  Ut»  *  •  *i  </«),  ^  ®  1»  •••»/!•  (IX. 67) 
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Derivatives 


dOy  dDy 


<>*/  ’  dy, 

help  of  synchronous  detection.  The  derivatives 


can  be  obtained,  for  example,  with  the 


d&YH  (v 


v«-  . *m-  » i . *„) 


dx, 


n— *i 


. xmi  *1 . Xm'  '• 

~  ~5ui  ” 


*n) 
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can  be  found  by  calculation  in  the  computer,  using  initial 
information  about  the  effects  on  system  arrd  working  information  about 
the  parameters  of  fundamental  control  loop  xu  ■■■<  xm,  yu  ....  yn. 


Thus,  instead  of  the  partial  derivatives  (IX. 64)  and  (IX. 65)  of 
the  criterion  from  parameters  and  </<  in  the  self-tuning  system  it 
is  proposed  to  use  functions  q>j  and  determined  by  formulas  (IX. 66) 
and  (IX. 67). 

The  proofs  of  this  replacement  is  accurate  the  same  as  in  the 
previous  case. 

Motion  to  the  minimum  of  dispersion  Ds  in  this  case  is  realized 
according  to  the  modified  gradient  method,  determined  by  the 
relat ionships/ratios 

X I  ~  KW/iXu  •  •  •»  X/fft  y»  .  .  l/n),  j  —  1,  •  •  •»  1 
yt  =  —  /Ctpi  ....  Xm,  yu  .. yn),  i-  1,  ....  n.  \ 

In  accordance  with  formulas  (IX. 63)  (IX. 66)  (IX. 67)  (IX. 68)  the 
schematic  of  the  optimum  self-tuning  system,  depicted  in  Fig.  IX. 6, 
is  formed/shaped.  The  principle  of  the  work  of  system  with  a  similar 
diagram  is  clear  without  the  further  description. 


Just  as  in  the  preceding  case,  it  is  possible  to  show  that  the 
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equilibrium  state  of  system  is  reached  when  *)  *  vj.  !/<  =  v<*  the  state  of 
equilibrium  of  system  corresponds  to  the  minimum  of  dispersion  DE,  and 
in  the  observance  of  conditions,  analogous  conditions  (IX. 55),  motion 
to  the  minimum  of  dispersion  Dx  is  realized  monotonically . 

It  was  everywhere  accepted  until  now  that  useful  signal  G  and 
interference  Z  were  not  correlated.  This  assumption  was  accepted  only 
for  simplification  in  the  calculations.  In  the  latter  case  it  was 
possible  not  to  accept  this  assumption.  In  this  case  in  principle 
nothing  was  changed,  it  is  only  necessary  to  know  correlation 
function  of  connection/communication  Koz  between  G(t)  and  Z(t)  as  the 
function  of  some  parameters  Xi, ....  A.,: 

Koz  “  Koz  (ijt  ...»  • 


Page  271. 

All  reasonings  and  calculations  of  this  point/item  without  the 
fundamental  changes  are  valid  in  this  more  general  case  (when  Koz  ¥>  0), 
only  more  complicatedly  are  determined  correlation  functions  Kx  and 
Kyu  and  criterion  Dt,  the  weight  function  w0  of  fundamental  control 
loop  depends  on  a  large  number  of  unknown  parameters. 

Everywhere  above  it  was  considered  that  mathematical  expectation 
of  useful  signal  and  interference  were  equal  to  zero,  and  as  the 
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criterion  accepted  the  variances  of  error  of  system.  Sometimes  it  is 
expedient  to  consider  the  presence  not  of  the  equal  to  zero 
mathematical  expectation  of  useful  signal  or  interference.  In  such 
cases  it  is  expedient  to  use  another  criterion  of  the  quality  of 
systems.  It  is  possible  to  take  as  the  criterion,  for  example, 
root-mean-square  error  or  the  probability  of  the  nonappearance  of  the 
error  of  system  from  the  preset  tolerances.  In  the  following 
paragraph  the  system,  which  self-tunes  to  maximum  of  the  probability 
of  the  nonappearance  of  its  error  from  the  preset  tolerances,  will  be 
examined. 

.  3.  Optimum  systems,  which  self-tune  to  maximum  of  the  probability  of 
the  nonappearance  of  error  from  the  preset  tolerances. 

Let  us  examine  two  cases,  that  differ  one  from  another  in  terms 
of  the  degree  of  the  incompleteness  of  initial  information  about  the 
probabilistic  characteristics,  which  operate  on  the  system  of 
signals. 


jr/<r 
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Fig.  IX. 6-  Schematic  of  the  optimum  system,  self-adjusting  according 
to  laws  ( IX. 66 ) - { IX. 68 ) . 

Page  272. 

1.  Law  of  distribution  of  mathematical  expectation  of 
interference  and  n  of  parameters  of  correlation  function  of 
interference  is.  unknown.  To  the  input  of  fundamental  control  loop 
(see  Fig.  IX. 1)  operates  signal  X,  which  is  the  sum  of  useful  signal 
G  and  interference  Z,  not  correlated  between  themselves.  Mathematical 
expectation  ma  and  correlation  function  Ka  of  useful  signal  is 
completely  known.  Are  unknown  mathematical  expectation  mz  and  n  of 

parameters  yi .  Y»  of  correlation  function  Kz(y . .  t)  interferences. 

In  other  respects  initial  data  coincide  with  the  first  case  of  the 
previous  paragraph. 
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As  the  criterion  we  accept  probability  P  of  the  nonappearance  of 
the  error  of  system  from  the  data  of  tolerances,  determined  under  the 
normal  law  of  error  distribution  according  to  formula  (IX. 24). 

Criterion  P  is  function  from  mathematical  expectation  and 
dispersions  DB  of  error. 

The  mathematical  expectation  of  error  is  determined  from  formula 

[6,  60]  r 

me  =mY  —  mH-  ^  (rna  + mz)w(i)dx  —  L\m0\,  (IX. 69) 
o 

but  dispersion  DE  -  according  to  formula  (IX. 31). 

If  parameters  m Y«»  •••.  Y<»  were  known,  then  it  would  be  possible 
to  determine  the  optimum  weight  function  w,  of  fundamental  control 
loop  [6],  which  ensures  the  maximum  of  criterion  P. 

So  that  it  would  be  possible  to  use  the  methodology  of  the 
determination  of  optimum  weight  function  from  criterion  P,  let  us 
assign  the  concrete/specific/actual  values  of  values  mz,  yu yn‘, 
instead  of  let  us  take  number  x,,  instead  of  Yi.  ••••  Y»  -  respectively 
number  *i,  •••,  xn.  Numbers  xu xn  can  be  selected  arbitrarily  from  the 

region  of  the  possible  values  of  values  mz,  yi.  •••.  y«-  Now  it  is  possible 
to  determine  [6]  the  conditional  optimum  weight  function  w0  of 
fundamental  control  loop,  which  ensures  the  maximum  of  .criterion  P 
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when  »«*  —  *o.  yi  =  •*» . Vn^^i-The  weight  function  w#  depends  on  r  and  on 

numbers  *o,  •  •••«  Xj|, 

u)0  =  x0,  xlP  ....  x.).  (IX. 70) 

Being  given  different  combinations  of  values  *o.  xu  ....  rn,  we  will 
obtain  the  optimum  weight  function  w#  as  function  t  and  parameters 
*o,  *i, ....  *u-  It  is  obvious  that  the  optimum  weight  function,  which 
ensures  the  absolute  maximum  of  criterion  P,  is  located  in  the  class 
of  these  weight  functions.  The  unknown  optimum  weight  function  is 
obtained  from  general/common/total  expression  (IX. 70)  at  the 
following  values  of  parameters  *o,  *i, ....  x„: 

xt  —  mz,  =>  Yi>  •  • x„  =»  y„. 


Page  273. 

However,  parameters  *iz.  y i. y»  are  unknown.  For  the  automatic 

determination  of  the  values  of  parameters  mz.  yi . Y«  or  for  the 

self-adjusting  of  fundamental  control  loop  let  us  introduce  the 
self-tuning  loops. 

In  accordance  with  weight  function  tv0(x,  x0,  . . .  is  created  the 

fundamental  control  loop,  which  is  linear  system  with  variable 

(adjustable)  parameters  *o,  x . .  Then  it  is  necessary  to  compute 

criterion  P.  This  criterion  at  each  current  time  can  be  calculated 
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according  to  formulas  (IX. 24)  (IX. 31)  and  (IX. 69),  where  instead  of 

the  arbitrary  function  w  one  should  supply  “’°(T*  x°»  . . *«)•  The 

computation  of  variance  of  error  DE  is  realized,  just  as  this  is 

described  above  in  p.  1  of  paragraph  2,  and  mathematical  expectation 

mE  -  according  to  the  formulas  p.  6  of  paragraph  2.  For  the 

realization  of  motion  to  the  maximum  of  criterion  P  it  is  possible  to 

use  a  gradient  method.  In  any  manner,  for  example  with  the  help  of 

the  synchronous  detection,  should  be  determined  the  components  of  the 

gradient  of  the  criterion 

dP  dP  dP 

dxt  '  dxx  ’  •••*  dx„  * 

In  this  case  the  ideal  form  of  this  method  is  realized  by  the 
following  formulas: 

x< (-0,1 . (IX. 71) 

where  K  -  certain  positive  number,  or 

x‘  =  K^dt  +  xiV)>  ‘  =  0.  I,  ...  II.  (IX. 72) 

In  accordance  with  law  (IX. 71)  the  actuating  elements  of 
self-tuning  loops  change  the  values  of  parameters  x,  in  the 
fundamental  control  loop  and  in  the  computer  VU. 

The  schematic  of  the  self-tuning  system,  which  realizes  the 
method  of  computing  the  criterion  P  presented  and  *-\r  gradient  method 
of  motion  to  the  maximum  of  criterion  P,  is  depicted  in  Fig.  IX. 7. 
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The  continuous  process  of  the  search  for  the  maximum  of 
criterion  P  in  accordance  with  diagram  IX. 7  provides  the  monotonic 
increase  of  criterion  P  under  the  Arbitrary  initial  conditions.  In 
order  to  be  convinced  of  this,  let  us  write  full/total/complete 
derivative  of  criterion  P  on  the  time,  taking  into  account  that 
(3P/3t)-0: 


Page  274. 

It  is  evident  from  expression  (IX. 73)  that  the  total  derivative 

of  criterion  P  on  the  time  is  positive,  if  *o.  x . .  are  not 

extreme.  This  means  that  criterion  P  grows  monotonically  in  the 
process  of  search. 

Let  us  consider  the  more  general  case  of  the  formulation  of  the 
problem. 


2.  Are  unknown  mathematical  expectation  and  parameters  of 
correlation  functions  of  useful  signal  and  interference.  In  contrast 
to  the  previous  case  we  consider  that  they  are  unknown  and 
mathematical  expectation  ma  and  m  of  parameters  vt,  ....  vm  of  correlation 
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function  /CG(vi, ....  vm, -t)  of  useful  signal. 

Thus,  in  the  examined  case  ma,  mz  are  unknown, Kg,  Kz,  Kx,  Kxh  are 
determined  by  relationships/rat iog  (IX. 58).  Criterion  P  is  determined 
from  formulas  (IX. 24)  (IX. 59)  (IX. 69).  Since  parameters 

ma,  vi,  ....  vm,  rnz,  yi . y«  are  unknown,  then  the  optimum  weight  function  of 

system  is  impossible  to  determine  (there  is  no. complete  initial 
information).  Let  us  assign  the  concrete/specific/actual  values  of 
these  parameters: 

m0  =  *„  =  x, . V.  =  x„,  mz  =  ya, 

Yl  —  Hi . Yn  ~  yn- 

At  these  values  let  us  determine  the  conditional  optimum  weight 
function  of  fundamental  control  loop  w#  employing  known  procedure 
[6] ,  which  depends  on  values  *0,  xlt  ....  xm,  y0,  yu  yn: 

xa.  xx . .  y0,  1 /„  ....  y„).  (IX. 74) 

If  we  are  be  given  different  combinations  of  the  values  of 
numbers  *m,  </o.  yi. yn,  then  in  this  case  we  will  obtain  the  optimum 
weight  function  w,  as  function  r  and  parameters  xQ,  xu  ....  xm,  y0,  yu  ....  \jn. 
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Fig.  IX. 7.  Schematic  of  the  self-tuning  system,  which  realizes  law 
(IX. 72) . 


Page  275. 

Obviously,  the  optimum  weight  function,  which  ensures  absolute 
maximum  of  criterion  P  at  the  real  values  of  unknown  parameters 
ma,  vi,  vm,  mz,  yi,  ....  v»vls  located  in  the  class  of  these  conditional 
optimum  weight  functions  It  is  easy  to  note  that  the  unknown  optimum 
weight  function  is  obtained  from  function  (IX. 74)  with 

. *«  =  V.  j  (IX. 75) 

y0  +  yx  =  ylt  . . . ,  y„  =  v«-  i 

It  is  necessary  to  find  the  method  of  achieving 
relationships/ratios  (IX. 75),  i.e.,  to  find  the  method  of  an 
automatic  change  of  parameters  x{,  y}  in  the  fundamental  control  loop, 
at  which  is  achieved  exact  or  approximate  fulfilling  of 
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relationships/ratios  (IX. 75).  It  is  possible  to  attain  this  with  the 
help  of  the  self-tuning  loops. 

Fundamental  control  loop  in  accordance  with  weight  function 
(IX.74)  first  is  realized.  In  this  outline  must  be  n+m+2  controlled 
parameters  *<>.  *i.  ....  xm,  yo,  yu  ....  yn.  For  the  creation  of  self -tuning  loops 
we  will  as  in  p.  3  of  previous  paragraph,  calculate  approximately  the 
gradient  of  criterion. 

Criterion  P,  determined  from  formulas  (IX. 24)  (IX. 59)  (IX. 69), 

is  known  function  from  mathematical  expectation  mK  and  dispersions 

Dm  of  error.  Mathematical  expectation  m *  easily  is  determined  on  the 

realization  of  the  output  value  Y  of  fundamental  control  loop  taking 

into  account  formula  (IX. 69).  Dispersion  DB  according  to  formula 
in  expression  (IX. 59)  does  not  depend  on  w  .  The  first  term 

(IX. 59)  cannot  be  completely  defined,  since  second  term  DY  is  defined 

A 

on  realization  Y  completely,  and  second  term  DYn  it  can  be  calculated 
as  the  function  of  parameters  xfl,  . xm,  y0,  yu y»- 


Consequently,  criterion  P  can  be  calculated  as  the  known 
function  of  parameters  vi,  ....  vm,  x0,  xu  ....  xm,  yo,  yu  ....  yn- 


P  =  P(v1( 


Xq,  •  -  •»  xni  y^t  yit  • . yn) .  (IX. 76) 


Approximately  the  components  of  the  gradient  of  criterion  P  it 
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is  proposed  to  determine  from  the  following  formulas: 


dP  d  D . 

0XJ  faj  *  (V1»  •  •  • '  v<"»  x0>  xu  •  •  • »  xmt  i/o>  y l>  •  •  •  I  yn) 


=  */(**  X1 . y»  yi . y„),  (1X.77) 

dP  a 

<^Vi  ~  •  •  •  •  Xn>  x0>  xi . Xm,  y0,  yx . yn) 

=  ('*a>  *li  •  •  ••  xrni  l/oi  yn  •  •  •  >  2/n)i  t  =  0,  1 . n.  (IX.  78) 


Proofs  to  this  replacement  of. exact  values  of  partial 
derivatives  by  their  approximate  values  the  same  as  in  p.  2  of 
previous  paragraph. 
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Motion  to  the  maximum  of  criterion  P  in  this  case  is  realized 
according  to  the  modified  gradient  method,  determined  by  the 
relationships/ratios 

xt  ~  K*l(xo.  xn  •  •  •>  xm>  y» i  Ui>  •  •  •  >  yn)>  /  ™  0,  1>  •  •  ftl',  |  yg^ 

Hi  Ki\i  (x0,  xx,  . . . ,  xm,  ya,  yx,  . . . ,  yn),  i  —  0,  I ,  . , . ,  n .  j 

In  accordance  with  formulas  (IX. 24)  (IX. 59)  (IX. 69)  (IX. 79)  the 
schematic  of  the  optimum  self-tuning  system,  depicted  in  Fig.  IX. 8, 
is  formed/shaped.  The  principle  of  the  operation  of  this  diagram  is 
the  same  as  the  diagrams,  depicted  in  Fig.  IX. 5  and  IX. 6. 


Just  as  in  p.  2  and  3  previous  paragraphs,  it  is  possible  to 
show  that  .the  state  of  equilibrium  of  this  self-tuning  system  is 
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reached  when  x0  =  mc\  x{  =  \u  xm  =  vm;  y0  =  mz ;  yt  -  . . .  yn  =  Yn.  the  state  of 

equilibrium  of  system  corresponds  to  the  maximum  of  criterion  P  in 
the  observance  of  the  conditions,  analogous  to  condition  (IX. 55); 
motion  to  the  maximum  of  criterion  is  realized  monotonically . 


Method  proposed  here  of  the  construction  of  the  optimum 

< 

self-tuning  system  can  be  used  without  the  fundamental  changes  also 
in  the  more  general  case,  when  useful  signal  and  interference  are 
correlated. 


It  is  presented  briefly  the  essence  of  the  proposed  method  of 
the  construction  of  the  optimum  self-tuning  systems  on  different 
criteria. 


DOC  =  83173412 


PAGE 


Fig.  IX. 8.  Schematic  of  system  with  the  self-adjusting  according  to 
the  modified  gradient  method. 


a  s 
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Method  encompasses  several  stages: 


First  stage  -  finding  the  expression  of  the  criterion  through 
the  weight  function  of  fundamental  control  loop  and  through  the 
probabilistic  characteristics  of  useful  signal  and  interference 
(through  unknown  parameters  vj,  yt  of  these  probabilistic 
characteristics) . 


Second  stage  -  obtaining  the  general  view  of  the  conditional 
optimum  weight  function  of  fundamental  control  loop  wa(xjt  ^,)  as  the 
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functions  of  controlled  parameters  *!,!/*• 


The  third  stage  -  the  creation  of  the  main  control  loop,  it  is 
accurate  (or  approximately)  which  corresponds  to  conditional  optimum 
weight  function  m(xj,  yt).  This  outline  must  contain  parameters  xjt  yit 
adjusted  in  the  sufficiently  wide  limits. 

The  structure  of  fundamental  control  loop  is  determined  by  the 
form  of  the  correlation  functions  of  useful  signal  and  interference, 
and  a  number  of  controlled  parameters  *;>  is  equal  to  a  number  of 
unknown  parameters  of  the  probabilistic  characteristics  of  useful 
signal  and  interferences. 

Fourth  stage  -  creation  of  the  program  of  the  exact  or 
approximate  computation  of  criterion  and  its  gradient  (or  only  the 
gradient  of  criterion)  at  current  time  taking  into  account  initial 
and  working  information  about  the  fundamental  control  loop  and  the 
interactions  on  it.  With  the  complete  initial  information  about  the 
probabilistic  characteristics  of  useful  signal  it  is  possible  to 
accurately  compute  criterion  and  its  gradient,  in  the  absence  of  this 
initial  information  criterion  and  its  gradient  in  principle 
accurately  are  not  calculated.  In  the  latter  case  it  is  possible  to 
approximately  determine  the  gradient  of  criterion  so  that  the 
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approximate  gradient  method  of  motion  to  the  extremum  of  criterion 
provides  finding  this  criterion  with  the  observance  of  some 
conditions,  presented  above  in  this  chapter. 

Fifth  stage  -  creation  of  self-tuning  loop  in  accordance  with 

the  calculation  formulas  accepted  and  the  methods  of  computing  the 

i 

gradient  of  criterion. 

The  proposed  here  optimum  self-tuning  systems  work  better,  the 
nearer  to  the  real  values  of  the  parameters  are  set  the  initial 
values  of  parameters  x»  !/‘  in  the  fundamental  control  loop. 

i  "f 

Method  presented  above  can  be  used  also  with  the  use  of  other 
criteria. 

fi 

In  self-tuning  systems  examined  above  the  main  control  loop  is 
linear  system  with  the  controlled  parameters.  Nonlinear  elements  of 
these  systems  -  computers.  In  these  elements/cells  are  realized  such 
nonlinear  devices/equipment.  In  these  elements/cells  are  realized 
such  nonlinear  operations,  as  squaring  [see  formulas  (IX. 6)  (IX. 24)], 

t  multiplication,  division,  raising  to  the  power  [see  formula  (IX. 24)] 

and  so  forth. 

>  It  is  possible  to  use  the  methodology  proposed  here,  also,  for 

‘ 

v,-.* 

► 
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constructing  the  self-tuning  systems  (including  optimum)  with  the 
nonlinear  fundamental  control  loops. 

Page  278. 

•  • 

The  task  of  determining  of  statistical  criterion  and  its 
gradient  substant ially  is  complicated  in  these  cases.  The  exact 
computation  of  criterion  and  its  gradient  in  any  complicated  cases  is 
in  principle  impossible.  It  is  expedient  to  calculate  criteria  and 
their  gradients  approximately  in  such  cases.  In  this  case  it  is 
possible  to  use  any  linearization  of  nonlinear  elements  (systems), 
for  example,  by  harmonic  [75]  or  statistical  [34]  linearization. 

Methodology  presented  here  of  the  formation  of  the  optimum 
self-tuning  systems  on  the  statistical  criteria  can  be  used  both  for 
constructing  the  real  self-tuning  systems  and  for  the 
evaluation/estimate  of  the  potential  accuracy  of  the  self-tuning 
systems. 

Example.  Let  at  the  input  of  system  (Fig.  IX. 9)  operate  signal 
X,  which  is  the  sum  of  useful  signal  G  and  interference  Z.  Let  be 
preset  the  following  probabilistic  characteristics  of  interactions: 

"*0  -  mz  -  0;  Ka  =  e-alT';  Kz  =  Sz  6(t); 

**  =  *c  +  *z  =  <_a,t|+-W). 
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where  a  -  known  value; 

•s*  -  unknown  spectral  density. 

The  desired  output  value  H(t)  coincides  with  the  useful  signal 
i.e.,  H(t)=G(t).  Consequently,  ko«-k«.  integral  equation  (IX. 60)  in 

this  case  takes  the  form 

r 

f  1  *- “_A>  +  SgH  (»  —  *>)  »•  (K  Sg)  dX  -  «r«  0, 

o  0  «.  T  *.T. 

Let  us  assume  and  we  will  seek  the  solution  of  this  equation  in 
the  form  (6,  60,  77] 


W,(T.  sz)  -ar*. 
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Fig.  IX. 9.  Schematic  of  the  system  of  extreme  control  with. the  weight 
function  of  the  type  of  equation  (IX. 82). 


Page  279. 


For  this  let  us  substitute  the  solution,  recorded  in  general 
form,  in  the  integral  equation 

ao 

[  [<r-°i*-xi  +  s*a<t-  — -  o, 

o 

0  t  -4,  oo , 

we  will  consider  it  as  identity  in  terms  of  the  variable  t. 


Fulfillment  of  integration  gives  the  following  result: 

» 

0<X  <  oo. 

This  identity  is  satisfied,  if  are  equal  to  zero  coefficients 
with  functions  «~,'t  and  are  made  following  equalities: 


2a 

-p: 


E 


E 
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We  easily  obtain  the  solution  of  this  system  of  equations: 

p  =  |/a(a+^);  B  =  a-j// «(«  +  -*;). 


Thus,  optimum  weight  function  with  fixed/recorded  value  St  is 
determined  by  the  formula 


r  ,  /-, — I 

[“-J,/  a(a,s7).r 


(IX. BO) 


This  weight  function  corresponds  to  aperiodic  component/1 ink 


with  the  time  constant  T ••  equal  to 


and  with  the  factor  of  amplification  equal  to 


/  2 

l 


Consequently, 


(IX. 81) 


The  weight  function  of  fundamental  control  loop  in  this  case 
depends  on  one  variable  parameter  x,s 


./• 
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The  corresponding  outline  is  aperiodic  component/1 ink  with  the 
factor  of  amplification 

- yz===-  -!■  /»(*,)  (IX. 83) 

1/1  +  -2- 

X 

and  time  constant 

T(1~rfl(*,)= —  1 - -;,(*.)■  (ix. 84) 

]/  ■  («+i) 

Fig.  IX. 9  depicts  diagram  of  the  system  of  extreme  control, 

fundamental  control  loop  of  which  has  weight  function  (IX. 82).  In  the 

diagram  for  the  clarity  aperiodic  component/1 ink  is  represented  in 

the  form  of  two  components/ links:  intensifying  with  the  factor  of 

amplification  *.(*■)  and  aperiodic  with  the  amplification  factor, 

equal  to  one,  and  with  the  time  constant  t.(*,).  Instead  of  the  weight 

functions  of  components/1 inks  are  shown  their  transfer  functions 
1 

M*i)  and7a(jt,)«+ 1  .Components/1  inks  with  designations  fx  and  f,  are 
functional  converters,  which  convert  value  xx  according  to  formulas 
(IX. 83)  and  (IX. 84)  respectively. 
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Chapter  X. 


SYNTHESIS  OF  AUTOMATIC  INFORMATION-CARRYING  SYSTEMS  WITH  NONLINEAR 
FILTERS. 


1.  Brief  information  from  the  theory  of  nonlinear  filtration. 

To  research  of  the  information-carrying  systems  with  the 
different  types  of  continuous  modulation  (amplitude,  frequency, 
phase,  etc.)  is  dedicated  vast  Soviet  and  foreign  literature. 
Fundamental  scientific-applied  works  in  this  direction  it  is  possible 
to  divide  into  three  groups:  production/consumption/generation  and 
proof  of  expedient  quantitative  criteria  for  evaluation  of  quality 
and  efficiency  of  systems  [30,  83,  70,  112];  the  analysis  of 
different  concrete/specific/actual  systems  and  their  comparison  on 
selected  criterion  [22,  66,  67,  101,  102,  119];  the  synthesis  of  the 
information-carrying  systems  [43,  126,  132,  133,  134]. 


Two  receptions/procedures  were  used  in  mentioned  and  other 
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CSC/  I 

published  works  on  the  synthesis  of  the  optimum  information-carrying 
systems  until  recently.  Informational  signal  is  considered  as  the 
stationary  random  process,  which  possesses  constant  spectral  density 
within  the  specific  frequency  band  and  zero  out  of  this  band. 

Page  282. 

This  model  does  not  reflect  the  property  of  real  signals.  In  addition 
to  this,  the  use  of  this  model  frequently  leads  to  the 
misunderstandings  and  the  paradoxes,  since  signal  proves  to  be 
interpolated  [96]. 

In  some  works  to  the  informational  signal,  which  is,  as  a  rule, 
non-Gauss ian  random  process,  artificially  were  applied  the  known 
methods  of  the  theory  of  the  linear  filtration  of  Kolmogorov-Wiener. 
In  this  case  sometimes  it  was  possible  to  obtain  the  correct 
quantitative  estimations  of  quality  (for  example,  signal-to-noise 
ratio  at  the  output);  however,  a  question  about  the  structural  scheme 
of  optimum  receiver  remained  completely  unsolved.  This  position  was 
explained  by  the  absence  of  the  worked  out  mathematical  methods  of 
synthesis. 

In  1960  R.  L.  Stratonovich  developed  theory  of  the  optimum 
nonlinear  filtration  of  the  Markov  informational 
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communications/reports,  when  signal  is  accepted  together  with  noise 
[92,  93].  This  theory  gives  single  base  for  determining  the 
structural  schemes  of  optimum  receivers  in  connection  with  different 
signals  and  it  makes  it  possible  to  compute  the  errors  of  filtration, 
which  characterize  the  quality  of  the  optimum  methods  of  radio 
reception. 

The  use/application  of  theory  of  nonlinear  filtration  to 
particular  radio  engineering  examples  and  some  simplified 
receptions/procedures  of  the  solution  of  problems  appearing  in  this 
case  were  examined  in  the  works  of  R.  L.  Stratonovich  and  N.  K. 
Kuhlmann  [55,  56]. 

The  basic  condition/positions  of  the  theory  of  optimum  nonlinear 
filtration  are  briefly  given  below  and  the  used  subsequently 
approximation  method  of  solving  the  nonlinear  equations  of  filtration 
is  indicated.  In  this  case  it  is  assumed  that  the  signal  has  the 
"stray"  phase  and  is  taken  in  against  the  background  of  white  noise, 
and  informational  communication/report  represents  Markov  process. 

Let  us  assume  that  during  certain  interval  of  time  (0,  t)  the 
input  of  system  enters  oscillation  £(t),  which  is  the  sum  of  signal 
S(t,  X(t))  and  the  white  noise  n(t),  i.e. 

6(0  -  S(t,  MO)  +  «(0- 


(X.l) 
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Here  through  X(t)  is  designated  multidimensional  random  vector 

with  components  (MO.  MO . >•*>(')}.  which  present  random  processes  - 

the  parameters,  on  which  depends  the  useful  signal.  The  information 

interesting  us  can  be  contained  not  in  all  components  of  vector  X(t), 

•  • 

but  only  in  the  part  of  them.  The  latter  must  be  isolated  from 
oscillation  £(t)  with  the  smallest  error.  The  statistical 
characteristics  of  the  white  noise  n(t)  are  considered  known; 

M (« (/)!  —  0;  M  (*  (/,),! </,)|  -i-  (X.2) 

where  5(z)  -  delta-function. 

Page  283. 

It  is  assumed  relative  to  useful  signal  that  is  known  the  form 
scalar  function  S(t,  X ( t ) )  from  the  time  and  the  vector  argument  and 
that  the  multidimensional  random  vector 

MO  -  MM') . **(/)} 

represents  the  Markov  process,  whose  each  component  is  described  by 
the  a  priori  stochastic  differential  equation  of  the  form 

-  c*  (X)  +  M  K  (fj  a,  (tt)\  =  -I-  N>.6  (/,  -  tx), 

H,  »  =  1,  2,  . . m;  (X.3) 

here  and  subsequently  point  on  top  designated  time  derivative. 

Consequently,  change  in  he  time  of  the  a  priori  probability 
density  p(t,  X)  of  random  vector  X(t)  is  determined  by  the  equations 
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of  Einstein-Fokker 


C/<X 


/ 


Pfir  1)  -■  Lprppr(t,  X); 


4-  V 


m 


d * 


y  *  a  , 

2u  “  4  -J  ax^x, 

t^T  4.*— i 


/V 


4»  • 


(X.4) 


All  available  information  about  the  parameters  of  useful  signal 
is  contained  in  the  a  posteriori  density  of  probability  p,„(t,  X)  of 
vector  X(t).  During  the  computation  of  this  a  posteriori  probability 
density  two  circumstances  [96]  must  be  taken  into  consideration. 
First,  enumerated  above  a  priori  information  and,  in  particular,  a 
priori  known  probability  law  (X.4)  of  change  in  the  time  of  process 
itself  X (  t).  In  the  second  place,  the  result  of  observation  of 
accepted  realization  £(t)  as  the  previous  time  interval. 


If  we  correctly  fulfill  appropriate  mathematical  computations 
[92,  93],  then  it  will  seem  that  the  standardized/normalized  a 
posteriori  density  of  probability  pv,(t, \)  of  vector  X(t)  must  satisfy 
the  integrodif f erential  equation 

pp,  (/,  X)  -  Lprwpt  (i t ,  X)  +  IF (X,  t)  —  M  [F  (X,  /)|]  Ppt  (t,  X),  (X . 5) 

where 

F  (X,  0  »  4-  *2S  V  S  (0  -  S*  (t,  X)|;  ) 

N»  (X.6) 

M[F(X,  01  -  J  ...  J  0  *><&i  •  •  •  dX„.) 
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Fundamental  equation  (X.5)  of  optimum  nonlinear  filtration,  is 


V 
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obtained  by  R.  L.  Stratonovich,  determine  the  full/total/complete 
procedure  of  the  filtration  of  the  parameters  of  signal  against  the 
background  of  white  noise.  This  equation  is  nonlinear  pP,(t,  X), 
integrodif f erential  equation  relative  to  probability  density 
pP,(t,  X)  depending  on  (m+1)  arguments.  To  virtually  simulate  equation 
(X. 5 )  is  very  complicated. 

It  is  obvious  that  at  zero  time  the  a  posteriori  probability 
density  coincides  with  the  a  priori.  In  proportion  to  processing  the 
realization  accepted  occurs  more  exact  following  of  the  parameters  of 
useful  signal. 

In  the  sufficiently  large  signal-to-noise  ratios  and  the  long 
time  of  observation  is  the  foundations  for  considering  that  the  a 
posteriori  density  of  probability  of  vector  X(t)  will  be  normal.  If 
we  take  this  assumption  and  to  record  multidimensional  normal  a 
posteriori  probability  density  through  estimated  values  X*  (t)  the 
components  of  vector  X(t)  and  cumulants  /C*.  (t),  then  from  expression 
(X.5)  for  them  will  be  obtained  following  equations  [56]: 
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*•1 

,  v-1  *.<*•>  ,  vv*  ir* 

+  yjf*-“ur“+  2,^-sar- 


T^r 


/./-i 


ax,  ax, 


(X.7* 


Optimum  nonlinear  system  should  simulate  equations  (X.7).  At  the 
appropriate  outputs  of  this  system  must  be  put  out  optimum  estimated 
values  X*  (t)  components  X*  (t),  filtered  from  the  interferences  in 
the  best  way.  The  a  posteriori  dispersion  (error)  of  the  filtration 
of  component  X*  (t)  is  equal  to  a*  (/)=  K’^i)- 


After  the  time,  which  exceeds  the  length  of  transient  processes 
by  the  system,  the  error  of  filtration  in  the  large  signal-to-noise 
ratios  will  fluctuate  relative  to  its  average  value  insignificantly. 
In  this  case  the  cumulants  in  equations  (X.7)  can  be  taken 
time- independent  and  assumed  A’,  (O^-A*.  =  const  [56].  The  latter  are 
found  as  a  result  of  preliminary  use/application  to  second  equation 
(X.7)  of  the  operation  of  temporary/time  averaging  and  subsequent 
determination  of  steady-state  solution.  This  approximate 
reception/procedure  will  be  used  subsequently. 
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It  is  first  assumed  in  the  synthesis  given  below  of  the  optimum 
continuous  communication  systems  with  the  different  types  of 
modulation  that  the  informational  communication/report  X(t)  is 
described  stochastic  equation 

X-(-aX-rtx(0,  (X-®) 

but  the  unavoidable  random  fluctuation  of  the  phase  of  signal  <p(t)  is 
a  process  with  independent  increments  [96]: 

«P  a,  (/).  (X.9) 

In  equations  (X.8)  and  (X.9)  m  (t)  and  n»  (t)  -  white  noises 
with  the  zero  average/mean  values  and  one-way  spectral  densities  of 
Nx  and  JV,  respectively;  the  parameter  o  characterizes  the  width  of 
the  spectrum  of  communication,  whose  a  priori  dispersion  is  equal  to 

ol  ---  yVx/4a.  (X.iO) 


By  signal-to-noise  ratio  at  the  input  is  understood  value 


(X.U) 


(o)0r  » i). 


After  one-dimensional  case,  which  corresponds  to  equation  (X.8), 
in  the  same  sequence  the  signals  with  the  different  types  of 
modulation,  when  informational  communication/report  is 
two-dimensional  Markov  process  are  examined. 
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The  example  to  ordinary  amplitude  modulation  is  in  more  detail 
examined  for  the  illustration  of  method  of  the  use/application  of 
theory  in  both  cases,  while  computational  details  are  omitted  for 
other  forms  of  modulation. 

2.  Synthesis  of  the  optimum  continuous  communication  systems  for  the 
one-component  informational  communications/reports. 

Ordinary  amplitude  modulation.  With  the  amplitude  modulation 
(AM)  the  useful  signal  can  be  recorded  in  the  form 

S(t,  X)  -  (4  +  Ma\ (01  cos [©„<  -h  <P (01.  (X.  12) 

where  A,  and  <j0  -  a  priori  known  values  of  amplitude  and  frequency; 

X(t)  -  informational  parameter,  defined  by  equation  (X.8); 

<p(t)  -  the  random  phase,  considered  as  the  unessential 
(non informat ion)  parameter  and  determined  by  formula  (X.9); 

Ma  -  constant  coefficient. 

Page  286. 

In  connection  with  this  case  in  the  gaussian 
approximation/approach  of  equation  (X.7)  of  optimum  nonlinear 
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filtration  they  take  the  form 


X  - - aX  -(-  KxxFx  4*  K\*FV', 

9*  =  K'^Fv  4-  KxvF\-, 

/Cxx  /V*  —  2ot/Ci x  4*  (Ft,!,)2  F M  -\-  2/(xx^(x<*Fx<*  -(- 
4-  ( KU)aF 

Kxv  =  — clKx9  4"  KxxKxfFxx  4-  K^K^F 4~  (/Cx*)  Fx9  4" 
4-  KxxK^F  X<9* 

K99  —  N*  4-  F<t, ,  4-  4-  {K \9)~FKk. 


Function  F  is  determined  by  formula  (X.6)  and 
approximately  equal  to 

f  =  -i-  (25  (0 IA0  +  A^X*  (/)|  cos  K  (/)  4-  9*  (01  - 

Nq  v 

-  ±  lAu  4-  (01*}  - 

Indices  with  function  F  designate  derivatives 
appropriate  parameter: 

F, x  -  12$  (/)  cos  (o>0/  4-  9*)  -  (A0  +  AI„X*)]; 

UK*  <V0 

F9  —  — - —  {>lo  ~h  AW  $  (0  sin  (Wo/  4-  9*); 

Off*  .V, 

r  d*F 

^  dX“  =  /V0  1 

F„  -  - - -  M,  +  AW ]  $  (!)  cos  («y  +  9*); 

oy  4  "o 

f^-W-2X5{')sinw^*)'  ' 


(X.  13> 


(X.  14> 


it  is 


from  the 


(X.  15) 


Keeping  in  mind  further  transition/ junct ion  to  the  steady  state 
during  the  recording  of  expressions  (X.13)  and  (X.14)  it  was  assumed 
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that  k;„  =  /c„v 

Page  287. 


For  simplification  in  the  computation  of  the  errors  of 
filtration  let  us  substitute  in  equations  (X.14)  for  function 
fu,  F\v,  of  their  values,  time-averaged,  which  let  us  designate  by 
feature  on  top.  They  are  equal  to: 


Fxv  -  0;  Fw= - ~(Al  +  a\)\ 


Furthermore,  we  will  be  bounded  to  the  examination' of  steady 
state,  i.e.,  let  us  assume  k',x  ■  KU  /C-O.  Then  instead  of  the 
system  of  equations  (X.14)  we  obtain 

(Ku)2  Fu  —  2a/(u  +  (K\v)  +  —  --  0; 

Kx*  (KxxFxx  +  Kw>F *<*  —  a)  =  0; 

(R'„)2F„  +  (*;,)JFu  +y^-0. 


Hence  let  us  find  the  solution  of  this  system: 


Rlx  - 


Mfrx 

2a*N„ 


.  /  VQ-V«  ■ 

V  2(4+01)  ’ 


Kx*  —  0 
(X.16> 


We  will  characterize  the  freedom  from  interference  of  the 
reception  of  continuous  signals  with  the  value  of  the  relative  error 
of  the  filtration  of  informational  communication/report.  The  square 
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of  this  error  is  determined  by  the  formula 

(X' 


17) 


Let  us  introduce  here  signal-to-noise  ratio: 


q 


aNa 


2ojV» 


1  + ■  m  (X.  18) 

m1 


Then  formula  (X.17)  for  the  square  of  the  relative  error  of 
filtration  can  be  recorded  in  the  following  final  form: 

- V(/  <xi9) 

2</ 1  +»*« 

It  is  characteristic  that  in  the  approximation/approach  examined 
the  relative  error  of  the  optimum  filtration  of  the 

amplitude-modulated  signals  does  not  depend  on  the  value  of  the  phase 
fluctuations  of  signal,  i.e.,  the  freedom  from  interference  of 
coherent  (JV„  =  0)  and  quas i -coherent  (Af,  0)  reception/procedure  proves 
to  be  identical. 


Page  288. 

After  supplying  in  equations  (X.13)  the  obtained  average/mean 
values  of  cumulants  (X.16)  and  the  first  two  expressions  from  system 
(X.15),  we  will  obtain 
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/.’  4-  a  Y  =  2/C*\  ^(/)cos(g)^  -+•  cp*) - l- A0  ; 


<P*  - - +  Ma\‘)KUU‘)m  (*V  +  ¥*)• 


(X .20) 


These  equations  are  simulated  by  the  optimum  receiver,  one  of 
the  versions  of  structural  scheme  of  which  is  given  in  Fig.  X.l.  On 
the  given  diagram:  nr  -  adjustable/tuneable  high-frequency 
oscillator;  Y3  -  control  device. 


Optimum  receiver  realizes  quasi-coherent  reception  of  signals. 

It  has  the  fundamental,  informational  channel,  at  output  of  which  is 
obtained  estimated  the  value  X*(t),  and  the  phase  automatic  frequency 
control,  which  develops  reference  signal. 


The  characteristic  feature  of  diagram  lies  in  the  fact  that 
amplification  factor 


amplifier  and  its  time  constant 


T  = 


_L  «  _L  ( i  +  J?L) 

a'  a  V  «JV o' 


depend  on  spectral  density  N,  of  additive  white  noise. 
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At  the  unknown  value  of  coefficient  of  N,  or  with  its  change 
with  time  according  to  the  previously  not  provided  law  for  the 
realization  of  optimum  reception/procedure  is  necessary  special 
device/equipment  for  measurement  N, .  In  this  case  the  diagram  will  be 
that  self-tuning. 
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Fig.  x.l.  Structural  scheme  of  the  optimum  receiver  of  the 
amplitude-modulated  radio  signals. 

Page  289. 

This  also  relates  to  the  diagram  of  phase  automatic  frequency 
control,  since  voltage/stress  A0  +  influences  to  the  amplifier 

in  the  feedback  loop  as  the  signal  ARU. 

Two-band  modulation  without  the  carrier.  Let  us  record  two-band 
signal  without  the  carrier  (DM)  in  the  form 

Ma\  (i)  cos  [o>o*  +  «p(/)|.  (X.21) 

From  the  comparison  of  the  form  of  useful  signals  (X.12)  and 
(X.21)  it  directly  follows  that  for  the  signal  in  question  are  valid 
all  obtained  above  expressions,  it  is  necessary  only  in  them  to 
assume  A,»0.  In  particular,  it  is  not  difficult  to  ascertain  that  now 
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will  be  valid  the  following  relationships/ratios: 


Fk  =  I2g  (/)  cos  K/  +  9*)  —  A 
f ,  =  — (0  6  (0  Sin  K*  +  9*); 

"0 


For  the  square  of  the  relative  error  of  the  filtration  of 
communi cat  ion/ report  with  two-band  modulation  without  the  carrier  we 
will  obtain  the  formula 


-^-(Vr  *  +  ~  0; 


(X .  22) 


In  connection  with  signal  (X.21)  equations  (X.20)  take  the  form 
i*  +  aV  =  2Klx-~l(t)cas(u9t  +  q>*); 

9*  - - ■j-AUX’kUSWswiW  +9*)- 

The  structural  scheme  of  optimum  receiver,  constructed -in 
accordance  with  equations  (X.23),  is  depicted  in  Fig.  X.2. 


(X.23) 


Single-band  modulation  with  the  pilot  signal.  Useful  radio 
signal  in  single-band  modulation  <0M)  and  presence  of  the  pilot 
signal,  which  contains  information  about  the  phase,  can  be 
represented  in  the  following  form  [124]: 
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S(t,  V  =  -pyM/iMOcos  [<V  +9(/)l  + 

+  -yf  MA  (/)  sin  [(V  +  9  (01  +  Co  cos  (“V  +  9  (01.  (X .  24) 

where  C,  -  known  constant  value  of  the  amplitude  of  pilot  signal; 

X(t)  -  the  transformation  of  Gilbert/Hilbert  from  informational 
communication  X(t); 

ft  J  T 

Page  290. 

Single-band  signal  is  represented  in  the  form  of  the  sum  of  two 
two-band  signals.  The  four-phase  method  of  shaping  of  single-band 
signals  [19]  corresponds  .to  expression  (X.24). 

Let  us  note  [124,  129]  that  the  transformation  of 
Gilbert/Hilbert  from  the  normal  stationary  process  is  also  normal 
stationary  process  with  the  same  autocorrelation  function,  moreover 
both  processes  are  mutually  not  correlated  at  the  coinciding  moments 
of  time.  As  a  result  of  the  double  use/application  of  transformation  • 

of  Gilbert/Hilbert  is  obtained  initial  process  with  the  opposite  sign 

* 

(for  example,  n(t)«-n(t)). 
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The  pilot  signal,  entering  expression  (X.24),  is  used  for  the 
work  of  phase  self-alignment  of  frequency  ( FAPCh ) ,  forming  the 
supporting/reference  harmonic  oscillation,  with  the  help  of  which  is 
realized  the  quasi -coherent  reception/procedure  of  informational 
radio  signal.  On  the  basis  of  the  practical  considerations  of  the 
guarantee  of  the  best  work  of  FAPCh  is  expediently  to  preliminarily 
filter  out  pilot  signal  from  the  informational  radio  signal  via  of 
inclusion/connection  at  the  input  FAPCh  the  sufficiently  narrow-band 
oscillatory  circuit,  tuned  for  the  accurately  known  frequency  u,.  If 
outline  causes  systematic  phase  shift,  then  it  is  possible  to 
compensate  it  by  the  start  of  phase  shifter. 

Bearing  in  mind  that  in  the  approximation/approach  of  the 
fluctuation  of  the  phase  of  supporting/reference  oscillation  in 
question  they  do  not  affect  the  error  of  the  filtration  of 
communi cat ion/ report ,  we  will  consider  that  the  input  of  the  channel 
of  the  formation  of  supporting/reference  oscillation  enters  the  sum 
of  pilot  signal  and  white  noise: 


9 


H  (0  =  C,  cos  (<•),/  +  cp  (/))  +  n  (/) . 


(X.25) 
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Fig.  X.2.  Structural  scheme  of  the  optimum  receiver  of  two-band  radio 
signal  without  oscillation  of  the  carrier  frequency  with  the 
amplitude  modulation. 

Page  291. 

Let  us  assume  that  the  random  parameters  of  single-band  signal 
are  described  by  a  priori  stochastic  equations  (X.8)  and  (X.9)  and  by 
the  further  equation 

i+«3L-^(0.  (x-26) 

which  is  obtained  as  a  result  of  applying  the  operation  of  the 
transformation  of  Gilbert/Hilbert  to  equation  (X.8),  i.e.,  here  h\ 

(t)  -  Gilbert/Hilbert’s  transformation  from  white  noise  n\  (t). 

If  necessary  or  for  the  mathematical  correctness  white  noise  m 
(t)  can  be  considered  as  the  normal  stationary  process,  which  has  the 


DOC  *  83173413  PAGE 

final,  but  very  short  time  of  correlation  [96]. 


If  we  use  the  previous  procedure  of  simplification  in  the 
expressions  for  the  errors  of  filtration  (namely,  to  substitute  in 
the  corresponding  equations  the  time-averaged  expressions  of  function 
Fij  and  then  to  switch  over  to  steady  state),  then  let  us  arrive  at 
the  following  system  of  equations  of  the  optimum  nonlinear 
filtration: 


where 


X  +  aX*  =  /(nFr. 

1 -  +  aV~KlFv, 

9  =  /O*,®** 

F=-i-|2$(0S(/,  X*)  —  S*{t,  X*)l; 

<D  .=  cos  +  q>*); 

h  -  [Wt  (0  cos  (a)0 t  +  q>*) - l-  MaV—  yf  c»] ! 

F:  =  j^/2  6  (0  sin  (o V  +  9*) — Y  ; 

a*,- — i-C0rj(OsinW  +  9*);  ~ T- '• 

Ki  =  o. 


(X .  27) 


(X.28) 


Signal-to-noise  ratio  at  the  input  can  be  represented  in  the 


form 
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<7 “ 


(X.29) 


where  m\-a\ICl  -  coefficient  of  division  of  power  between  the 
informational  signal  and  the  pilot  signal. 


Page  292. 


After  substituting  into  the  formula  for  Klk  expression  o\  and 
Nx  =  4aoi  and  after  introducing  relationship/ratio  (X.29),  it  is 
possible  to  write 


l+»»0 


■[/ 


I  -f 


(X.30) 


Equations  (X.27)  after  the  substitution  in  them  of  obtained 
expressions  (X.28)  take  the  form 


x  |5 (7) cos («V  +  <p*)  —  —  C0 j  ; 

x  6(/)  sin  (u),/  +  (p*); 

/1n~ 

ri(/)sin(a)0/  -)-T3*). 


(X.3I) 


Fig.  X.3  gives  the  structural  scheme  of  the  optimum  receiver, 
which  simulates  equations  (X.31).  On  the  given  diagram  component/1 ink 
H  realizes  an  operation  of  the  transformation  of  Gilbert/Hilbert 
above  process  of  1/2  X*(t).  Besides  the  channel  of  synchronization, 
the  receiver  has  two  informational  channels. 
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Fig.  X.3.  Structural  scheme  of  the  optimum  receiver  of  single-band 
radio  signals  with  the  amplitude  modulation. 

Page  293. 

The  amplifier  gains  are  selected  so  that  at  the  output  of  the  first 
channel  is  allotted  estimated  value  1/2  A*(t),  and  at  the  output  of 
the  second  it  is  reproduced  by  1/2  A*(t).  Let  us  designate  the 
instantaneous  values  of  the  errors  of  the  filtration  of  first  and 
second  channels  respectively  through  1/2  e*(t)  and  1/2  ea(t),  i.e. 

M0-**(0  =  M0;  MO -*•(')  =  MO.  (X.32J 

where  _  _ 

M  [e? (Oj  —  M  [e? (0]  =  Klx .  (X.33) 


Since  the  given  examination  (gaussian  approximation/approach)  it 
is  correct  for  the  large  signal-to-noise  ratios  (q  »  1;  aj( »  ujV0).  then 
it  is  possible  to  place  sin  (<p-(p*)»0?  cos  (<j>-<p*)»l.  In  this  case 
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first  two  equations  (X.31)  after  rejection  in  the  right  sides  of  the 
members,  who  contain  the  harmonic  multipliers  of  double  frequency, 
are  simplified: 


where 


X*  +  a'X*  -  (a'  -  a)  X  (0  I  •  “  a>  '»«  M 

Ma_  (X.34) 

X*  +a'X*  (a'  -  a)  X(/)  |-  ^p~  (a'  -  a)  n,  (/), 


nt  ( t )  =  n  (/)  cos  [<o0/  +  <p*  (01; 

n,  (0  -  ii  (0  sin  K*  I-  <V*  (0i.  a' ;  a  y  H - j-  .  (X.35) 


If  we  into  equations  (X.34)  substitute  X*(t)*X(t)-e1 (t)  and 

A 

X*(t )*X(t)-e , (t) ,  and  then  to  take  into  account  equalities  (X.8)  and 
(X.26),  then  for  the  instantaneous  errors  of  filtration  we  will 
obtain  the  differential  equations 

+  a'el  =  nx  (/)  —  (a'  —  a)  nc  (/); 

+  a'e,  —  fit  (0  —  --y—  (a'  —  a)  n,  (/). 

In  the  previous  examination  the  random  processes  X(t)  and  X(t) 
were  considered  as  independent.  However,  only  informational 
communication/report  X(t)  interests  us.  Therefore  should  be 
reasonably  ordered  the  information,  which  is  contained  at  the  output 
of  second  channel,  which  is  unambiguously  connected  with  the 
communi cat  ion/ report  X(t). 


(X.36) 
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IT 

Page  294. 

For  this  let  us  join  outputs  of  both  channels  as  follows.  First, 
let  us  use  to  the  output  signal  1/2  X*(t)  transformation  of 
Gilbert/Hilbert,  as  a  result  of  which  we  will  obtain 

ss - — t-«*(0*  In  the  second  place,  let  us  subtract  the 

obtained  result  from  the  output  signal  of  the  first  channel.  Thus, 
the  output  signal  of  receiver  will  be  equal  to 

A*  =  -i-X,*(0  —  y  (X-37) 

Hence  we  obtain  expression  for  the  instantaneous  error  of  the 
filtration 

A*(/)-M0-  (X .  38) 

Variance  of  error,  obviously,  is  equal  to 

M[(A*-X)«]  =  -L  [M  [7f(7)]  +  M  [Hwi  -  2M  MO e,(01 1  = 

— f  [^-Ml%(0«.(0lJ.  (X.39) 

After  using  to  second  equation  (X.36)  the  transformation  of 
Gilbert/Hilbert,  we  will  obtain 

e,  +  a%  =  -  nx  (0  -  (a'  -  0)  n,  ( t ) .  (X .  40) 

ma 

From  first  equation  (X.36)  and  equation  (X.40)  we  have 
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8l(0  =  «“ 


«*(') 


—a'# 


(<*'  —  a)nc(x)^dx\ 

l¥L(a'-a)n,(y)yy. 


(X.41) 


It  is  clear  that  random  processes  nc  (x)  and  rt,  (y)  are  not 
correlated  with  (z).  In  addition  to  this,  processes  Mx)  and  n. 
(y)  are  also  not  correlated: 

o® 

M  [ne(x)  h (^)l  =  —  f  —  M(nf(x) /!,(£  —  t)]dx  =  Q.  (X.42) 

Jl  J  t 

Page  295. 


Actually/really, 

M  (nt(x) n,(y  —  t)|  =  M  [n(x)n(y  —  *))  M  (cos(aj0x  +  <p*(x))  sinx 
X  (u,</  —  <o*t  *(-  q>*  (y  —  t))|  - 

•y  N0 6  (x  -r  t  —  </)  M  (cos  Hx  +  <p*  (x))  sin  K*  +  9*  (■*))!  s 
=  —■  N08  (x  +  x  —  y)  M  (sin  2  (a>„x  +  <p*  (x))(. 

Under  conditions  indicated  earlier  the  random  phase  <p*(t)  can  be 
considered  evenly  distributed  in  the  interval  (-it,  it).  Therefore 


M 


n 

(sin  2  (OyX  H-  q»*  (x))j  •-  ~  J  sin  2  (o >0x  +  <p*)  p*  ~  0. 


Consequently,  on  the  basis  of  expressions  (X.41)  we  find 
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l  ( 


M  lej  (/)«,  (/)]  «  —  e~2a'‘  j  |  K  ( x )  nx  (y)l  dx  dy 


4ot' 


i  /  °A 

V  ‘  +  T7T 


(X.43) 


After  substituting  into  expression  (X.39)  single  values  from 
relationships/ratios  (X.30)  and  (X.43),  we  obtain  final  formula  for 
the  square  of  the  relative  error  of  the  filtration: 


2 q 


1  +mj 


/ 


1  +  2q  ■ 


+-!V 


1 


i+aj- 


1  +ml 


(X.44) 


Fig.  X.4  presents  the  results  of  calculations  according  to 
formulas  (X.19)  (X.22)  and  (X.44)  the  square  of  the  relative  error  of 
the  filtration  of  informational  communication/report  for  forms 
examined  above  of  amplitude  modulation. 


Page  296. 

It  follows  from  the  represented  graphs  and  directly  from  the 
indicated  formulas  that  two-band  modulation  with  respect  to  freedom 
from  interference  has  an  advantage  over  other  forms  of  amplitude 
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modulation.  However,  single-band  radio  signal  has  the  narrower 
spectrum. 


Phase  modulation.  Let  the  useful  radio  signal  adopted  with  phase 

modulation  (FM)  take  the  form 

S(t,  x.)  =  4,cosKr  +  G(<)l; 

0(O  =  O(O  +  <p(O; 
d(/)  =  Af«X(<),  (X.45) 

moreover  the  character  of  a  change  in  the  random  phase  0(t)  is 
described  by  the  following  a  priori  stochastic  equations: 

0  s  — a M*X  -+•  ( t )  + 

4-  flip  (0; 

X  =  —  ccX  +  nx(t).  (X.46) 

Here  A(t)  -  informational  communication/report;  a  and  M*  - 
constant  coefficients,  and  independent  noises  n\  (t)  and  n„  (t)  make 
sense  indicated  earlier. 


In  connection  with  signal  (X.45)  of  the  equation  of  filtration, 
determining  structurally  the  schematic  of  optimum  receiver,  take  the 
form 

X*  —  —  aX*  +  0  =  —  aM*X*  -f KoqFo; 

F»  —  A&  (/)  sin  (o)0/  +  0*). 


(X.47> 


As  a  result  of  solving  the  nonlinear  system  of  equations  for  the 
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errors  of  filtration  we  will  obtain  the  formulas 

+  yJqB^)[V (l  +  V2qD9y  -i-4qai- 

:  V  [^(‘  +  V  *ql\)2  *\-4qol  -  1 1; 

-  iSr  ^ (l  +•  +  4<?o*  -  ('  +  W)l. 

where  <7  =  -^;  a*  D,  =  -Ltf»; 

2a/V0  4a  2a 


(X.48> 

(X.48) 

(X.49) 
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Fig.  X.4.  Dependence  of  the  square  of  the  relative  error  of  the 
filtration  of  communication/report  on  the  signal-to-noise  ratio  with 
the  different  types  of  amplitude  modulation. 

Page  297. 

D„  is  dispersion  of  random  phase  change  of  high-frequency 
oscillation  for  the  time  of  the  correlation  of  communication/report 
t*  *  '/a. 

The  version  of  the  structural  scheme  of  the  optimum 
(quasi-coherent)  receiver,  which  simulates  equations  (X.47),  is  given 
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in  Fig.  X.5.  Receiver  is  actually  the  follower,  which  realizes  phase 
tracking  of  the  radio  signal  adopted. 

From  first  formula  (X.48)  we  find  the  square  of  the  relative 
error  of  the  filtration  of  informational  communi cat  ion/ report  with 
phase  modulation: 

-  *—•  -  -3-O  +  V*qD*)  1  +  VW*Y  + 

-(1+/3OT].  (X.50) 

The  results  of  computations  according  to  this  formula  for 
several  values  and  £>„  are  represented  graphically  in  Fig.  X.6.  It 
is  evident  from  the  graphs  that  for  the  given  values  of  q  and  o»  the 
error  of  filtration  is  minimum  when  =  0  and  it  increases  with 
increase/growth  D„.  Therefore  even  with  phase  modulation  it  is 
expedient  to  raise  frequency  stability  of  oscillator. 

At  the  fixed  values  of  q  and  the  error  of  filtration  depends 
substant ially  on  moreover  error  is  reduced  with  increase  0 » • 
However,  it  is  necessary  to  keep  in  mind  that  with  increase  o«  the 
spectrum  of  radio  signal  is  expanded.  In  connection  with  the  specific 
conditions,  when  signal-to-noise  ratio  at  the  input  is  preset,  value 
0*  one  should  choose  on  the  basis  of  the  trade-off:  obtaining  least 
possible  error  with  the  minimally  permissible  width  of  the  spectrum 
of  signal. 
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Fig.  X.5.  Structural  scheme  of  the  optimum  receiver  of  the 
phasfe-modulated  radio  signals. 
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Frequency  modulation.  Let  us  consider  the  example  to  the 
frequency  modulation  (ChM),  when  useful  radio  signal  takes  the  form 


where 


S  ( t ,  X)  =  At  cos  (<o,/  +  if  (01, 

t 

H>(0-<p(0  +  MvfX(T)flfT; 
6 

if  iWifX  -j-  n»(0. 


(X.51) 


For  radio  signal  (X.51)  we  will  obtain  the  following  equations 
of  optimum  filtration,  in  accordance  with  which  must  be  constructed 


receiver  circuit. 


X  = — oX  +  if  =  M«/X  -f- /Owi/*; 

Fa,  — - AE  (0  s  in  (<ot(  +  if  *)  • 


(X .  52) 
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Fig.  X.6.  Dependence  of  the  square  of  the  relative  error  of  the 
filtration  of  communication/report  on  the  signal-to-noise  ratio  with 
phase  modulation. 
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Page  299. 

Without  writing  out  the  system  of  nonlinear  equations  for  the 
errors  of  filtration,  let  us  give  the  results  of  its  solution: 

-|/l+2^+4  ]/%(|&.  +  -f  X 

X  |/*  1  +  2 </D,  +  4  q  ^{$5*+  )"> 

i  +  2?A» +■  4  j/  <?  ^Pva< +  — -  1^, 

^*=2^r(1+2l/<7(^A,+TD’)“ 

—  1  +  2^0,+  4  | f  q  +•  ~  Dv'jj  . 

Here  q«A,a/2aN,  -  signal-to-noise  ratio  is  at  the  input; 

P-/M  oJa  ■  •  Mqoja  —  the  "index"  of  frequency  modulation. 

The  structural  scheme  of  the  optimum  filtering  device/equipment, 
comprised  according  to  equations  (X.52),  is  depicted  in  Fig.  X.7. 
Actually  it  realizes  the  quasi -coherent  perfecting  of  the  oscillation 
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Fig.  X.7.  Structural  scheme  of  the  optimum  receiver  of  the  frequency 
modulated  radio  signals. 

Page  300. 

Fig.  X.8  depicts  the  results  of  computations  according  to  this 
formula  for  several  values  Pn*  and  D*.  It  is  evident  from  the  graphs 
that  at  the  fixed  values  of  q  and  P«*  the  error  of  filtration  is 

i 

minimum,  when  D*  *  0.  with  preset  q  and  A,  the  error  is  reduced  with 
an  increase  in  the  "index"  of  modulation  P</m-  However,  in  this  case 
the  spectrum  of  radio  signal  is  expanded.  Therefore  in  each  specific 
practical  case  should  be  chosen  compromise  values  P'««  on  the  basis  of 
the  required  accuracy  of  reproduction  of  communication/report  and 
permissible  band  of  frequencies  of  the  radio  channel. 

If  we  equate  expressions  (X.50)  and  (X.54),  then  it  is  possible 
to  find  corres.  ones  and  Nv.  for  which  the  freedom  from 
interference  of  the  optimum  reception  of  the  phase-  and 
frequency-modulated  signals  is  identical.  In  particular,  when  D,  = 0 
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where 


p**(*)  exP  [  CT»(i  —  e~a|lt|)|; 

Pvm  (T)  -  exp  [-  |  t  |  —  I  +  e— 'T,)| . 


(X.57) 
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Fig.  X.8.  Dependence  of  the  square  of  the  relative  error  of  the 
filtration  of  communi cat  ion/report  on  the  signal-to-noise  ratio  with 
the  frequency  modulation. 

Fig.  X.9.  Graphs  of  the  correlation  coefficients. 

Page  301. 

Taking  into  account  relationship/ratio  (X.55)  Fig.  X.9  gives  the 
graphs  of  the  coefficient  of  correlation  pia*(t)  (broken  lines)  for  two 
values  P*Ar  =  3  and  10  and  the  coefficient  of  correlation  p-pmCO  (solid 
lines)  for  appropriate  values  a*  with  q=4  and  100.  It  follows  from 
the  graphs  that  the  energy  spectrum  of  the  FM-signal  is  narrower  than 
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the  spectrum  of  the  ChM-signal.  Therefore  phase  modulation  has  an 
advantage  over  frequency  modulation. 

Frequency  modulation  in  the  presence  of  fadings.  Let  us  assume 
that  the  useful  radio  signal  takes  the  form 

S  ( t ,  1)  -  A  (0  cos  ((Do/  +  tp  (/)); 

^ (/)  <p (/)  +  J X (*) dr,  i4(/)>0;  (X.58) 

here  A(t)  and  \p(r)  -  the  random  processes,  the  first  of  which 
considers  the  amplitude  fading  of  radio  signal,  and  the  second 
contains  information  about  the  parameter  X(t)  interesting  to  us. 

Let  both  processes  be  Markovian  and  described  by  equations 
—  MyA.  +  nv  (/); 

X  —ak  +  /»*(/);  (X.59) 

.  A - Na  +  fU  (<)■ 

where  noises  and  n*(0  make  previous  sense,  and  *u(0  —  white 

noise  with  an  one-way  spectral  density  of  NA- 

Let  us  note  that  the  case  of  Rayleigh  signal  fading  here  is 
examined,  since  it  follows  from  latter/last  equation  (X.59)  that  the 
one-dimensional  probability  density  of  process  A(t)  in  the  steady 
state  coincides  with  Rayleigh's  law: 
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With  simplifications  indicated  earlier  in  the  equation  of 
optimum  nonlinear  filtration  it  is  possible  to  reduce  to  the 
following  form: 


where 


=  Myk  +  AW7*;  i  —  — al  4-  Kl+F*; 
*  -rl’-f-T TtNa+K’aaFa, 


(X.6I) 


F*  =  -^-S(0sin(^  +  r); 
Fa=- 7- 125  (/)  COS  (to*/  +  r)  -  -4*1  • 

Nq 


(X.62) 
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We  will  obtain  as  a  result  of  solving  the  corresponding  system 
of  equations  that  for  the  errors  the  filtration  remains  valid  of 
formulas  (X.53),  which  it  is  necessary  to  supplement  with  the 
relationship/ratio 


(X.63> 


moreover  in  this  case  signal-to-noise  ratio  it  is  equal 


M[A*  |  "a  . 

2ojV#  4a  yNt 


M[A'\  -2o'  -  ~Na. 

2y 


(X  .64) 


The  structural  scheme  of  the  optimum  filtering  device/equipment 
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rpP' 

is  determined  by  equations  (X.61),  which  talcing  into  account 
expressions  (X.62)  can  be  recorded  in  the  following  form: 


2  jF* 

t|>*  =  M«,X* - JS-  A*l  (/)  sin  (<V  + 

Afp 

2/C* 

x*  -  -  aX* - A*5  (/)  sin  (<V  +  V); 


■  5  (0  cos  (<v  + 


(X.G5> 


The  possible  version  of  the  schematic  of  the  optimum  receiver, 
which  simulates  these  equations,  is  depicted  in  Fig.  X.10.  In 
contrast  to  the  diagram  in  Fig.  X.7  this  receiver  has  the  special 
system  of  the  automatic  gain  control,  which  works  as  follows.  With 
the  reduction  of  the  amplitude  of  the  useful  signal  adopted  the 
amplification  factor  for  the  fundamental  informational  channel  is 
reduced,  i.e.,  the  suppression  of  weak  signal  is  realized. 


The  value  of  the  square  of  the  relative  error  of  the  filtration 
of  the  parameter  is  determined  by  expression  (X.54),  in  which  the 
signal-to-noise  ratio  is  determined  by  formulas  (X.64).  Therefore  for 
fading  signal  (X.58)  in  question  remain  valid  graphs,  given  in  Fig. 

X.  8 . 


Page  303. 
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3.  Synthesis  of  the  optimum  continuous  communication  systems  for  the 
two-component  informational  communications/reports. 


Ordinary  amplitude  modulation.  Let  us  consider  all  previous 
forms  of  modulation,  when  informational  communication/report  is 
two-component  Markov  process,  i.e.,  informational 
communication/report  is  described  by  the  equations 


i  +  ak  =  —  p*  +  nx  (<); 
i  =  — P  *  +  nx(/) 

instead  of  equation  (X.8). 


(X.66) 


The  spectrum  of  this  communication/report  with  a=/3 
satisfactorily  reflects  the  character  of  the  spectrum  of  real  speech 
and,  it,  therefore,  can  serve  as  the  model  of  speech.  Useful  radio 

signal  with  the  amplitude  modulation  (AM)  can  be  recorded  in  the  form 
S  (/,  X)  =  [A,  +  AM  (01  cos  [W  +  (01;  j  (X  57) 

9(/)  *_<!>(/) +  9(0.  i 

where  A,  and  «,  -  the  a  priori  known  values  of  amplitude  and 
frequency: 


X(t)  -  informational  parameter; 


Ma- 


constant  coefficient; 
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Fig.  X.10.  Version  of  the  structural  scheme  of  the  optimum  sensing 
transducer  of  the  frequency  modulated  in  the  presence  of  amplitude 
fadings. 

Page  304. 

let  us  assume  that  the  random  phase  ^(t)  is  described  by  the 
priori  stochastic  equation 

tj>  -  a)  —  a»o  +  n, (<);  w  -  —  v(«  —  ^o)  -V  (X.68) 

where  «-(<)  —  delta-correlated  random  processes  with  the  zero 

average/mean  values,  which  have  with  respect  preset  spectral 
intensities  A \,N„\ 

7  -  band  of  the  Doppler  spectrum  at  the  level  0.5. 
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In  connection  with  this  case,  in  the  gaussian 
approximation/approach  of  the  equation  of  Optimum  nonlinear 
filtration  for  the  steady  state  after  some  simplifications  they  take 
the  form 


X*  tm. — aX*  -  p**  +  K lifi  +  K 

^  (a)  — <o0)  4-  4-  Kx*Fx‘, 

w*  =  —  v(®*  —  “o)  +  K*UF±  4-  KxuFx ; 


~^Flx — 2aKxx  —  2$Kxx  4*  (KxxYFxx  -h  (K —  0; 
^Nx- m'xx  +  (KLYFxx  4-  (£*)%>  =  0; 

1  Nx  -  (a  4-  P)  Klx  -  fi/CL  4-  K'xxRLFxx  + 

4~  Kx*  Fx*  =  0; 

—  Nu  —  2yK.ua  4"  (/Cu*)  F ^  4-  (Kxu)2  Fxx  ~  ®» 

Y  4"  2K+a  4-  (K*+)2Fw,  4-  (Kx+)2Fxx  —  0; 


Kla-yKl*  4-  K^K^Fw  4-  Kx±K\uF,.x  -  =  0; 

Kxu  —  —  aKx*  4-  KxxKx+fxx  4*  KxiRwF+t,  —  0; 

KXu  —  $KX±  4-  KxxKx^Fxx  4-  OC**F**  =  0; 

Y Kxu  cxKxu  —  P/Cxu  4*  KxxKxuFxx  4"  Kx +X 

x  K^uF ^  —  0; 

yKXu  PAx«  4"  KxtKxu  Fxx  4“ 

4-  Kx^KixuF^if  0* 


(X.69) 


(X.70) 


Page  305. 


The  solution  of  system  (X.70)  leads  to  the  following  results: 
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ki  ..  r:<  .  (-a+ 


+  P>*.  (»/  .  \ 

M\  ^  2(<*  +  ft*  A/,  j’ 


iP(/ 


l  + 


M\"x 


2  («  -I-  P)*  Afg 


—  1 


^  =  ~N' .  (/1+I  +  2G-  1); 


*5*0; 


— .2V  ~ ~  0  +  <J  —  Vi+  L  +  2G)  V  \  -t-  L  •+-  2 G; 


A0  +  a 


/C*«  -= 


y>W, 


*0  +  aA 

Ai*  A,* 


(I  +G-K1  +  L  +  2G); 


0, 


(X.71) 


.here  ./ <45  ^  »;!)(*.  + v‘*7 

2y»*.  K  2*^, 


The  freedom  from  interference  of  the  reception  of  continuous 
signals  we  will  characterize  with  the  value  of  the  relative  error  of 
the  filtration  of  communication/report,  which  taking  into  account 
equality  A*  =*  8a a*,  valid  with  a=/3,  is  equal  to 


‘—T“W,  +  £-')'  (X' 


72) 


Through  formula  (X.ll)  we  find  the  average/mean  power  of  useful 
signal  (X.67): 


p  ■■ •  7  j  •s’  w  *  - 1 W  +  -  j  «i  ( ^r1) .  ».r  » i. 
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where  m  “• ^  coefficient  of  amplitude  modulation. 

Signal-to-noise  ratio  at  the  input  of  receiver  is  equal 

q  =  p  !  +  <■» 

m* 

Page  306. 

From  expression  (X.72)  we  obtain  final  formula  for  the  square  of 
the  relative  error  of  th«  filtration  of  the  communication/report: 

«- — b-iV  ')•<“- »■  (X-73> 

Q  ^ 

:v  ,  i  +  m* 

i  > 

In  the  approximation/approach  examined,  as  in  the 
one-dimensional  case,  the  relative  error  of  the  filtration  of  the 
|  amplitude-modulated  signals  does  not  depend  on  the  value  of  the  phase 

fluctuations  of  signal. 

After  substituting  in  equations  (X.69)  the  obtained  average/mean 
values  of  cumulants  (X.71)  and  expression 

l25(/)cos(o>0/  H-  (/l0 

F  >  =  it  5  (o  *■>  k/  -i-  r). 


we  will  obtain 
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5*7 


where 


\*  wm  — - — i- —  [25  (l )  COS  (U>jt  +  H>*)  — (^0+ 

Tt  s  +  1  7\i  +  1 

y  ^  -  s,  +777]) 5(<)  (i4#  +  M,,x*)  sin  w  +  **)' 

_  2X^_ .  £  7*  =,  p-'; 

A* - A«  _  o  ’  A*  HA/.  * 


SyV( 


SyyN, 


PN% 


_ L  •  T  —  —  • 

a  y 

S„—  constant  coefficient. 


(X.74) 


Equations  (X.74)  are  simulated  by  the  optimum  receiver,  whose 
structural  scheme  is  given  in  Fig.  X.ll.  receiver  realizes 
quasi -coherent  reception  of  signals.  It  has  the  fundamental, 
informational  channel,  at  the  output  of  which  is  obtained  estimated 
value  X  (t),  and  the  phase  automatic  frequency  control,  which 
develops  reference  signal. 

Informational  channel  consists  of  multiplier  (synchronous 
detector)  and  optimum  linear  filter,  formed  series-connected  and 
those  included  by  negative  feedback  by  amplifier  and  filters  of  upper 
and  lower  frequencies.  The  amplitude-frequency  characteristic  of 
optimum  linear  filter  is  determined  by  the  spectrum  of  the 
transmitted  communication/report  and  by  the  signal-to-noise  ratio  at 
the  input  of  the  receiver. 
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It  is  evident  from  a  comparison  of  Fig.  X.l  and  Fig.  X.ll  that 
the  structural  schemes  of  optimum  receivers  for  the  one-component  and 
two-component  Markov  communications/reports  are  characterized  by  only 
the  type  of  linear  filters.  In  the  first  case  the  linear  filter, 
which  forms  informational  communication/report  from  the  white  noise, 
is  determined  by  linear  differential  first-order  (X.8)  equation,  and 
secondly  -  by  system  (X.66)  of  two  linear  differential  first-order 
equations. 

This  law  has  general  character,  i.e.,  it  relates  to  all  forms 
examined  below  of  modulation,  and  specially  it  is  not  specified 
subsequently. 

Amplitude  modulation  in  the  presence  of  fadings.  The  fading 
amplitude-modulated  radio  signal  is  represented  in  the  form 

S  (f ,  k)  =  £  (/)  [A,  +  (<)]  cos  K*  +  y).  (X . 75) 

where  E(t)  -  the  random  process,  which  considers  fading  radio  signal, 

and  the  remaining  parameters  make  previous  sense.  Let  the  process 
E(t)  be  Markovian.  Then  for  signal  (X.75)  it  is  possible  to  write  the 
following  system  of  a  priori  stochastic  equations: 

X  =»  _  a\  —  p*  +  nx  (/);  *  =  —  fix  +  nx  (/);  j 
E  =  ~nE  +  •—  NE  +  nE  (/); 

^ = (®— <o0) + (/);  (i)  =  —  v  (<o  —  a.)  +  nu  (/). 


(*.76) 
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Here  noises 
white  noise  with 


”*(0.  (0  and  nm(t)  make  previous  sense,  and  /»e{*) 

an  one-way  spectral  density  of  Ne- 


Fig.  X.ll.  Structural  scheme  of  the  optimum  receiver  of  the 
amplitude-modulated  radio  signals. 

Paqe  308. 

The  simplified  equations  of  optimum  nonlinear  filtration  it  is 
possible  to  reduce  to  the  following  form: 

X*  =-  —  ol\*  —  P*-  +  XuF*;  J  (X .  77> 

x  =  —  P**  + 

£•  „  _„£•  +  -i_,V£  i-T££F,-, 

V  -  (u)*  — 0)a)  -f-  Kl>.F±; 

=  —  ?(“>*  —<o0) 

Fx  =  ^-l25(/)£*cos(<V  +  *•)-(*  4-  MxX*)  (£•)*!; 

Fe  =  —  (25  (/)  Mo  +  M<x*)  COS  (a)0/  +  r)  - 
—  (<4,  -j-  M^X*)*  £*|; 

F*  ----  -  5  (0  £*  (4>  +  M^X*)  sin  (<V  -j- **)• 

»rhere 


(X.78) 


(X.77) 


Xs  a  result  of  solving  the  corresponding  system  of  equations  we 
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V'  _  (g  +  P)  A' » 


V7 


1  + 


M%M  |£»|  Nx 
2  (a  +  W»/V, 


—  1 


= 


yNo 


(A-q  +  c2a)M[E'\ 


9(j.*.V0 

(/TTT+2G-  l); 


/C*„  = 


JEW. 


(^+®2)M[£«] 


(1+G-/1+L  +  2G), 


(X.79) 


where 


L  = 


(^  +  q*)M[£«) 
2  y*Nt 


.0-/ 


(4  +  o*)AI(£*l(iVM  +  YX) 


V«/V0 


For  the  relative  error  of  the  filtration  of  voice  communication 
with  the  Rayleigh  fadings  it  is  possible  to  write 


6^  =  ~^r~(]/1  +  2<?Tfb~~l); 


1  +m« 


q  -  — —  =  — —  M  IP]. 
*  P*.  2p/v, 


(X.80) 


Page  309. 

The  structural  scheme  of  the  optimum  sensing  transducer  of  the 
fading  amplitude-modulated  is  determined  by  equations  (X.77),  which 
taking  into  account  expressions  (X.78)  can  be  recorded  in  the 
following  form: 
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The  possible  version  of  the  structural  scheme  of  the  optimum 
receiver,  which  simulates  these  equations,  is  depicted  in  Fig.  X.12. 
In  contrast  to  the  diagram  in  Fig.  X.ll  this  receiver  has  a  channel 
of  the  optimum  extraction  of  the  multiplicative  interference  E  (t), 
which  then  is  used  for  eliminating  the  effect  of  fadings. 

Two-band  modulation  without  the  carrier.  Let  us  record  two-band 
signal  without  the  carrier  in  the  form 

S(i,  X)  -  MaX  (/) cos  [<d0/  +  <|>(/)!.  ( X .  82) 
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The  average/mean  power  of  this  signal  is  equal  to 

T 

o 

Prom  a  comparison  of  the  recording  of  useful  signals  (X.67)  and 
(X.82),  it  directly  follows  that  for  the  signal  in  question,  all  the 
expression  obtained  above  expressions  are  valid,  and  in  them  we  must 
only  assume  that  A,«0. 

Page  310. 

For  the  square  of  the  relative  error  of  the  filtration  of  voice 
communication  with  two-band  modulation  without  the  carrier  we  will 
obtain  the  formula 

t>aM  =  ±{VT+Tq-\),  ?  =  (X.83) 

In  connection  with  signal  (X.82)  of  equation  (X.74)  they  take 
the  form 

=  r^rr  77TT 125  (0  cos  (<V  +  r)  ~  Ma  x*I: 

/  K  \  (X.84) 

r  =  j  5  (/)  ma*  sin  («y  +  r)  • 

Structural  diagram  of  the  receiver,  constructed  in  accordance 
with  equations  (X.84),  is  depicted  in  Fig.  X.13. 
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Fig.  X.12.  Structural  scheme  of  the  optimum  receiver  of 
amplitude-modulated  radio  signals  in  the  presence  of  fadings. 

Page  311. 

Single-band  modulation  with  the  pilot  signal.  Useful  radio 
signal  in  single-band  modulation  and  presence  of  the  pilot  signal, 
which  contains  information  about  the  phase,  can  be  represented  in  the 
following  form: 

s<f>  ~  7T  +  S>(0I  +  -pjM^(/)slnfuy  + 

+  ip(01  +  Cacos[aV  +  *(/)].  (X.85), 
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where  X(t)  -  the  transformation  of  Gilbert/Hilbert  from  the 
communicat ion/report  A(t); 

C,  -  known  constant  value  of  the  amplitude  of  pilot  signal. 

As  earlier,  we  will  consider  that  the  input  of  the  channel  of 
the  formation  of  supporting/reference  oscillation  enters  the  sum  of 
pilot  signal  and  white  noise: 

ti  (/) «  C„  cos  K/  -h  'P  (^)l  H-  '«  (0- 

Let  us  assume  that  the  random  parameters  of  single-band  signal 
are  described  by  the  a  priori  stochastic  equations 
X  =  —  ak~  Px  +  n^/);  ia-pjc  +  fliW. 

—  Px  +  nx(0;  *  —  pi  -t-  n*(0;  (X.86) 

^  —  v(«  — «»)  H  «»(/), 

A 

where  x(t)  -  the  transformation  of  Gilbert/Hilbert  from  process  of 
x  ( t )  ; 

n\  (t)  —  transformation  of  Gilbert/Hilbert  from  white  noise  m(t). 
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radio  signal  with  the  amplitude 


the  optimum  receiver  of  two-band 
modulation. 
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If  we  use  the  previous  procedure  of  simplification  in  the 
expressions  for  the  errors  of  filtration  (namely,  to  substitute  in 
the  corresponding  equations  the  time-averaged  expressions  of 
functions  and  then  to  switch  over  to  steady  state),  then  let  us 
arrive  at  the  following  system  of  equations  of  the  optimum  nonlinear 
filtration: 


KlF,; 

x*  -  —  +  KxxFx\ 

X,*  —  —  aX*  —  pi*  -f-  KiZF:\ 
x*  =  —  +K\sFv. 
if*  ~  (u>*  —  a>#)  4-  KI-^Vv, 


(X.87) 
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informational  radio  signal  and  the  pilot  signal. 


After  substituting  into  the  formula  for  expression  a*  and 
JV»  -  apo?  and  after  introducing  signal-to-noise  ratio  (X.89),  we  can 
write 


(X.90) 


Equations  (X.86)  of  optimum  nonlinear  filtration  after  the 
substitution  in  them  of  corresponding  relationships/ratios  (X.88) 
take  the  form 


'  777T  ■  +♦•)->*•]; 

-r  r  ^  ’0  n(0Ct5in  (uv  +  >,*)■ 


where 


(X.91) 


v+  -- 


5yNf 


7\ 


Au  ,  r  R-i, 

-7vr;r'“p  • 


Fig.  X.14  gives  the  structural  scheme  of  the  optimum  receiver 
which  simulates  equations  (X.91).  Besides  the  channel  of  the 
synchronizations,  the  receiver  has  two  informational  channels,  at 
outputs  of  which  are  selected  estimated  values  *•(/)  and 
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The  computation  of  the  resulting  error  of  filtration  after 
association  of  both  channels  (see  Fig.  X.3)  in  this  case  is  made  more 
complicatedly  than  in  the  previously  one-dimensional  case  examined, 
and  here  it  is  not  given. 

Fig.  X.15  presents  the  results  of  the  calculations  of  the  square 
of  the  relative  error  of  the  filtration  of  informational 
communi cat ion/ report  for  the  forms  of  amplitude  modulation  examined. 
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Fig.  X.14.  Structural  scheme  of  the  optimum  receiver  of  single-band 
radio  signals  with  the  amplitude  modulation. 


Fig.  X.15.  Dependence  of  the  square  of  the  relative  error  of  the 
filtration  of  communication/report  on  the  signal-to-noise  ratio  with 
the  different  types  of  amplitude  modulation. 
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Phase  modulation.  With  phase  modulation  useful  radio  signal 
takes  the  form 

S(t,k)  -,t0cos[«V  +  *(OI;  (X.92) 

♦  «)“*<0  +  9W-AW/) +  ¥(/). 

where  A,  and  u,  -  a  priori  known  values  of  amplitude  and  frequency; 

*■  constant  coefficient  (mutual  conductance  of  phase 

modulator) . 


The  behavior  of  the  random  parameters  of  radio  signal  (X.92)  is 
described  by  the  system  of  the  a  priori  stochastic  equations 


9  =3  +  <p(0; 

X  —  ak  —  + 

x  =  —  fix  +  m  (/); 
9  =  MO- 


(X.93) 


Correlation  and  mutual-correlation  functions  are  such  in  this 


case: 


M  MOMOI  -  J  Nj(x); M  (K(/,)/i,(gi  =»  i.jV,fl(t); 

M  [«♦  (/,)  (01  -  ±  M+Nh 5  (t)  +  |  Nj  (x); 

M  |«x  (O  n*  (/,)|  »  j  ,VI*A\6(t);  n*  (/)  =  (/)  +  n,  (<). 


(X.94) 
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The  equations  of  optimum  nonlinear  filtration  take  the  form 


2aM.o/Cx  4-  2$M<pK±x  —  “■  ^  +  (K^)2F m>  —  0; 

i  * 

2a  K\x  +  2fi7c:i  — |  iVx  -  (tfw)’  =  0; 

'l$R\x  - 1  tfx  -  OCxf'F^  =  0; 

aM,*/(u  4-  p.H^  A',*x  4-  ct/fo  4-  P  —  —  M*A/*  — 

*■*  /C<v*v^C,vx^,,w»  0 1  | 

<xM.i>K,.x  4~  PMipAxx  4*  P  ACjx  — —  44<j>/Vx  —  0,  | 

<xKax  4"  PA«  4"  pK*x  — ~  iVx  4"  K±i.K^xF <h>  ~ 

=  jVl<*  X*  4*  K^F ■i* 

X*  =  —  aX*  —  (lx*  -rKlk  /V. 
x*  —  —  P-x*  4~  K±xF± . 


.  (X.95) 


(X.96) 


Page  316. 


For  signal  (X.92)  we  have 

F±  -  Sin  K t  +  ry,  F^  (X . 97) 

N§  N9 

Let  us  introduce  into  the  examination  signal-to-noise  ratio 
q*A,V2aN0.  Then  taking  into  account  expressions  (X.92)  (X.92)  and 
(X. 97 )  with  /3*a  from  system  (X.95)  we  obtain 
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2o#  -  +  2oft  4 a%  -D*  +  2q  (Kit)2  -  0; 

Kk\  +  Ku  —  2 oj  f-  q  (K,k)2  =  0; 

Axa  —  2al  +  q  (K^x)2  —  0; 

X#  K* 

“3^-  +  ^  +  Ku  —  4o„<jx  +  2 'qK+J&k  -  0; 

X*  —  _ 

o«  +  ^Ix  -  4<V,  -|-  2qKlKl  0; 

2ft,  +  /C«  -  4a?  +  2qKlJ<:x  -  0, 


(X .  98) 


where,  as  earlier,  D,  —  iV,/2a. 


For  the  transition/ junction  to  the  dimensionless  quantities  let 
us  divide  the  fourth  and  fifth  equations  on  ox.  and  the  second,  the 
third  and  the  sixth  -  on  ^if-  Then  system  of  equations  (X.98)  will  take 


I  * 


the  form 


5j„t^_2  +  ,(^)=.o; 
^-2  +  ^)’-0: 


I  n  I  I  An  t  O  ,A'*  ^ 

°» — +  —  —  -  4o»  1  — 


Oo^r+O.^  +“4o*  +  2 qK^  -  0; 
2-^  +  -i%._4  +  2 qJ!*L  *£L..Q, 

a1 


(X.99) 


where  &i*  «=  ft\/o; . 


I 
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Page  317. 

When  D, «* 0  system  (X.99)  can  be  solved  analytically.  Expressions 
for  6iM,  Klx/ol,  K'xJal,  Rlx/ox,  Klx/ox  and  Kl*  in  this  special  case  take  the 
form 


=  -i-ty  V+2alq  -  l); 

a: 

~  -±_(^1  +2olq-  l\ 

Kw  --  —[if  1  +  2 aiq  —  l). 
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The  results  of  solving  the  system  of  equations  (X.99)  numerical 
methods  on  TsVM  for  a  series/row  of  values  o»  and  £>»  depending  on  q 
are  given  in  Fig.  X.16-X.18  (when  <  2  rad2). 

Fig.  X.16  depicts  the  graph/diagrams  of  the  dependence  of  the 
error  of  filtration  on  the  signal-to-noise  ratio  q.  From  the 
graphs  it  is  evident  that  for  the  given  values  of  q  and  the  error 
of  filtration  is  minimum  when  D9  » o  and  it  increases  with 
increase/growth  D„.  The  graphs,  which  characterize  the  dependence  of 
the  single  cumulants,  entering  system  (X.99),  from  the 
signal-to-noise  ratio  for  several  values  a»  and  dv,  are  represented  in 
Fig.  X. 17 ,  X. 18 . 


The  equations,  which  determine  the  structure  of  the  optimum 
receiver  of  FM  radio  signals,  can  be  obtained  from  the  system  of 
equations  (X.96),  after  substituting  value  F +  from  expressions 
(X. 97 ) . 


As  a  result  of  simple  transformations  we  will  have 
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V-SJ/C|  —  — —  (Ki - - £i- 

M  7s+l\  Ts+lJ  Ts+1. 


+ 


X*  = 


+  /c+j  l  (0  A0  sin  (c +  ip*); 

7VM  (**  ~  tT+])  5  (/)  A* sin  +  **>'• 


x*  =  — 


K' 

Ts+  1 


|  (/)  i40  sin  (co0/  +  if*), 


}  (X.100) 


where 


.  K  -  2K'^  ■  K  2^x  „  2/f^ 

•  Kx  =  —7T>  A*  = 


ojV. 


aA/„ 


Nm 


;  r- 


Equations  (X.100)  are  simulated  by  the  optimum  receiver,  the 
version  of  structural  scheme  of  which  is  given  in  Fig.  X.19.  Optimi 
receiver  is  system  FAPCh  with  the  control  along  two  channels. 
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Fig.  X.  17 .  Dependence  of  the  dispersion  of  phase  error  on  the 
signal-to-noise  ratio. 
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Frequency  modulation.  Let  us  record  useful  radio  signal  in  the 

form 

S(t,  A)  »  4 cos  [tag* +  *(/){;  (X.  101) 

t 

’P  (0  =  0(0  +  9  (0  -  /Mv  j  1  (t)  dx  +  q>  (/), 

where  A,,  w,  -  a  priori  known  values  of  amplitude  and  frequency; 

4) ( t )  -  component  of  the  phase  of  signal,  which  is  changed 
randomly  due  to  the  instability  of  the  frequency  of  transmitter; 

M;  ajOi  -  constant  coefficient  (mutual  conductance  of  the 


frequency  shift  key). 


Fig.  X.18.  Dependence  of  coefficient  on  the  signal-to-noise 


ratio. 


Fig.  X.19.  Structural  scheme  of  the  optimum  receiver  of 
phase-modulated  radio  signals. 
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The  behavior  of  the  random  parameters  of  useful  radio  signal 
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(X.101)  let  us  assign  stochastic  equations 


=  AfyA  -h  cp(/); 
i  -  —  ak  —  0jc  +  nk  (/); 
x  =  —  P*-Mx  (/); 
ip(0  =  n*(/). 


{X.  102) 


In  connection  with  radio  signal  (X.101)  of  the  equation  of 


optimum  nonlinear  filtration  in  the  gauss ian  approximation/approach 
for  the  steady  state  after  some  simplifications  they  take  the  form 


+  $*♦)*  ?**  -  0; 

2aKxx  +  2P/C*.  -±M,-(Rlk)2F^  -  0; 

2p/C« - Ltfx-(/C;*)Jf**  =  0; 

Ali//C*x  —  a-R',*  —  +  K^kK^F w  —  0; 

MnKkx  —  P^*  +  K^xKw.Fw  —  O'. 

(a  +  p)  Kkx  +  P Kx* - A/x  —  K^KitxF,^  —  0; 

ij)  --  AfvX  +  K^F 4,; 
i  *  —  aX  —  Px  •+■  Ki,\F V’ 
x  =  —  p/  /C+xfi, 


(X.  103) 


(X.  104) 


where 

=  — £-8 (0^4, sin («**  +  **);  (X.  105) 

Let  us  convert  system  of  equations  (X.103).  For  this  let  us 
introduce  into  the  examination  the  index  of  frequency  modulation 
p,* » Ow/a  and  signal-to-noise  ratio  q=AJ0/2aN0.  Then  with  /3=*a  we 
obtain 
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2fau-^  +  D,-2q(Klf)i  =  0-. 

K\x  +  K\x  —  2a*  -f-  q  (7C*x)*  =  0‘> 

7<L  -  2o?  +  <?  (*;,)’ =  0; 

P</a<  — j— - K^k  —  Rim  —  2 qK.^K-vk  •=•  0; 

P'/m  -  C  -  2</A.Uk;,  -  0; 

2^;x  4-  -  4 al  4-  2qR\JCtt  =  0. 


•  (X. 106) 


(X.  106) 
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Here  Dv=°NJ2a  -  dispersion  of  random  phase  change  of 
high-frequency  oscillation  for  the  time  r*x/a.  For  the 
transition/junction  to  the  dimensionless  quantities  let  us  divide  the 
fourth  and  fifth  equations  of  system  (X.106)  on  ox,  and  the  second, 
the  third,  and  the  sixth  -  on  bf,  after  which  we  will  obtain 


I 


2|J™-^+£>,-2 q(RU)3  -  0; 


+ 


■2  +  q 


■2-|  -q 
K 


* 


IA 


-  0; 


+X 


n  r: 


'4»je 


X* 


HX _ 

Kx 


=  0; 

■2?-%^-0; 


o,  ov 


+ 


4  +  2<7  — “  • 


-  0. 


(X.  107) 


t 


Here  =  Kljal  the  relative  error  of  the  filtration  of 
informational  communi cat  ion/report  X(t). 

The  results  of  solving  the  system  of  equations  (X.107)  numerical 
methods  of  TsVM  for  series/row  of  values  and  D„  depending  on  q 
(when  2  rad1)  are  given  in  Fig.  X.20-X.22.  Besides  are 

indicated  the  values  only  of  those  coefficients,  which  are  necessary 
for  the  construction  of  optimum  receiver. 

From  the  graph/diagram  of  the  dependence  of  the  relative  error 
of  filtration  on  the  signal-to-noise  ratio  q,  represented  in  Fig. 
X.20  it  is  apparent  that  with  the  fixed  values  of  q  and  the  error 
of  filtration  is  minimum,  when  D,  = o.  With  preset  q  and  D »  the  error 


is  reduced  with  an  increase  in  the  index  of  modulation  •  The  effect 
of  the  fluctuation  of  phase  on  is  reduced  in  proportion  to 
increase/grovth 
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Fig.  X.20.  Dependence  of  the  square  of  the  relative  error  of  the 
filtration  of  communi cat  ion/report  on  the  signal-to-noise  ratio  with 
the  frequency  modulation. 


Fig.  X.21.  Dependence  of  the  dispersion  of  phase  error  K ^  on  the 
signal-to-noise  ratio. 


P 
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Fig.  X.22.  Dependence  of  coefficients  K\jox  and  K.lxlox  on  the 
signal-to-noise  ratio. 

Page  323. 


After  substituting  in  equations  (X.104)  value  F+  from 
relationship/ratio  (X.105),  we  will  obtain  the  equations,  which 
determine  the  structure  of  the  optimum  receiver  of  ChM  radio  signals: 

*  -  s»  [rTTi  (tTTT  “ ' Kx)  “ ' K*] 5 ' (0 sln  (u>#/  *h  **): 

1*  =  — —  [-^ Ki]  6  (t)A0  sin  («,/  +  >!>*);  (X.  108) 

Tj  +  iLTs  +  1  J 

/  S  -+■  i 

Here  S„  -  mutual  conductance  is  control  device; 


The  structural  scheme  of  the  optimum  receiver  of  ChM  radio 
signals,  simulating  equation  (X.108),  is  given  in  Fig.  X.23.  Optimum 
receiver  is  system  FAPCh  with  the  control  along  two  channels. 

Actually  it  realizes  the  quasi-coherent  perfecting  of  the  oscillation 
accepted. 


4.  Complex  modulation. 
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Amplitude-phase  modulation  by  one-component  Markov  process, 
us  consider  the  cases,  when  amplitude  and 'phase  of  signal  are 
modulated  by  one  and  the  same  random  Markov  process 
(communi cation/report)  \(t). 
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Fig.  X.23.  Structural  scheme  of  the  optimum  receiver  of  the  frequency 
modulated  radio  signals. 

Page  324. 


Useful  signal  with  complex  amplitude-phase  (AM-FM)  modulation 

can  be  represented  in  the  form 

S(/,  X)- M^(0cos(uV  +  t|i(0);  '(X.  I09> 

*  (0  =  «  (/)  +  <P  (0  =  (0  +  <p  (/), 

where  ma  and  Af*  -  constant  coefficients; 


<p(t)  -  the  random  walks  of  the  phase  of  signal  due  to  the 
instability  of  the  frequency  of  the  master  oscillator. 


Let  for  signal  (X.109)  the  system  of  the  a  priori  stochastic 


equations 


^  =  —  M<t>  ak  +  «*  (/)  -+■  <p  (/); 
X  =  —  a\  4-  «)k(0; 

<p(0  ~  MO. 


(X.1I0) 


where  n»(/)  -  (/)  be  valid. 
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In  this  case  the  following  expressions  for  the  correlation  and 
mutual-correlation  functions  will  be  valid: 

M[nx(/,)rtx  (/,)!  = 

M  [n*  (/,)  n*  (/,)]  =  -f  Ml Nk6  (t)  +  -J-  A/,6  (t); 

2  2  (X.  Ill) 

M  [n,  (/4)  rt,  (/,)]  =  ~  6/,6  (t); 

where 

M0=*AW«x  (.')  +  /!,(/). 


I 
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Page  325. 

Let  us  introduce  signal-to-noise  ratio  q  =»  M2Aal/2aN0  and  let  us 
pass  in  the  system  of  equations  (X.112)  to  the  dimensionless 
quantities.  For  this  let  us  divide  the  second  equation  on  aj\  and  the 
third  -  on  an.  Then  taking  into  account  expressions  (X.110-X.114)  we 
obtain 

2al  +  D,  -  2a*  -  2 q  (&-J  -  2 q  (ft*)*  =  0; 

&AM — ‘PM  —  l  +  -(-  ?(/f.W>)2  ■  0; 

7T  „  7f*  (X.115) 

"7T - - 2o#  +  oi>6^ai_0M  +  2q6AM-*M  + 


where  =  — — 

of 


+  2q^  KU  =  0, 

ox 


-  relative  error  of  the  filtration  of 


communication/report;  D»  =»  jV»/2 a  ~  dispersion  of  phase  change  for  the 
time  “/a. 


The  results  of  solving  the  system  of  equations  (X.115)  for 
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series/row  of  values  <jd  and  £>,  depending  on  q  are  given  in  Fig. 

X.24-X.26. 

I 

Fig.  X. 24  depicts  the  graph/diagram  of  the  dependence  of  the 
square  of  the  relative  error  of  filtration  on  the 

signal-to-noise  ratio.  The  dependences  of  coefficients  and  Klx/ax 
on  the  signal-to-noise  ratio  are  depicted  in  Fig.  X.25,  X.26. 


After  substituting  into  system  (X.113)  of  value  F*  and  F»  and 
expressions  (X.114),  we  will  obtain  the  equations,  which  determine 
the  structure  of  the  optimum  sensing  transducer  AM-FM, : 

ip*  '■  —  S,  +  2**25  (0  Ma\*  sin  (o»0/  +  **)  - 

-  VI  (/)  Ma  cos  (<V  +  r)  - 

=  -Ts'+1  {Kx  [25 (0 Ma  cos  («V  +  r)  -  M\v ]  - 
-  2/C^S  (/)  MaX *  sin  («V  +  **)}. 

where  -  mutual  conductance  of  control  device; 


» 

(X.1I6) 


/C*.  = 


atMd 


/C*2  = 


K*x\  = 


Kx 


Ktxi 


'  j.  I 

a/V#  ’  a 


The  structural  scheme  of  the  optimum  sensing  transducer  AM-FM  is 


depicted  in  Fig.  X.27. 
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!■■■■■■■■» 
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Fig.  X. 24 . 
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Fig.  X.25. 


Fig.  X. 24 .  Dependence  of  the  square  of  the  relative  error  of  the 
filtration  of  communicat ion/report  on  the  signal-to-noise  ratio  with 
amplitude-phase  modulation. 


Fig.  X.25.  Dependence  of  the  dispersion  of  phase  error  K on  the 
signal-to-noise  ratio. 


Fig.  X.26. 


Fig.  X. 27 . 


Fig.  X.26.  Dependence  of  coefficient  Klx/ax  on  the  signal-to-noise 
ratio. 


Fig.  X.27.  Structural  scheme  of  optimum  receiver  for  the  radio  signal 
with  amplitude-phase  modulation. 


Page  327. 


Amplitude-frequency  of  modulation  by  one-component  Markovian 


process.  With  complex  amplitude- frequency  (AM-ChM)  modulation  let  us 
record  useful  radio  signal  in  the  form 
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S  ( t ;  \)  =  (/)  cos  (O)o /  +  i| )  (/));  (X .  1 1 7) 

t 

ty(t)  ~  ft  (/)  4-  9  (/)  Mh  j*  X  (t)  di  4-  <p  (/), 

o 

where  ma  and  Af«,  -  constant  coefficients; 


<p(t)  -  the  random  walks  of  the  phase  of  signal. 


Let  for  signal  (X.117)  be  valid  the  following  system  of  a  prior 
stochastic  equations; 


4-  <p  (0; 

i  =  —  ak  4-  nx(t); 
<P=  MO- 


(X.  1 18) 


Let  us  record  expressions  for  the  correlation  and 
mutual-correlation  functions; 


M  (/,)  nk  (/,)|  =  Nx6  (t); 

M  K  (tx)  /i,  (/,))  -  y  /V,fl  (t)  . 


(X.119) 


In  connection  with  AM-ChM  radio  signal  (X.117)  the  equations  of 
optimum  nonlinear  filtration  take  the  form 
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—•  N*  +  2Alv/C*i  +  {K*k)2F\i  -j-  (/C**)2  —  0;  • 

±Nx-  2a Rl  +  (Kl,)2  Fu  +  (Kir  ?■»  -  0; 

MHKl  -  aKl  +  KlKlFu  +  KIKU^  =  0; 
\j>  =  Mt/k  H-  K±±F 4,  -f-  K*iF\, 
i  =  —  al  4*  KuFx  +  K+xf +• 


(X.  120) 

(X.  121) 


Page  328. 


For  the  transition/junction  in  the  system  of  equations  (X.120) 
to  the  dimensionless  quantities  let  us  introduce  signal-to-noise 
ratio  q  =  M\a2,J2aN^  the  index  of  frequency  modulation  p«uw_-»  aja  and 
let  us  divide  the  second  equation  on  of,  and  the  third  -  on  <jx.  Then 
taking  into  account  expressions  (X.119)-(X.122)  we  obtain 
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c2  *'XX 

where  °am-hm  -  —r~  -  relative  error  of  the  filtration  of 

°x 

communi cat  ion/report  X(t); 


Df**NJ2a  -  dispersion  of  phase  change  for  the  time  1/a. 


The  results  of  solving  the  system  of  equations  (X.123)  numerical 
methods  on  TsVM  for  series/row  of  values  p™  and  D »  depending  on  q 
are  given  in  Fig.  X.28-X.30.  Fig.  x.28  depicts  the  graph/diagram  of 
the  dependence  of  the  square  of  the  relative  error  of  filtration 
&AM-VM,  while  Fig.  X.29  and  X.30  give  the  dependences  of  coefficients 
Kl./ax  and  Kl*,  necessary  for  the  construction  of  the  optimum  sensing 
transducer  AM-ChM. 


After  substituting  in  system  (X.121)  values  F*  and  fx  from 
expression  (X.122),  after  transformations  we  will  obtain  the 
equations,  which  determine  the  structure  of  the  optimum  sensing 
transducer  AM-ChM: 


\j>*  —  S„  {/Cj. i  A*  —  2/C4.26  (*)  M,«X*  sin  (uj  +  ip*)  -+• 
+  K*  1  |2|  (0  M,\  cos  (<V  +  V)  - 
X*  =  Tsl+[  1  Kx  |2|(/)  Ma  cos  (ay  +  r)  -  'V1=X*|  - 
—  M^X*  sin  (ay  ip*)j; 


(X.  124) 


here  su  -  mutual  conductance  of  control  device; 


DOC  =  83173415 


PAGE  (fifl 


Fig.  X. 28 .  Dependence  of  the  square  of  the  relative  error  of 
filtration  on  the  signal-to-noise  ratio  with  amplitude-frequency 
modulation. 

Fig.  X.29.  Dependence  of  coefficient  Kljax  on  the  signal-to-noise 
ratio. 
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Fig.  X.30.  Fig.  X.31. 

Fig.  X.30.  Dependence  of  the  dispersion  of  phase  error  k‘h  on  the 
signal-to-noise  ratio. 

Fig.  X.31.  Structural  scheme  of  optimum  receiver  for  the  radio  signal 
with  amplitude-frequency  modulation. 

Page  330. 

Amplitude-phase  modulation  by  two-component  Markov  process.  With 
amplitude-phase  (AM-FM)  modulation  useful  radio  signal  takes  the  form 


5  (/,  X)  =  MAk  (t)  cos  (oy  +  <})(/)); 

*  (0  -  ♦  (')  +  <P  (0  -  (0  +  q>  (/), 


(X.  125) 
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where  =  <j»/ox  -  constant  coefficient  (mutual  conductance  of  phase 
modulator); 

\\A  -  constant  coefficient; 

(p(t)  -  the  random  walks  of  the  phase  of  signal. 

The  behavior  of  the  random  parameters  of  radio  signal  (X.125)  is 
described  stochastic  equations 

* 

X  = 
x 

In  this  case  will  be  valid  the  following  expressions  for  the 
correlation  and  mutual-correlation  functions: 

Minx  (*,)«»  (/,)]= 

M  [n«  ('.)  '4  (/,)]  y  (t)  +  -j-  W,5(x); 

M(/4(0/4(gi  - 
M  (/ix  (/,)  /i*  (',)]  -  M^iVxfi  (x); 

MO  =  M*nx(t)  +  M0- 

In  connection  with  this  case  the  equations  of  optimum  nonlinear 
filtration  take  the  form 


(X.  127) 


!  m<*x  +  <p  (0; 

-aX  —  px  +  /Ix  (0; 

— £x  +  M0; 

9  —  (0* 


(X.  126) 


DOC  -  83173415 


PAGE 


2aM,j,  Kl+  2pM*A«—  -jN»  +  (Aw)2  Aw  H* 

+  (X^)*?u-  0; 

2«7Cu  +  Ax-(Am)2  ?+» -  (Au)2Au  -  0; 

2P*L  -  -  j-  A,\-  (W*  Aw  -  (Au)  A u  =  0; 

aM«Axx  +  PM#Ax*  +  aA*x  +  PA**  —  M<t>Nx 

—  AwA*xAw  —  AxxA+xA  xi  —  0; 

aM^Klx  4-  pM'oAxx  +  PA** - -  M^Nx  A**A**A,w> 

-KlxKuFxx  -  0; 

aA*x  +  PAL  +  pAx* - j-  Ax  —  K+xK+xF**  KxxKxzFxx=  0‘. 

if’ .  M<*i  +  AwA*  -j-  KtxFx', 

X*  —  aX*  —  px*  +  ^*xA*  -f  TCxxFx', 
x'  —  —  Sjc  +  A**A+  +  Ax*  Ax. 


(X. 128) 


(X.  128) 


(X. 129) 
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For  signal  (X.125)  we  have 


A+  =  — •  —  6  (')  MrfX*  sin  (w0/  +  H>*); 

Ax- 125  (0  Ma  cos  (ay  +  if*)  -  MaX*J  ; 
•  "* 


F  w  = 
Alx=  - 


**X 


Nt 


(X.  130) 


For  the  transition/ junction  in  the  system  of  equations  (X.128) 
to  the  dimensionless  quantities  let  us  introduce  into  the  examination 
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signal-to-noise  ratio  q=  MAol/2aN0  and  let  us  divide  the  fourth  and 
fifth  equations  into  a*,  and  the  second,  the  third  and  the  sixth  -  on 
oj*.  After  this  taking  into  account  relationships/ratios  (X.127-X.130) 
with  /3*a  we  will  obtain 

2a,  +  2a,  -  4o|-  D.  +  2 q  (7Ci*)J  +  2 q  (RIS‘  -  0;  I 


6 am-<pm  - - - 2  -f-  q  ^  o*-^)  +  ~ 


-2-1-  4 


A’,  \2 


(X.  131) 


orfiu-**  +  a*  +  —  +  -f-  -  4o,  + 

Oj  °K 

+  2 qKl  +  24  =  0; 

ax 

Aju,  _  if,  i 

Ox  ox  °x 

+  24/C;^+24-^--J%-  =  0; 

°x  ax  o; 

jk.t-I~.-4.f2q  ***  ^  +  24-%  &»—»  0; 

9  1  9  1  rt.  ft.  /»• 


\  (X.  131) 


here  6 aM-*m -- Klk/ol  -  the  relative  error  of  the  filtration  of 
communication/report  ^*(0;  D*  -  JV»/2a  _  the  dispersion  of  phase  change 
for  the  time  l/a. 


Results  of  the  solution  of  system  of  equations  (X.131)  numerical 
methods  on  TsVM  for  series/row  of  values  0i  and  Dt  depending  on  q  are 
given  in  Fig.  X.32-X.34.  Fig.  X.32  depicts  the  dependence  of  the 
relative  error  of  filtration  6am— while  Fig.  X.33~X.34  gives  the 
graph/diagrams  of  the  dependence  of  coefficients 

KL/ol  Klx/ou  Kl,/au  necessary  for  the  construction  of  the  optimum 

sensing  transducer  AM-FM. 
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Fig.  X. 33 . 


Fig.  X.32.  Dependence  of  the  square  of  the  relative  error  of  the 
filtration  of  communication/ report  on  the  signal-to-noise  ratio  with 
amplitude-phase  modulation. 


Fig.  X. 33 .  Dependence  of  the  dispersion  of  phase  error  /Q,  on  the 
signal-to-noise  ratio. 
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Fig.  X.34.  Dependence  of  coefficients  and  Klx/ax  on  the 

signal-to-noise  ratio. 
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After  substituting  into  system  (X.129)  of  value  F+  and  Fx, 
determined  according  to  formulas  (X.130),  after  transformations  we 
will  obtain  the  equations,  which  determine  the  structure  of  the 
optimum  receiver: 

if  -  S„  {-  K\*  -  Kx *  —  (/)  Ma\*  sin  (<V  +  if*)  + 

+  K*xi  [25  (0  Ma  cos  (a V  +  **)  - 

X*  -  -  ‘  1  —  {—  X*  —  Kwt  (/)  Ma A*  sin  (a)0/  +  if*)+ 

+  ,  (X.  132) 

+  Kx  [25  (/)  Ma  cos  («V  +  ip*)  — 

**  =  — - l—  [25  (/)  Ma  cos  (<V  +  if*)  -  M2aX* |  - 

7s  -f*  1 

—  K*A  (0  M/t**  sin  +  if*)} . 


Here 

aNt  ' 

a 

The  version  of  the  structural  scheme  of  the  optimum  sensing 


transducer  AM-FM  is  given  in  Fig.  X.35. 


Fig.  X.35.  Structural  scheme  of  optimum  receiver  for  the  radio  signal 
with  amplitude-phase  modulation. 

Page  335. 

Amplitude- frequency  modulation  by  two-component  Markov  process. 

With  amplitude- frequency  (AM-ChM)  modulation  useful  radio  signal  let 

us  record  in  the  following  form: 

S  (/,  A)  =  (0  cos  (0)9/  +  * (/));  (X .  133) 

•  T 

ip(/)  =  0(/)  +  q>(/)  =  [  X(x)dT+<p(/), 

9 

where  MA  and  Af?  -  constant  coefficients;  <p(t)  -  the  random  walks  of 
the  phase  of  signal. 

We  assume  that  for  signal  (X.133)  the  system  of  the  a  priori 


stochastic  equations 


fi- 


DOC  =  83173415 


a 

m 


=  Mvk  +  q>(/); 

X  =  —  ak  —  pje  +  n\  ( i ); 
x  =  —  pjc  +  ni(i); 

<p(0  “MO- 


is  valid. 


(X.  134) 


In  this  case  will  be  valid 
correlation  functions: 


the  following  expressions  for  the 


M  (Mu  (/,)  Ih  (/,)]  =  -1.  AT *6  (t); 

MK(/«) «,(/,)!  - 


(X.  135) 


In  connection  with  AM-ChM  radio  signal  (X.133)  the  equations  of 
optimum  nonlinear  filtration  take  the  form 


~  N*  4-  +  (/Cm.)2  Fw,  +  (/C+*)2  Fo.  —  0; 

2a/Cu  4-  2p7(;x  -  ±  N,-(Kl)2  ?**  -  (Ktf  Fu  =  0; 
2P Kl  -  y  Nk  —  iRlx)*  F,,  -  (/Q2  Fu  -  0; 

—  cc/f*i  —  p/U*  4-  K^kK^Fift,  +  /Cu/CjFu  =  0; 
MyKkA  —  p/C*.,  AVt/Cw-Fw.  4-  K,\,\K>.xF a  —  0; 

(« +  P)  4-  p*«  — -  FuF;,fu  -o; 

^  =  Mi/X  -(-  A**Fv  -f-  Ki>kFk, 

X  « — aX  — p*  4-  4-  /CuF*; 

x’  —  —  Px’  4-  KlxF„  4-  R\MF+. 


(X.  136) 


(X.  137) 
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fW +  £>,  -  2q  (K*y  -  2q  (  )’ *  =  0; 


26  am-hm  + 


■2  +  <?[ — — ^  =  0; 


c2  n  *<1>X 


{WmS^m-vm  —  2 


^•Ix  .  w* 


2 -^--4 qK, 


m.  ■ 


Kl, 


—  4<7  — ~-  6 am—hm  =  0; 


P*/M 


*Xx  o  **x 


*.«■ 


—  2 


"*  K±f.  —4^  5iL  -fii.  =  0; 

n? 


•  4  qKw 


«x 


4  +  2 +  2q  Sam-hm  -  0, 


(X. 139) 


a:  Ox  ox  o- 

K* 

where  6jjM__VA<  =  _ii  -  relative  error  of  the  filtration  of 

»  ®A 

coramuni  cat  ion/report  a.*(/);  D*  —  NJ2at  ~  the  dispersion  of  phase  change 
for  the  time  1/a. 


The  results  of  solving  the  system  of  equations  (X.139)  on  TsVM 
for  the  series/row  of  values  and  D»  depending  on  q  are  given 
numerical  methods  in  Fig.  X.36-X.38.  Fig.  X.36  depicts  the 
graph/diagram  of  the  dependence  of  the  relative  error  of  filtration 
while  Fig.  X.37-X.38  gives  the  dependences  of  coefficients 
A'xVo?;  ftx/ox,  /C.  TCM'necessary  for  the  construction  of  the  optimum 
sensing  transducer  AM-ChM. 

33r7, 

Let  us  substitute  in  system  (X.137)  of  value  f+  and  Fx,  found 
from  formulas  (X.138),  after  transformations  we  will  obtain  the 
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equations,  which  determine  the  structure  of  the  optimum  receiver 

[KV-K+l  (I)  MaV  sin  (<y  +  if*)  +  K*u  x 
X  l2l(t)MA  cos  (oy  +  if*)  —  /M^X*]) ; 

X*  =  {(  -  j~j)  ( 2S  (i)  Ma  cos  (<y  +  **)  -  (X.  HO) 

-Mk*|  +  (j^  +  /C*xj)  I  (t)  MaX*  sin  (<y  +  >f*)  J . 

Here 


*«*.  C  . 

«V,  •  ***'  “  s,^v,  * 


a 
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io  50  200 


12  5  10  ft  50  100  ZOO  500  q 


Fig.  X.36. 


IEZJS0I 


5  10  20  50  1 00  200  500  q 


Fig.  X. 37 . 


Fig.  X.36.  Dependence  of  the  square  of  the  relative  error  of 
filtration  of  communi cat ion/report  on  the  signal-to-noise  ratio  with 
amplitude- frequency  modulation. 

Fig.  X. 37 .  Dependence  of  the  dispersion  of  phase  error  Kl*  on  the 
signal-to-noise  ratio. 

Page  338. 

The  structural  scheme  of  the  optimum  sensing  transducer  AM-ChM 
is  depicted  in  Fig.  X.39. 
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Amplitude-frequency  modulation  in  the  case  of  the  correlated 
modulating  processes.  Let  us  consider  the-  case  of  combined 
amplitude-frequency  modulation,  when  amplitude  and  frequency  of  radio 
signal  are  modulated  by  the  processes,  correlated  with  each  other. 
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Fig.  X.38.  Dependence  of  coefficients  K\x/al,  Kljax 
the  signal-to-noise  ratio. 


Page  339. 


Let  us  record  useful  radio  signal  in  the  form 
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S(/)  ;  /VM,  (/)cosK/  + 

(X.141) 

t 

|  +  tp(0- 

Here  Xr(t)  and  X,(t)  -  correlated  between  themselves  random 
processes,  the  remaining  parameters  have  previous  values. 

The  behavior  of  the  random  parameters  Xx(t)  and  Xa(t)  radio 
signal  (X.141)  let  us  assign  by  the  a  priori  stochastic  equations 

Xi  =  ®Xi  ■+■  (/);  ^  +  <p  (t)l  j^2) 

X,  =  —  PX,  i  // (/);  tp  -  =  (/) . 

Processes  X x ( t )  and  X,(t)  can  be  obtained  at  the  output  of  the 
integrating  chains/networks  RC  (Fig.  X.40),  on  inputs  of  which'acts 
white  noise  $(t).  In  this  case 


n,i  (/)  aC(0: 


«w(0  -  PC(0- 
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637 


Fig.  X.40.  Diagram  of  the  formation  of  informational 
communications/reports  Xx(t)  and  X,(t). 

Page  340. 


The  coefficient  of  the  cross  correlation  between  the  processes 
Xa(t)  and  Xa(t)  is  equal  to 


a  +  p  ' 


(X.143) 


In  connection  with  this  case  the  equations  of  optimum  nonlinear 
filtration  take  the  form 

— ■  Su  2a/Cxm  +  (Awi)1  +  (XxixO'Fxixi  ~  0» 

2 

—  Nu  —  2p/Cx2X2  +  (X+xaJ’Fw,  +  (Kxix2)’Fxui  ~ 

2 

—  N+  2MtiK+k2  +  (K+*)* F**  ■+■  (R+k i)' Fxixi  r-  0> 

2  _  —  (X.144) 

«KxIX2  —  p/(xu2  +  Klkl  /C*X2F+*  +  XilXI  X 

x  /Cxtx2  7m.  - 

—  o  KUt  +  Mv  Xx ix2  4'  X**  X,x,  F*.v  +  X*.,  X.ixi  x 
X  F.ixi  0;  _ 

”  Mua— PK*X24"^vX*2X2  4*  X+*X+X2F  .v.x  +  X*X|XxIx2F»IX2  -  0- 


For  the  transition/ junction  to  the  dimensionless  quantities  let 
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us  divide  the  first  equation  by  a;,,  the  second  -  by  0*,,  the  fourth  - 
by  o*a» j.  the  fifth  -  by  0x1,  the  sixth  -  by  0x2  ;  let  us  introduce 
signal-to-noise  ratio  q  -  M ^J2aNo  and  the  index  of  frequency 
modulation  (to*  —  0JP- 


Then  taking  into  account  the  relationships/ratios 

1  n _ 2  .  li/  no_'i 


—  Nn  ~-2ot oxi ;  —  Nn  =  2p<ju; 


Vxuj  =  2aalt  =  2{$o?i;  =  — — ;  ~ 

2  aX2  -P 


(X.145) 


system  of  equations  (X.144)  can  be  recorded  thus: 

.  J  <?m(^|X2>*  _  n. 

1  0*/M  2  '2  2  * 


®X2 


«XI*X2 
2^m 

•?.  “  ’ 


(X.146) 


2Vm  " 


'XIX2 


2^m/f,gx  i 


®xi 

*1x2 


“xa 


°XlaXJ  °XlaX2 


°Xl°X2 


m^xi  ^vM^xixa 


^X^Xi 


°Xl°X2 

<*U 


—  0; 


+ 


24mA; 


2  if" 


„  „2  ,  24mK*g,^'l,X2  1 

■  PVA»0VM  H - -  T 


“12 


uXt 

1x2 

°XlffX2 


=  0; 


»  0. 


(X.146) 


Page  341. 


fllll  the  relative  error  of  the  filtration  of 


Here  6iM 
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42? 


communi  cat  ion/ report  6va<  = 


K\2\2 


“X2 


-  the  relative  error  of  the 


filtration  of  communication/report  X2(t); 


m 


a_  2  —  /?'  +  2  T« 
(t  “  • 


(X.I47) 


System  of  equations  (X.146)  is  solved  by  numerical  method  on 
TsVM  for  series/row  of  values  fto*.  R,  q  and  /),.  In  this  case  it  was 
assumed  that  a»const,  and  the  coefficient  of  correlation  R  is  changed 
as  a  result  of  the  change  0,  moreover  0</3Sa. 


r 

€• 


» 


» 


i  - 


si* 


Fig.  X. 41 .  Dependence  of  the  square  of  the  relative  error  of  the 
filtration  of  communication/report  Xx(t)  on  the  signal-to-noise 
ratio. 

Page  342. 

Fig.  X.41  gives  the  dependences  of  the  square  of  the  relative 
error  of  the  filtration  of  conununication/report  Xx(t)  on  the 
signal-to-noise  ratio  with  the  different  values  of  the  coefficient  of 
correlation  and  index  of  frequency  modulation 

From  the  graphs  it  follows  that  the  decrease  of  the  cross 
correlation  between  the  processes  Xx(t)  and  X3(t)  leads  to  an 
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increase  in  the  relative  error  of  the  filtration  of  process  Xx(t). 
The  fluctuations  of  phase  (up  to  D* =  i)  virtually  do  not  affect  the 
relative  error  of  the  filtration  of  conununicat ion/report  Xx(t). 
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error  of  the  filtration  of  communication/report  Xa(t)  on  the 
signal-to-noise  ratio  with  the  different  values  of  the  coefficient  of 
cross  correlation  and  index  of  frequency  modulation.  From  the  graphs 
it  is  evident  that  the  attenuation  of  correlation  between  the 
processes  Xa(t)  and  X a ( t )  leads  to  the  decrease  of  the  relative  error 
of  the  filtration  of  communicat ion/ report  Xa(t).  This  is  explained  by 
the  fact  that  with  the  decrease  of  the  coefficient  of  cross 
correlation  the  signal-to-noise  ratio  in  the  channel  of  the 
extraction  of  communication/report  Xa(t)  increases  in  m  of  times  in 
comparison  with  the  signal-to-noise  ratio  q  in  the  channel  of  the 
extraction  of  communication/report  Xa(t).  For  example,  m=4.9  with 
R=0.75;  m=13.9  with  R=0.5  and  m*398  with  R=0.1. 

The  structural  scheme  of  optimum  receiver  is  analogous  to  the 
structural  scheme  of  the  optimum  sensing  transducer  AM-ChM,  given 
earlier  (see  Fig.  X.31).  Process  Xa(t)  is  selected  in  the  channel  of 
synchronous  receiver,  and  Xa(t)  -  in  the  system  FAPCh. 

5.  Optimum  reception/procedure  of  radio  signal  against  the  background 
of  white  and  Markov  noises. 

Let  us  consider  the  case,  when  oscillation  at  the  input  of 

receiver  takes  the  form 

$(0  -  ma>.  (0  cos  K/  +  9  (01  +  *  (0  +  (0;  (X.148) 
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here  x(t)  -  normal  Markov  broadband  noise.  The  remaining  parameters 
of  useful  signal  make  the  same  sense,  as  for  the  two-band  signal, 
determined  by  expression  (X.21). 


Let  the  character  of  a  change  in  the  parameters  is  described  by 

the  a  priori  stochastic  differential  equations 

i  =  —  al -(-/&(*); 

<p  -  /i„(/);  (X.I49) 

X**  —  vJC  +  «,(/), 

where  and  nx(t)  -  mutually  independent  white  noises  with  the 

zero  average/mean  values  and  the  autocorrelation  functions 


MI/M*,)'u('J1  =-  -j-AM(t): 


(X.150) 


where  r»t,-t1. 


Page  344. 


ft 


In  this  case  the  equations  of  the  optimum  nonlinear  filtration, 
which  determine  the  structure  of  optimum  receive  .  take  the  form 


here 


=  V+KuF,-, 
x*  -  —  +  K'xxF- 


(X.I51) 


I 
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F\  -----  ^  (25  (/)  cos  (<V  +  <P*)  -  MAk*  -  2x*  x 
X  cos(o)0/  -)-  <p*)]; 

F*  - - jr  125(0  MaX*  sin  (<o0/  +  <p*)  — 

—  2/WaX***  sin  (a,,/  4-  cp*)l; 

^  16  (0  -  **  -  MaX*  cos  (a0t  +  qp*)l. 


(X.152) 


From  the  solution  of  the  corresponding  system  of  equations  we 
will  obtain  the  following  values  of  cumulants: 


,  M\N\ 

1  +  — —  —  1 

2a«V, 


(X.153) 


The  square  of  the  relative  error  of  the  filtration  of 
communication/report  X^(t)  is  determined  by  the  formula 


2„2 


(X.154) 


From  the  comparison  of  formulas  (X.22)  and  (X.154)  it  follows 
that  the  presence,  at  the  input  of  the  optimum  receiver  of  a  priori 
known  further  additive  noise  x(t),  does  not  worsen/ impair  the  freedom 
from  interference  of  the  radio  reception  of  communication/report 
X  ( t ) , 


Page  345. 
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After  substituting  into  system  (X.151)  of  the  value  of 
derivatives  f*.  Fx,  found  from  formulas  (X.152),  after  simple 
transformations  we  will  obtain  the  equations,  which  determine  the 
structure  of  the  optimum  receiver: 


here 


*■*  -  ir—  [26  (0  cos  (<v  +  <?*)  -  MA?  - 

—  2jc*cos(u0/  +  <p*)]; 

<P*  -=  — (26  (t)  MAk*  sin  (to#/  +  q>*)  — 

—  2MAk*x*  sin  (<V  +  <p*)|; 

t  ,  ,  15(0— x*— /W^cos (<o#/-i-cp*)|; 

•  M*  *T  1 


K  M*K'k  k  K*.  k  2 C.  .  r 


-i. 


(X.155) 


-i 


One  of  the  possible  versions  of  the  structural  scheme  of  the 
optimum  receiver,  which  simulates  these  equations,  is  depicted  in 
Fig.  X. 43 . 


As  can  be  seen  from,  equations  (X.155)  and  Fig.  X.43,  optimum 
receiver  has  two  channels.  In  the  first  channel  the  optimum  linear 
filtration  of  the  broadband  process  of  x(t)  proceeds  from  the  white 
noise  n(t).  In  second  channel  (informational)  the  quasi-coherent 
reception/procedure  of  useful  radio  signal  is  realized.  Reference 
signal  for  the  synchronous  detector  is  developed  by  system  FAPCh. 
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As  in  the  first,  that  and  in  second  channel  is  a  subtractor.  In 
the  first  subtractor  (Fig.  X.44a)  from  the  oscillation  {(t)  accepted 
is  subtracted  the  "copy"  of  useful  radio  signal  MAX*(Ocos(u>ii  +  q>* (<)]•  In 
the  subtractor  of  informational  channel  (Fig.  44b)  is  compensated  the 
process  2x(t)cos  [<o,t+<p*(t)  3 .  The  compensation  will  be  better,  the 
nearer  the  evaluation/estimate  of  the  parameters  of  oscillation  |(t) 
to  its  true  values. 
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Pig.  X.43.  Structural  scheme  of  the  optimum  receiver  of  two-band 
radio  signal  when  the  white  and  broadband  normal  of  noises  is 
present. 

Page  346. 

The  latter,  obviously,  is  implemented  with  the  sufficiently  high 
value  of  signal-to-noise  ratio.  Analogously  occurs  the  compensation 
for  process  2AIaX*(*)x*(*)cos[<i)o*  +  <p*(01  in  the  subtractor  PAPCh  (Fig. 

X.44c) . 

Let  us  consider  the  optimum  reception/procedure  of  the  two-band 
radio  signal,  when,  besides  the  white  noise,  on  the  input  of  receiver 
abnormal  (Rayleigh)  Markov  noise  acts.  Oscillation  at  the  input  of 
receiver  in  this  case  takes  the  form 
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5(/)  =  M,4A.(0cos{<v  +  <p(')I  +£(/)  +  «(/);  (X.  156) 

here  E(t)  -  the  broadband  interference,  distributed  according  to  the 
Rayleigh  law.  The  remaining  parameters  of  oscillation  make  previous 
sense. 


Let  us  assign  the  character  of  a  change  in  the  parameters  of 
oscillation  by  the  following  a  priori  stochastic  differential 


equations: 


—ak  +  nt.  (/); 

<p=  n„  (/); 

£  =  —  v£  +  -JZ-Ne  +  ne(t), 
4  £ 


(X.  157) 


where  the  mutually  independent  white  noises  have  the  autocorrelation 
functions 


M  (nx  (/,)  /j4  (/ J]  «  ±  N\b  (tt  -  /,); 
M  in,  (/,)  n,  (/,)]  (/,-/,); 

M  («*(/»)  M/,)l 


(X.  158) 


1,6° 


Fig.  x.  44  .  Diagram  of  *  subtraction  device.. 
Key:  (1).  To  optimum  filler.  (2)  .  To  amplifer. 
Page  347. 


In  connection  with  the  case  of  the  equation  of  the  nonlinear 
filtration  in  question,  which  determine  the  structure  of  optimum 

receiver,  they  take  the  form 

\  —  —  aX  + 

V  =  Ov 

E’  =  -L-Ne+TeeFe. 


(X.  159) 
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Here 


F >.  |2£ (/) cos (tu,/  i-<p*)  —  Ma\*—  2 £*  cos 

F«  - - —  |2£(0  siu  (u>(|(  |  ip*)  — 

/Vq 

—  2M.4X*£*  sin  (u^  4-  9*)}; 

Fe  ■*— -IS(0  —  F*  —  Af^cos^  4- q>*)|. 


(X. 160) 


Averaged  values  of  cumulants  Ace  are  determined  by  the 

following  expressions,  found  from  the  solution  of  the  corresponding 
system  of  equations: 


1  + 

2a*iV, 

Y 

/.+  w* . 
9 v*/V, 

(X.  161) 


The  square  of  the  relative  error  of  the  filtration  of 
communication/report  X(t)  will  be  equal  to 


*■  - 


(X.  162) 


From  expressions  (X.22)  and  (X.162)  it  follows  that  the  presence 
of  noise  E(t)  at  the  input  of  optimum  receiver  does  not  worsen/impair 
the  freedom  from  interference  of  the  radio  reception  of 
communi cat  ion/ report  X(t). 


•  1 


I 


I 
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After  substituting  into  system  (X.159)  of  the  value  of 
derivatives  and  Fs.  found  from  formulas  (X.160),  after  simple 

transformations  we  will  obtain  the  equations,  which  determine  the 
structure  of  the  optimum  receiver: 


=  yt^'i  l25 W cos  +  <p*)  -  - 

—  2 £*  cos  (a,/  4-  <p*)j; 

«p*  =  —  -SjA*  l2l  (0  sin  W  +  «P*)  — 

—  2  Ma\*E*  sin  (co^  +  9*)); 

E*  =  >^'4- 1  {*«  II  (0 — £*  —  MaI*  cos  (©#*  4-  q>*)J  4- 
1  1 

2  £•  r 


(X.  163) 


Here 


/Cx 


*Nt  ’ 


5A.  ' 

2Xee 

vA/,  * 


The  version  of  the  structural  scheme  of  the  optimum  receiver, 
which  simulates  these  equations,  is  depicted  in  Fig.  X.45. 


Optimum  receiver  has  two  channels.  In  the  first  channel  the 
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optimum  linear  filtration  of  process  of  E(t)  from  the  white  noise 
n(t)  is  realized.  Second  channel  (informational)  implements  the 
quasi-coherent  processing  of  useful  radio  signal.  Reference  signal 
for  the  synchronous  detection  is  developed  by  system  FAPCh. 

In  the  channels  of  extraction  E*(t)  and  X*(t),  and  also  in  FAPCh 
there  are  subtractors ,  the  principle  of  work  of  which  is  examined 
above. 

6.  Optimum  reception/procedure  of  radio  signal  against  the  background 
of  white  and  narrow-band  noises. 

Let  us  assume  that  the  oscillation  accepted  can  be  recorded  in 
the  form 


5(0  =  MaK  (t)  cos  [<•)#/  +  9(01  +  C(0  +  *(0.  (X.  164) 
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Fig.  X.45.  Structural  scheme  of  the  optimum  receiver  of  two-band 
radio  signal  when  the  white  and  broadband  abnormal  Markovian  of 
noises  is  present. 


Page  349. 


Here  $(t)=E(t)cos  [cjt+^(t)3  ~  the  narrow-band  process,  that  envelopes 
which  E ( t )  is  distributed  according  to  the  law  of  Rayleigh,  and  phase 
-  is  even  to;  u  -  a  priori  known  value  of  medium  frequency. 


The  remaining  parameters  of  oscillation  make  previous  sense. 


The  character  of  a  change  in  the  parameters  of  oscillation 
(X.164)  let  us  assign  by  the  following  a  priori  stochastic  equations: 
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X  ==  —  aX  +  nx  (/);  j 

9-M0:  -  (X.  163) 

E  =  —  p£  +  — iV£  +  n£(/);  j 

where  the  autocorrelation  functions  of  mutually  independent  white 
noises  n\(t),  n*it),  ns(t)  and  n+ft)  are  respectively  equal  to: 

M  [/i,  (ft)  (/,)]  •-=  Nv 6  (lt  /,); 

2  (X. 166) 

M  l«if(O«e  (0l  y  *«*(/.— *»); 

M  U4  (/,)«♦  (O!  -  AM  (/,  -  O  • 

In  the  given  case  the  equations  of  the  nonlinear  filtration, 
which  determine  the  structure  of  optimum  receiver,  take  the  form 

X*  »  —  a X*  +  XuF*; 

«P*  - 

li  -  fiE*  I-  ■ ■  A/#  Kuk^u’> 

-  Kiw/Fj,. 


(X.  167) 


Here 
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^  =  ~N~  ^ C0S ^  +  'p*^  ~  M* **  “ 

—  £•  cos  IK  —  <u)  /  -h  («f *  — 

F. - (25  {/)  MaW  sin  K*  +  <p*)  - 

yv0 

—  MA\mE*  sin  IK  —  a)  /  +  (cp*  — 
Fe=>~—  1 2£ (/ ) cos (u>/  -t-  ip*)  —  £*  — 

iV0 

—  Af^A*  cos  IK  —  “)  t  +  (<p*  —  | ; 

F*  - -  {2|  (/)  £*  sin  (oi /  +  ip*)  — 

—  MAX*E*  sin  ((to  —  (Oo)  t  +  (ip*  —  (p*)]} . 


(X.  168) 


(X.  168) 
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From  the  solution  of  the  corresponding  system  of  equations  we 
find  expressions  for  the  cumulants: 


\  ’  2 a*Nt  J 


,  Me 
»  +  T“ 


KU  =  W  . 

V  2M  [£«| 


(X. 169> 


Square  of  the  relative  error  of  the  filtration 


2„2 


SS_J-(/rT45-0;  ,-■=£ 


(X.  170) 


From  expressions  (X.22)  and  (X.170)  it  is  evident  that  the 
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presence  of  selective  interference  does  not  worsen/ impair  the  freedom 
from  interference  of  the  radio  reception  Of  communicat ion/report 
X(t). 


After  substituting  into  expressions  (X.167)  of  the  value  of 
derivatives  £*,£*,  Fe  and  f+,  determined  by  formulas  (X.168),  after 
transformations  we  will  obtain  the  equations,  which  determine  the 
structure  of  the  optimum  receiver: 

X*  =  -  -K\-  - 1 2g  (/)  cos  (cuo /  +9*)  —  M,iX*— 
rxs-+- 1 

—  £•  cos  ({<n0  —  <o)  /  -j-  (9*  —  9*)|  J; 

9  —  —  SyK*  { 25  (/)AW*  sin  +  9*)  - 
—  M4X*£* sin  1(d),  —  to)/ -j-(9*  —  9*)||;  (X.171)  * 

E *  *=  We  [2g(0cos(a)/+9*)  — £*— 

— Af/tX*cos((<i»#— w)/+(9"— 9*))]+M  (£*J/2£*  j ; 

9*  =  —  SyK*  (25  (0  £*  sin  (<■>.'  +  V)  - 
—  Ma^E*  sin  ((a)  —  o)0)  /  -j-  (9*  —  9*)|  | . 

Page  351. 


Here 

SyNt  ' 

The  version  of  the  structural  scheme  of  the  optimum  receiver, 
which  simulates  these  equations,  is  given  in  Fig.  X.46. 


_  ,  t*  _  a'EE 

9  ~  S^t  ’  E  “  »UV, 
7\  =  a-1;  Tg  =  n-1 . 
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From  equations  (X.171)  and  Fig.  X.46  it  is  evident  that  the 
optimum  receiver  has  two  channels,  in  which  is  realized  the 
quasi -coherent  processing  of  useful  radio  signal  and  narrow-band 
noise.  Reference  signals  are  formed/shaped  with  two  systems  FAPCh. 

The  oscillation  |(t)  accepted  enters  four  multipliers  P,-P4.  In 
the  multiplier  P,  (synchronous  detector)  the  oscillation  £(t)  is 
multiplied  with  the  reference  signal  of  system  FAPCh  (Fig.  X.46, 
X.47a) : 

t,(/)  =  25(0  cos  K/  +  <P*)  -  +  f>  + 

+  £  (/)cos  (<o*  +  if)  4-  n  (01 2  cos  (<V  4-  <p*)  =  cos  (9  —  9*)  -r 

+  £  cos  [(a>0  —  <•>)  t  +  (9*  —  t|>)l  +  2n  (0  cos  (<V  +  9*)  • 

The  synchronous  detector  follows  the  subtractor,  in  which  of  the 
process  17 ( t )  is  subtracted  oscillation  E*cos  [  («0-u)t+(<p*-^*)  ] .  When 
9*9*,  9*9 *  and  E»E* ,  which  is  implemented  in  the  sufficiently  large 
ratio  signal/noise,  at  the  output  of  subtractor  is  obtained  the 
additive  mixture  of  informational  communication/report  and  white 
noise: 

\(t)  +  2n  (0  cos  (w0/  +  9*)- 

Further  communication/report  MO  is  filtered  out  from  the 
white  noise  by  optimum  linear  filter. 

Thus  occurs  the  separation/department  of  the  envelope  of 


DOC  -  83173416 


PAGE 


interference  E(t)  from  the  useful  signal  (Fig.  47b),  which  is 
interference  for  the  narrow-band  process  of  E(t)cos(ut+^) . 
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Fig.  X.46.  Structural  scheme  of  the  optimum  receiver  of  two-band 
radio  signal  in  the  presence  of  white  and  narrow-band  noises. 

Page  352. 

Analogous  processing  is  implemented  in  the  channels  of  the 
synchronization  of  optimum  receiver.  The  output  signals  of  phase 
discriminators  enter  the  subtractors,  in  which  occurs  the 
compensation  for  the  processes,  which  are  obtained  as  a  result  of  the 
multiplication  of  "interference"  with  the  reference  voltage  of  the 
corresponding  system  FAPCh  (Fig.  47c,  d) . 
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2us(u,t*f)  ^ 

t(t)J L,  +i $(t) fTT!  MAA‘sin(u,t>f) 

— j  x  1  1  y.  Kanmunwu<iny  "L_J  ,/4AA*£'siJi[(ut-u)t*(f-f‘l] 

n}  f  ns  i£2i 

/  *cn(( Ut  -  ujt  *(f*-V  *J]  1 _ 

а) 

2<M(Ut*V)  t  V 

m X  Am^(tMuur) 

“12D  m  T-  JCjnmunantMOMy  /j~Tp  ftAA*£  tsin[(u-CJt)t*(i>*-'f*)] 

1,1  haA»  an((u0  -  L _ J^&Kjcuumt/no 

б)  *4) 


Fig.  X.47.  Diagram,  which  elucidates  the  work  of  optimum  receiver, 


Key:  (1).  To  the  optimum  filter.  (2).  To  amplifier. 
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Chapter  XI. 

Special  f eaturesJ0HBHBHH^  of  the  flVhppl ication  of  digital 
computers  in  statistic  studies  of  nonlinear  systems. 

1.  Prerequisites/premises  of  use/application  of  TsVM  in  statistic 
studies  of  nonlinear  systems. 

In  the  latter/last  10-15  years  the  production  and  the 
use/application  of  TsVM  acquired  enormous  spread/scope.  The  technical 
and  mathematical  possibilities  of  machines  substantially  were 
improved,  transition/ junction  from  the  hand  programming  to  the 
automatic  occurred.  Methods  and  technology  of  automatic  programming 
were  developed  actually  in  the  whole  scientific  and  technical 
direction. 

The  use/application  of  algorithmic  languages  or  languages  of 
automatic  programming  is  principal  direction  in  the  development  of 
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technology  of  programming.  The  principle  of  the  automation  of 
programming  in  this  case  consists  of  the  following. 

The  algorithm  of  the  solution  of  problem  in  the  machine  is 
wr.itten/recorded  on  the  special  algorithmic  language,  simpler  for  the 
machines  than  ordinary  formula-word  description.  This  language  is 
constructed  according  to  the  simple  rules,  which  do  not  allow/assume 
the  ambiguous  interpretation  of  one  or  the  other  expression. 
Algorithmic  language  uses  usually  a  finite  number  of  strictly 
established/ installed  symbols,  in  which  are  included  the  letters, 
-digits,  signs  of  mathematical  and  logical  operations,  bracket,  etc. 

Page  354. 

The  recording  of  expressions  in  this  language  is  linear,  that 
excludes  such  constructions/designs  as,  for  example,  two-dimensional 
tables,  fraction,  degree,  etc. 

The  algorithm,  recorded  by  programmer  with  the  algorithmic 
language  on  the  simple  sheets  of  paper  or  is  more  frequent  on  the 
special  forms,  they  frequently  call  the  program,  recorded  with  the 
algorithmic  language.  Further  with  the  help  of  the  keyboard  units  and 
the  devices/equipment  of  punching  the  consecutive  mechanical  coding 
of  all  symbols  and  their  plotting  in  the  coded  view  of  punch  carrier 
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(punch  cards  or  punched  tape)  is  realized. 

Prepared  thus  algorithm  is  input /embedded  through  the  reader 
into  the  machine  and  with  the  help  of  the  specific  routine,  called 
translator,  they  process  into  the  ordinary  program  (in  machine 
instructions  and  numbers),  according  to  which  is  implemented  the 
solution  of  problem. 

The  algorithmic  languages  include,  for  example,  the  languages  of 
wide  designat ion/purpose  for  the  scientific  and  engineering 
calculations  ALGOL,  FORTRAN  languages  for  the  economic  calculations 
COBOL,  ALGEC,  ALGEM,  etc.  [ 2 ,  12,  17,  29,  38,  41,  42,  57,  68,  87, 

95].  There  is  a  considerable  number  of  the  so-called  problem-oriented 
languages,  specialized  for  the  narrow  classes  of  tasks.  The  languages 
named  above  are  not  completely  general-purpose,  but  each  of  them  is 
also  calculated  for  certain  circle  of  tasks. 

In  the  Soviet  Union  is  most  widespread  the  language  ALGOL. 

Simultaneously  with  the  treatment/processing  of  algorithm  with 
the  help  of  the  translator  (this  process  it  is  called  relaying) 
occurs  the  detection  of  the  errors  of  formal  character  in  the 
recording  of  algorithms  in  the  algorithmic  language.  Information  on 
the  discovered  errors  (character  of  errors  and  their  place)  is  put 
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out  to  the  printing. 

The  existing  translators  from  ALGOL  ensure  the  production  of 
working  program  in  the  codes  of  instructions  of  machines  with  a  speed 
of  from  several  ten  to  many  hundred  per  minute.  This  means  that  to 
obtaining  of  program  by  space,  for  example,  into  3000-4000 
instructions  is  required  the  time,  calculated  by  minutes  or  at  the 
worst  by  several  hours. 

On  the  quality  the  obtained  working  programs  are  somewhat 
inferior  to  the  hand  programs:  they,  as  a  rule,  more  space  require 
for  the  realization  of  larger  time  than  the  programs,  comprised  by 
the  programmer  of  high  qualification.  However,  th'is  deficiency/lack 
is  redeemed  by  the  fact  that  the  time,  spent  by  programmer  on 
composition  and  debugging  of  programs,  during  the  use  of  a  system  of 
automatic  programming  is  reduced  several  times.  In  this  case  the 
possibility  much  of  the  more  careful  performance  of  the  algorithm  of 
task  appears,  which  can  give  the  gain,  which  completely  compensates 
for  the  losses,  as  with  which  it  gives  the  use/application  of  a 
translator. 

Page  355. 

In  the  presence  of  the  high-quality  translator,  which  ensures 
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the  sufficiently  high  velocity  of  relaying,  the  control/checking  of 
errors  into  the  recording  of  algorithm  and  the  acceptable  quality  of 
programs,  series  programmers  can  successfully  make  programming  in  the 
algorithmic  language  and  not  deal  with  the  programs  in  the  codes  of 
machine. 

Moreover,  because  of  the  contemporary  methods  automatic 
programming  the  solution  of  problems  on  TsVM  became  completely 
available  for  the  wide  circle  of  specialists,  who  work  in  different 
regions  and  not  being  professional-programmers. 

The  known  methods  of  the  statistic- study  of  nonlinear  systems 
require  the  carrying  out  of  the  computational  work,  whose  space 
varies  in  the  extremely  wide  limits  depending  on  the  complexity  of 
the  system  being  investigated  and  on  the  formulation  of  the  problem 
of  research.  Below  for  us  it  is  necessary  to  concern  three  following 
classes  of  the  tasks: 

The  task  of  calculation  we  will  call  obtaining  the  values,  which 
characterize  the  properties  of  system,  under  its  preset  structure 
(i.e.,  the  equations,  which  describe  the  operation  of  system),  given 
values  of  all  parameters  of  system  and  its  working  conditions. 


The  task  of  analysis  let  us  name  the  determination  of  the 
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dependence  of  properties  or  system  characteristics  on  changes  in 
structure  either  values  of  the  series/row  of  the  varied  parameters  of 
system,  working  conditions  for  its,  or  from  any  combinations  of  the 
factors  enumerated  above. 

The  task  of  synthesis  we  will  call  this  selection  of  the 

structure  of  the  specific  part  of  system  either  values  of  some  of  its 

/ 

parameters,  or  that,  etc.  together,  when  are  ensured  properties  of 
system  best  in  a  sense  under  given  conditions  for  its  work  and  given 
values  of  those  parameters,  whose  determination  was  not  the  target  of 
synthesis . 

For  the  simple  systems  there  are  relatively  simple  analytical 
methodologies,  which  make  it  possible,  to  solve  the  problem  of 
calculation,  and  sometimes  also  the  task  of  analysis  and  synthesis 
with  a  small  volume  of  the  computations,  realized  with  the  help  of 
the  simplest  computational  means.  With  the  complication  of  system  the 
spaces  of  computations  grow.  In  this  case  to  decide  analytically  and 
without  the  help  TsVM  of  the  task  of  analysis  and  synthesis  proves  to 
be  impossible,  even  if  there  are  analytical  methods  for  the  solution 
of  the  problem  of  calculation. 

With  further  complication  of  systems  cease  satisfactorily  to 
work  the  analytical  methodologies  (usually  approximated)  of  the 
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solution  of  the  problem  of  calculating  the  system;  remain  only  the 
methods,  which  are  based  on  the  use/appl ication  of  computers. 

Let  us  consider  the  nonlinear  system,  for  which  there  does  not 
exist  the  effective  methods  of  the  analytical  solution  of  the  problem 
of  calculation  in  the  general/common/total  setting,  formulated  above. 

Page  356. 

The  mathematical  simulation,  which  is  reduced  to  the  integration 
with  the  help  of  the  computers  of  equations,  which  describe  the 
dynamics  of  system,  is  the  fundamental  method  of  the  solution  of  this 
problem.  The  solution  of  the  problems  of  analysis  and  synthesis  can 
be  constructed  on  the  base  of  the  repeated  solution  of  the  problem  of 
calculation,  i.e.,  also  on  the  base  of  mathematical  simulation,  which 
will  be  examined  below. 

On  TsVM  it  is  possible  to  successfully  make  the  numerical 
integration  of  the  equations,  which  describe  the  operation  of  system. 
The  results  of  solution  can  be  obtained  with  the  accuracy,  which 
usually  satisfies  the  requirements,  determined  by  the  target  of 
research.  However,  it  must  be  noted  that  the  machine  time,  necessary 
for  the  numerical  integration,  for  mass  TsVM  (TsVM  of  low  and  average 
efficiency,  which  have  high  speed  from  hundred  to  tens  of  thousands 
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of  operations  per  second),  usually  is  not  so  small  that  it  would  be 

possible  not  to  consider  it.  Therefore  appears  the  problem,  which  has 

the  large  practical  importance:  to  find  such  numerical  methods,  which 

would  require  during  the  simulation  of  automatic  control  systems  on 

•  • 

TsVM  of  the  minimum  space  of  computations  during  the  guarantee  of 
their  acceptable  accuracy. 

The  problem  of  analysis  is  solved  by  the  following  path. 

The  problem  of  calculation  with  the  sorting/excess  of  the 
series/row  of  the  versions  of  the  conditions  of  task  repeatedly  is 
solved.  From  the  result  of  calculating  each  version  the  values  of 
output  values  are  extracted.  These  values  are  placed  in  the 
conformity  with  the  varied  conditions  of  task.  Thus,  can  be  obtained 
the  dependences  of  values  of  output  values  from  the  varied  conditions 
of  task,  that  also  is  the  target  of  the  solution  of  the  problem  of 
analysis. 

In  the  statistic  studies  of  automatic  control  systems  the  most 
important  value  has  the  task  of  the  definition  of  the  characteristics 
of  scattering  the  output  coordinates  of  system,  which  carry  random 
ones  character  as  a  result  of  the  fact  that  the  system  different 
random  interactions  (see  Chapter  I)  enter.  The  study  of  the 
dependence  of  the  named  characteristics  of  scattering  on  changes  in 
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the  structure,  values  of  the  parameters  of  system  and  its  working 
conditions  is  the  development  of  this  task.  The  second  task  relates 
to  the  analysis,  and  the  first  can  be  attributed  both  to  the  tasks  of 
calculation  and  to  the  tasks  of  analysis  in  the  dependence  on  the 
setting  and  methods  of  its  solution.  During  the  use  of  the  methods  of 
Monte  Carlo  [15,  16]  and  equivalent  disturbances/perturbations  (see 
Chapter  IV)  this  task  expediently  relating  also  to  the  tasks  of 
analysis. 

The  task  of  synthesis  is  the  development  of  the  task  of 
analysis,  and  if  during  its  solution  are  not  used  the  special 
analytical  methodologies,  based  not  on  the  simulation  of  systems 
(such  as,  for  example,  dynamic  programming,  variational  methods, 
etc.),  then  the  multiple  repetition  of  the  task  of  calculating  the 
system  with  variations  in  the  conditions  of  task  is  also  base  for  the 
synthesis. 

Page  357. 

In  this  case  according  to  the  results  of  each  calculation  with  the 
help  of  the  exact  mathematically  formulated  algorithm  or  intuitively 
is  rated/estimated  the  quality  of  system,  i.e.,  how  good  system 
satisfies  the  presented  to  it  requirements.  As  a  result  of  this 
calculation  the  version,  which  has  the  highest  quality,  is  chosen. 
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Contemporary  TsVM  make  it  possible  to  successfully  automate  the 
process  of  the  solution  of  the  problems  of  analysis  or  synthesis. 
Logical  possibilities  TsVM  more  greatly  correspond  to  the  character 
of  the  solution  of  these  problems,  than  the  tasks  of  calculation, 
since  here  there  is  a  full/total/complete  possibility  with  the  help 
of  the  mathematical  and  logical  operations  to  describe  the 
operations,  which  made  men  with  the  results  of  calculation  with  the 
nonautomated  methodology  of  analysis  or  synthesis,  and  to  realize 
these  operations  in  the  form  of  machine  program.  Machine  executes 
these  operations  considerably  more  rapid  and  more  precise  than  man. 

Here  incomparably  more  fully/totally/completely  are  developed 
the  properties  of  TsVM  as  the  "amplifiers  of  cognitive  abilities" 
[114],  than  during  the  solution  of  the  simple  problems  of 
calculation.  Full/total/complete  automation  of  the  solution  of  the 
problems  of  analysis  and  synthesis  gives  not  only  enormous 
quantitative  effect  in  the  sense  of  the  reduction  of  time  and 
cost/value  of  the  solution  of  these  problems,  but  also  qualitatively 
the  higher  level  of  the  knowledge  of  reality. 

Let  us  pass  to  the  presentation  of  the  entity  of  questions  of 
the  use/application  of  TsVM  in  the  statistic  studies  of  nonlinear 
systems . 
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2.  Principles  of  simulation  on  TsVM  of  automatic  control  systems. 

Let  us  assume  that  the  nonlinear  dynamic  system  can  be  described 

by  the  normal  system  of  ordinary  differential  equations  of  the  n 

•  • 

order  in  the  vector  form 

F(x,y).  (XI.  l) 

(LX 

where 

y  -  («/«.  y% . y„),  f  -  i/„  f . fn). 


As  it  was  said  above,  the  simulation  of  dynamic  system  on  TsVM 
is  reduced  to  the  numerical  integration  of  the  equations,  which 
describe  its  dynamics.  The  numerical  methods,  used  for  these 
purposes,  give  the  possibility  to  obtain  the  consecutive  values  of 
all  variables  of  system  of  equations,  which  follow  through  the 
specific  steps/pitches  or  the  intervals  of  the  independent  variable 
•X  t  ime ) . 

The  methods  of  the  numerical  integration,  which  use  a  constant 
value  of  the  step/pitch  of  integration  h,  are  most  widely  used. 

So-called  difference  methods  [11],  where  values  Ym  of  the 
unknown  vector  Y  for  xm**x0  +  mh  are  determined  through  consecutive 
values  Fk  (for  x  = x„)  the  right  side  of  equations  (XI. 1)  and  through 
previous  values  Y m->  of  vector  Y,  are  simplest  of  such  methods. 
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If  are  preset  values  Km_j  and  Fm-it  i  =  0,  1,  2 . k ,  then  value 

can  be  expressed  by  the  formula  Y  ,»u 

Ym+i  -Ym-t+h 

M 

S 

where  P>  -  constants,  which  depend  neither  on  F,  nor  on  m,nor  on  h. 


Frequently  replace  values  f«-i  through  one  of  them,  for  example 
Fm-t  and  consecutive  descending  finite  differences. 


Then  we  have 


K 


Ym+ 1  =  Yn-t  +  h  V  7 ,v‘Fn-i, 

1-0 

(XI.  2) 

y‘F,  =  y'-'/V—  y'-‘ 

V#^.  =  F,.  I 

(XI.  3) 

If  j*0,  then  we  will  obtain  the  formulas  of  Adams's  method: 

+  +  4-  |  V'^m  + 

If  in  equation  (XI. 4)  in  the  brackets  one  member  F,n,  there 


remains  only  then  is  obtained  Euler's  method: 
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Vm+i  -  Ym  +  I,F,..  (XI.  5) 

Difference  methods  of  numerical  integration  [11,  40,  62]  at 
present  sufficiently  are  widely  worked  out.  From  the  nondifference 
methods  the  Runge-Kutta  method  is  most  widely  known.  Let  us  give 
formulas  for  the  most  propagated  variety  of  Runge-Kutta  method: 

Vm+i  ym  +  T  (#ft  +  2/C,  i-  2/C,  +  /C«); 

/Cl  ■-  hFm. 

Kt^hF(xm+±,  Km+  -y-) ; 

K3  ~  hF  +  Kw-h-^-); 

K<  -  hF(xm  +  h.  ym  +  Ka). 

Page  359. 

Numerical  integration  gives  the  solution  of  the  reference  system 
of  differential  equations  with  some  errors,  which  are  composed  of 
following  components:  the  errors,  caused  by  an  inaccuracy  in  the 
assignment  of  initial  conditions;  the  error  of  the  computation  of  the 
right  sides  of  the  equations;  round-off  error  during  computation  K,„ 
for  the  formulas  of  numerical  integration;  the  systematic  errors  of 
the  formulas  of  the  numerical  integration,  which  consist  in  the  fact 
that  the  integral  operator  in  this  case  is  replaced  by  the 
approximate  operator  of  the  solution  of  certain  finite-difference 


(XI.  6) 
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equation. 

The  theory  of  the  accuracy  of  the  numerical  integration  of 
ordinary  differential  equations  sufficiently  detailed  in  works  [9, 

11,  13,  80,  1133,  etc. 

One  of  the  methodologies  of  the  evaluation/estimate  of  resultant 
error  in  the  numerical  integration  of  ordinary  differential  equations 
was  given  to  M.  R.  Wurol-Burol  [113].  Analogous  evaluations/estimates 
for  Euler's  method  are  given  in  work  [34].  Works  [11,  40,  62]  give 
the  evaluations/estimates  of  systematic  errors. 

The  errors  of  approximate  solutions,  obtained  by  numerical 
methods,  depend  substantially  on  the  properties  of  the  most  system 
being  simulated,  mainly  from  its  stability  (singular  points  here  are 
not  considered).  For  the  stable  systems  of  error  from  the  assignment 
of  initial  conditions  with  the  unlimited  increase  t  they  vanish,  and 
remaining  errors  under  the  limited  external  influences  are  also 
limited.  The  errors  of  numerical  integration  for  the  unstable  systems 
much  more  can  be  unlimited. 

The  values  of  errors  depend  substantially  on  the  step/pitch  of 


numerical  integration. 
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Let  us  consider  the  case,  when  the  system  being  simulated  is 
stable,  for  obtaining  its  solutions  on  segment  from  0  to  T  is  applied 
the  sufficiently  good  method  of  numerical  integration,  and 
accumulated  errors  of  all  variables  and  their  components  are  limited. 

Let  us  designate  accumulated  error  of  the  calculation  of  the 
values  of  vector  Y(t)  through  e(t),  and  its  components,  caused  by  the 
errors  in  determination  of  increments  in  components  Y(t)  as  a  result 
of  an  inaccuracy  in  the  calculation  of  right  sides  and  roundings,  and 
also  systematic  assumptions,  will  designate  respectively  through 
«/(0  and  Bn(l).  moreover 

e(0  «,(/)■+ •.*(<). 

Let  us  assign  certain  measure  for  any  of  these  errors,  which 
will  be  functional  from  the  error  as  the  vector  function  of  time  t, 
which  takes  positive  values,  if  error  is  not  equal  identical  to  zero, 
and  zero  value,  if  error  is  identically  equal  to  zero  in  the  segment 
from  0  to  T.  Let  the  measures  of  errors  be  respectively  equal  to 
A,  A,  and  These  measures  will  depend  on  the  step/pitch  of 
integration. 

The  measure  of  error  A,  with  the  decrease  of  step/pitch  as  this 

H3 

is  shown  in  work  [1^3],  it  grows,  moreover  with  the  tendency  of 
step/pitch  h  toward  zero  this  increase  is  not  limited. 
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However,  the  measure  of  systematic  error  ±m  with  the  decrease 
of  step/pitch  will  be  reduced,  the  measure  of  accumulated  error  will 
have  a  minimum  with  certain  value  of  step/pitch  For  h<hOVt  with 

the  decrease  of  step/pitch  the  measure  of  accumulated  error  will 
grow,  since  the  error,  caused  by  an  inaccuracy  in  the  calculation  of 
increases  in  value  Y(t),  here  plays  principal  role.  When  h>hopt  with 
an  increase  in  the  step/pitch  the  measure  of  accumulated  error  will 
grow  approximately  so,  as  the  measure  of  systematic  error,  which  in 
this  case  is  principal  component,  grows. 

Taking  into  account  that  the  labor  expense  for  calculation  is 
inversely  proportional  to  the  value  of  step/pitch  h,  should  be  chosen 
values  of  h  larger  than  hopt,  but  such,  with  which  is  ensured  the 
acceptable  accuracy  of  the  numerical  integration  of  the  differential 
equations,  .which  describe  the  dynamics  of  nonlinear  system. 

During  this  selection  h  the  accuracy  of  solution  will  be 
determined  by  predominantly  systematic  errors.  Therefore  very 
important  is  the  study  of  these  errors  and  the  development  of  such 
methods  of  calculations  of  the  output  coordinates  of  the  systems, 
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which  ensure  the  low  value  of  these  errors  or  with  the  preset 
accuracy  allow/assume  steep  pitch. 

The  general/common/total  methodologies,  worked  out  for  for  the 
evaluation/estimate  of  the  errors  of  integration,  including  the 
mentioned  above  methodology  of  M.  R.  Wurol-Burol  [113],  qualitatively 
correctly  reflect  the  effect  of  the  fundamental  factors,  which  call 
errors,  but  they  quantitatively  give  the  estimate  of  the  magnitude  of 
error  with  the  large  reserve.  Therefore  the  accuracy  of  the  solutions 
of  systems  of  equations  during  the  numerical  integration  in  practice 
is  rated/ estimated  usually  by  other  methods.  One  of  them  consists  of 
the  following. 

For  a  small  number  of  versions  of  initial  data  the  integration 
with  different,  gradually  decreased  values  of  step/pitch  is  made.  In 
this  case  is  obtained  the  sequence  of  the  solutions  of  system,  which 
virtually  converges  to  certain  limit  function  for  each  version.  The 
obtained  sequence  gives  the  possibility  to  approximately  obtain  the 
limiting  value  of  solution,  which  is  accepted  for  the  true,  and  to 
rate/estimate  both  the  its  accuracy  and  accuracy  of  the  solutions, 
obtained  for  the  different  values  of  step/pitch,  and  to  also  select 
such  maximally  possible  value  of  the  step/pitch  of  integration,  which 
ensures  the  required  accuracy. 
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However,  this  research  yet  does  not  give  indications  of  what 

calculation  methods  it  is  necessary  to  use  and,  what  measures  can 

with  one  and  the  same  step/pitch  of  integration  lead  to  the  decrease 

of  systematic  errors.  Response/answer  to  this  question  partially  can 

•  • 

give  the  general/common/total  research  of  the  systematic  error,  for 
example,  given  in  work  [63.  But  high  value  has  also  a  research  of  the 
accuracy  of  the  solutions  of  the  single  groups  of  equations,  which 
considers  their  specific  properties. 

Page  361. 

In  other  words,  it  is  very  important  to  investigate  the  accuracy  of 
the  digital  models  of  the  single  components/ links  of  system  and  to 
work  out  such  methods  of  solution  and  their  such  digital  models, 
which  would  have  high  accuracy  and  small  labor  expense  for 
calculation  for  these  components/1 inks . 

3.  Digital  models  of  the  single  components/1 inks  of  automatic  control 
systems  (SAR). 

A  question  about  the  accuracy  of  the  digital  models  of  the 
standard  components/1 inks  SAR,  described  by  ordinary  differential 
equations  with  the  constant  coefficients,  is  sufficiently  well 
studied. 
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Let  us  consider  this  based  on  the  example  of  the  use/application 
of  a  finite-difference  method  of  Adams  for  obtaining  the  interaction 
on  the  output  of  stable  component /link  with  the  fractional  rational 
transfer  function 


r(s)  =  h±hl±^±h£L , 


rn  <  n. 


(XI.  7) 


The  connection/communication  between  input  x(t)  and  output  y(t) 
will  be  determined  by  the  differential  equation,  which  describes  the 
dynamics  of  the  component/1 ink: 

any,n)  4-  4- ...  4-  axy'  +■ «.{/  (XI. 8) 

f  (t)  bmxlm)  -I-  bm-i  ' 1  I  ...  4-  M'  + 


As  is  known,  the  general  solution  of  equation  (XI. 8)  is  equal  to 
the  sum  of  its  particular  solution  and  general  solution  of  the 
corresponding  homogeneous  differential  equation  with  f(t)»0.  Let  us 
consider  these  solutions  from  the  point  of  view  of  the  systematic 
errors,  which  appear  during  the  use  of  methods  of  numerical 
integration,  separately. 

Let  us  consider  the  first  particular  solution  of  nonhomogeneous 


equation  (XI.8). 
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Assuming  that  x(t)  and  y(t)  satisfy  Dirichlet  conditions  and 
they  can  be  represented  by  integral  or  Fourier  series  and  taking  into 
account  the  properties,  which  escape/ensue  fror'  the  linearity  of 
equation,  we  investigate  the  effect  of  the  method  of  numerical 
integration  only  for  the  case,  when 

X  ■  Xtf*. 

.  where  x,  and  s  -  some,  generally  speaking,  complex  numbers. 

Let  us  consider  the  use/application  of  Adams's  method  for 
integrating  equation  (XI.8).  In  the  general  case  of  x(t)  it  is  the 
arbitrary  function,  obtained,  in  particular,  in  the  process  of  the 
numerical  integration  of  the  differential  equations,  which  describe 
some  another  component/1 ink  of  the  automatic  control  system  being 
investigated. 
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In  this  case  for  integrating  equation  (XI.8)  this  organization  of  the 
computations,  when  it  is  not  necessary  to  resort  to  the  numerical 
differentiation  the  variable  x(t),  is  applied,  but  are  used  only 
integration  and  ordinary  arithmetic  operations.  This  does  not  cause 
special  difficulties;  therefore  here  this  question  in  detail  will  not 
be  examined. 
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Let  us  assume  that  in  the  case  in  question,  when  x(t)-*o«“, 

differentiation  x(t)  also  is  not  applied,  but  is  used  only 

integration.  It  is  possible  to  show  that  during  the  numerical 

integration  of  equation  (XI. 8)  in  this  manner  with  the 
•  • 

use/application  of  Adams's  method  occurs  the  particular  solution 


where 


y  -- 


(XI.  9) 


m 


2 

1—0 


t/«  -  „ 

(XI.  10) 

sy 

/— o 

e** —  l 

(XI. 11) 

J,+i(l-e-‘*)  +  -^(l-«'rt),+...l 

During  the  exact  integration 


m 

v  biSi 

y»  = 

yy 

po 


(XI.  12) 


The  distortion  of  the  particular  solution  of  equation  (XI. 8)  in 
question  consists  in  the  fact  that  value  y,,  which  can  be  named 
"complex  amplitude",  is  calculated  not  from  formula  (XI. 12),  which 
corresponds  to  exact  solution,  but  from  expression  (XI. 10),  analogous 
to  expression  (XI. 12),  where  instead  of  s  value  q,  connected  with  s 
with  relationship/ratio  (XI. 11),  is  substituted. 
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It  is  easy  to  note  that 

lim  2-  I.  (XI.  13) 

IS/II-.0  i 

Hence  it  follows  that  within  the  limit,  with  the  infinite 
decrease  of  step/pitch,  the  numerical  solution,  obtained  during  the 
use/application  of  Adams's  method,  approaches  exact.  It  is  obvious 
that  for  obtaining  the  sufficiently  exact  solution  it  is  necessary 
that  the  value  |sh]  would  be  considerably  less  than  1. 

For  the  case,  when  s  is  imaginary,  which  corresponds  to  harmonic 
oscillations  at  the  input  of  this  component/link,  latter/last 
conclusion/output  can  be  formulated  thus:  for  obtaining  with  a 
sufficient  accuracy  of  the  reaction  of  the  component/link,  described 
by  transfer  function  (XI.7),  to  the  sinusoidal  input  effect  it  is 
necessary  that  step/pitch  value  would  comprise  a  small  fraction  of  a 
period  of  sinusoid  at  the  input  of  component/link. 

Page  363. 

The  obtained  relationships/ratios  easily  can  be  subjected  to 
numerical  analysis,  and  conclusions/outputs  can  be  defined  concretely 
for  the  single  standard  components/1 inks  -  inertial,  oscillatory, 
etc.,  and  also  for  the  formulas  of  integration  with  an  accuracy  to 
differences  in  the  first,  the  second  and  so  forth  of  orders. 
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Further  let  us  consider  what  distortions  undergo  the  solutions 
o£  the  homogeneous  equation 

a, rtf'"  +  a,- 1  + . . .  +a,j/'  +  c9 y  —  0.  (XI.  14) 


We  will  assume  that  for  integrating  this  equation  Adams’s  method 
is  applied  also.  We  will  find  out  solutions  in  this  case  in  the  form 
of  exponential  curves  y  —  Ce*1.  For  this  it  is  necessary  that  the 
equality 


where 


1 


Ce»‘  S  c,\<  -  0, 
Po 


(XI.  15) 

(XI.  16) 


would  occur. 

So  that  equation  (XI. 14)  would  have  nontrivial  ones,  different 
from  zero  ones  solutions  of  form  y=*Ce»‘,  it  is  necessary  that  X  would 
be  the  root  of  the  characteristic  equation 

\YyX'  =  0.  (XI.  17) 

ft 


This  equation  has  n  roots,  which  leads  to  n  linearly  independent 
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approximate  particular  solutions  of  equation  (XI. 14),  obtained  by 
Adams's  method.  In  this  case  the  general  solution  is  equal  to  the 
linear  combination  of  these  particular  solutions. 

The  distortions  of  the  named  particular  solutions  of  equation 
(XI. 14)  can  be  easily  determined.  For  example,  for  the  single  root  A 
of  characteristic  equation  (XI. 17)  exact  particular  solution  takes 
form  y=*Cekt,  and  the  corresponding  solution  of  the  finite-difference 
equation,  which  is  obtained  during  the  use/application  of  Adams’s 
method  to  equation  (XI. 14),  takes  form  i/ =■  Values  u  and  A  are 
connected  with  relationship/ratio  (XI. 16).  Easily  can  be  obtained  the 
distortions  of  the  particular  solutions  of  equation  (XI. 14),  which 
correspond  to  the  multiple  and  complex  roots  of  characteristic 
equation. 

Page  364. 

The  distortions  of  particular  solutions  are  linear  components  of 
the  total  systematic  error  of  general  solution  of  the  homogeneous 
equations  (XI. 14). 

It  is  easy  to  demonstrate  that 
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Thus,  so  that  Adams's  method  would  give  sufficiently  exact 
solutions,  it  is  necessary  that  Xh  it  would  be  sufficiently  little  in 
the  absolute  value. 

It  is  obvious  that  by  condition  it  is  sufficient  exact  solution 
of  the  differential  equation,  which  describes  certain  component  of 
automatic  control  system,  is  the  smallness  of  the  step/pitch  of 
integration  in  comparison  with  the  constant  values  of  the  time  of 
this  component/1 ink. 

Relationships/ratios  presented  above  make  it  possible  to  study 
in  detail  the  characteristics  of  the  digital  models  of  the  linear 
components/ links  SAR,  described  by  transfer  function  (XI. 7)  with 
different  methods  of  numerical  integration,  as  a  result  of  which  it 
is  possible  to  obtain  more  concrete/more  specific/more  actual 
conclusions.  "The  accuracy  of  the  digital  models  of  linear 
components/ links  SAR  is  sufficiently  widely  investigated  [53,  80,  84, 
111].  The  results  of  these  research,  in  particular,  confirm  that  the 
more  exact  methods  of  numerical  integration  allow/assume  larger 
step/pitch. 

Of  that  presented  it  above  follows  that  the  step/pitch  of 
integration,  which  ensures  the  acceptable  accuracy  of  the  simulation 
of  entire  system  as  a  whole,  must  be  considerably  less  than  the 
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smallest  time  constant  in  the  denominators  of  the  transfer  functions 
of  the  linear  stationary  components/1 inks  of  system.  Therefore  it  can 
seem  that  for  the  integration  the  very  low  pitch  will  be  required, 
which  leads  to  the  undesirable  expenditures  of  machine  time.  The  task 
of  the  searching  of  the  methods  of  decreasing  these  expenditures 
appears. 

There  are  following  methods  of  solution  of  this  task. 

The  differential  equations  of  the  components/ links,  which  have 
fast  time  constants,  it  is  possible  to  integrate  with  the  low  pitch, 
and  remaining  equations  to  integrate  with  the  steep  pitch.  The 
smoothly  changing  coefficients  of  differential  equations  can  be 
calculated  with  the  steep  pitch  on  the  time,  and  the  intermediate 
values  of  coefficients  can  be  found  via  interpolation  or 
extrapolation. 

It  is  possible  to  apply  the  methods  of  numerical  integration 
with  the  automatic  selection  of  the  values  of  step/pitch,  for 
example,  the  method  of  Merson  [583-  However,  the  use  of  this  method 
it  is  con juga ted/ combined  with  the  definite  difficulties  in  the 
presence  in  system  of  delay  links  and  nonlinearity. 


Finally,  it  is  possible  to  use  numerical-analytical  method  for 
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obtaining  the  values  of  output  variable/alternating  stationary 
components/ links  with  the  fast  time  constants.  It  is  presented 
briefly  the  entity  of  this  method. 

t 
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Method  is  applicable  when  the  input  interaction  x(t)  is  changed 
sufficiently  smoothly.  The  permissible  value  of  step/pitch  with  this 
method  does  not  depend  on  the  time  constants  of  components/1 inks,  but 
it  is  determined  only  by  the  accuracy  of  the  approximation  of  the 
input  interaction  by  the  polynomial  of  the  selected  degree. 

Let  us  consider  the  component/1 ink  with  transfer  function 
(XI. 7),  described  by  differential  equation  (XI. 8). 


For  the  homogeneous  equation 

corresponding  to  nonhomogeneous  equation  (XI. 8),  can  be  determined 
the  fundamental  system  of  particular  solutions,  which  consists  of  the 
functions  of  form  §  where  -  roots  (generally  speaking, 
complex)  the  characteristic  equation 


V  U/W  0. 
1-0 


J*. 
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The  general  solution  of  equation  (XI ;8)  can  be  obtained  in  the 


form 


y  -  V  y>< 

T*m\ 

A'Vc,/  i-(  v nrK(t -  U)V'“  •'  /(«)«/«;  (Xi. i») 

«_o  o  L*— o 

vs,  =  /i. 


Here  S,  -  multiplicity  of  root  k,  of  characteristic  equation 


(XI. 17) ; 


Cr,  -  arbitrary  constants; 


Bn  -  coefficients,  which  depend  on  the  roots  of  characteristic 
equation; 


f(t)  -  the  right  side  of  equation  (XI.8); 


(XI.  19) 


Substituting  in  expression  (XI. 18)  for  f(u)  its  value  in 
accordance  with  formula  (XI. 19)  and  applying  integration  in  parts,  we 
are  convinced,  that  as  a  result  the  expression  for  yr  through  x(u), 
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analogous  to  equation  (XI. 18),  is  obtained  but  with  the  changed 
values  of  constants. 


Page  366. 

Therefore  we  will  continue  the  examination  of  expressions  (XI. 18), 
assuming/setting  in  them  by  f(u)=x(u). 


Let  us  introduce  the  designations 


^  \(tn-u?e'  (‘'n  U)x(u)du- 

6 

^  — l ,  yrm  ~~  Urn  ~  U  (^m)» 


Then  as  a  result  of  simple  transformations  we  obtain 

S  5r 

Urn  ~~  yrm » 

n* 1 

yfK. m  -  S'*  £Ci {/«.»-,.  i  h‘  +  j  o»«  V  *  (/,„  - 1») 

/-a  0 


Final  formulas  for  the  numerical  integration  can  be  obtained 
after  the  replacement  of  function  x{tm—v)  by  the  polynomial,  which 
approximates  it.  After  this  integral,  into  integrand  of  which  enters 

function  —  easily  it  is  calculated: 

*  / 

j  vV'ux  (tm  —  v)dv  .  V Pj  xn-i,  (XI .  20) 

o  /-  0 

where  p,  -  numbers,  which  depend  only  on  h,  q,  Xr.  i. 
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Instead  of  consecutive  values  xm-J  it.,  is  possible  to  use  the 
descending  or  ascending  differences.  For  the  descending  differences 
we  will  obtain 


I 


oV'*'  X  (tm -«,)*> -2  qtf'Xm-u 

l-o 


where  q>  -  also  the  numbers,  which  depend  on  h,  q,  K,  l . 


The  general/common/total  idea  of  the  construction  of  the 
algorithm  of  the  calculation  of  consecutive  values  ym-  is  such. 
Concrete/specific/actual  formula  dependences  for  different  types  of 
components/1 inks  with  the  real  coefficients  are  given  below.  The 
approximating  polynomial  of  the  2nd  degree  of  the  form 


x(tn  —  v)  =  *m_,  •+■  (l”)  V*m-I 


is  selected. 


First-order  components/1 inks 
UP(s)=: 


l ;  ux  -h  0;  \ 


—  . 


a* + ai* 

—  i 
0\ 


at  —  X/». 
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I  Page  367. 


y 

d 


> 


1.  The  calculation  made  one  time  before  beginning  i 


a  p  v  M;  =■  a  (b»  H-  Y); 

0#  ilziL;  0,^  ■ 


9,- 


a* 


—  (<;a  —  1)  +  *a  —  1  —  a  —  a* 


W0  ^  yu  h  yx0. 


i 


2.  Calculation  made  at  each  step/pitch: 


fl 


ym  ■  »«.  Y* ml 

U)m  -  _  |  -  6  (O^m  -  I  -F  U\\/Xm  -  I  +  °,V  ,jr'"  -  I  ) 


> 


Components/ links  of  the  second  order 


W  (s)  —  W 

“»  +  +  «lJ*  ’ 


a,  7^  0; 


► 

Xlf  X,  -  the  roots  of  characteristic  equation; 


► 


ntegrat ion: 


(XI. 21) 


( 


< 
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ym  =  -^-xm  + 

a% 

yi,m  +  y3,n> 

y,.m 

ii 

xc 

n-l  +  PlM0lO*m_ 

.  +  9uV*m_, 

+  0i»v^m_,); 

y3.m 

=P*yi. 

m_t+PM^xn_ 

2-d  CAynaii :0) 

a0  ~  I;  a, 

-  4a,  =  0; 

x»  = 

X,  -  X  = - Hi- 

2u, 

2  _ 

“-u 

(XI.23) 


Key:  (1)  2nd  case. 

1.  Cacluclation  made  once  before  the  beginning  of  integration 

rx  =  X*  (bx  +  26, X);  r,  =»  X*  (b0  +  bxk  +  6,X'); 
y\.o  =  y0  —  6,X*X0; 

—  yo  Xi/0  X*  (bl  6,X)  x0. 


Further  are  calculated 
(XI . 21 ) ,  and  also 


0.  0o.  0i,  0*  from  the  formulas  of  form 


a 


2oti,  —  0i  — 

a1 


1 


a 


2.  Calculation,  made  at  each  step/pitch: 
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ym  =  y  i.«  + W- 

0|.«  =  P0..  m— I  +  ^(^1  +  +  0,Va^m_|)  + 

+  +  e;v*m_,  +^txa_l)  +  hsm- 

Fm  =  P^m-I  + 

ro  i 

3-u  CAytau:  a0  =  0;  a,  =  1;  X  =  —  — ;  a  -  XA. 

a* 

Key:  (1).  the  3rd  case. 


Page  369. 


1.  Calculation,  made  one  time  before  beginning  integration 

y  i  .o  =  a,yi  +  (*i  +  *»*■)  jfo  +  M0; 

fl  60  +  +  6,XJ; 

'  c  =*  j/o  — ■  a%y  “  Mo  M0* 


Are  calculated  /3,  00. 0i.  02  from  formulas  (XI. 21). 

2.  Computations  at  each  step/pitch: 

y<n  “  0i  .«  +  *00,.  +  C  —  6,Ajrm; 

0!,m  =  P0I,  m— 1  —  BA(0oXflI_,  +0iV->fm_,  +0«V*-fm_|); 

02.  .  -  02.  m— I  +  *  (*_,  +  -j-  V^,  +  ~  V*rm_,). 


In  all  cases  is  here  assumed  that  the  polynomial,  which 
approximates  the  input  interaction  x(t),  in  the  beginning  of 
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integration  (t=0)  is  also  known  and  known  values  not  only  x0/  but 
also  x_2  and  x_2,  which  is  necessary  for  computing  the  differences 
V  *»-i  and  V  J*m-i  with  m*l  and  2. 

'tThe  4th  case:  a,=l;  af—  4a3  <  0;  Xx  and  X2  -  complex 
conjugated/combined.  For  this  case  calculation  formulas  are  obtained 
from  relationships/ratios  (XI. 22)  (XI. 23)  with  the  substitution  in 
them  of  complex  values  X2  and  X2.  In  this  case  the  coefficients  m  and 
C  computed  previously  will  be  complex,  and  differences  Xx-X2  and 
X2-Xx  are  imaginary.  Values  y\.m  and  '/*..«  computed 

consecutively/serially  will  be  complex  however  with  real  coefficients 
uj  and  b(  under  the  actual  initial  conditions  and  the  input 
influence  of  value  y™  -  «/i,m  +  </a,m  must  be  real.  Due  to  errors  in  the 
computations  this  will  not  follow  carefully  itself;  however, 
inidQ indry  psrt  ym%  the  being  part  of  the  error  of  computation  ym,  will 
characterize  the  value  of  this  error.  Therefore  it  is  possible, 
taking  as  the  solution  the  real  part  of  sum  !/\,m  4"  tO  alSO 

calculate  imaginary  part  for  the  control/checking. 

The  described  numerical-analytical  method  can  be  used  also  for 
the  complex  values  of  coefficients  a,  and  bit  and  also  during  the 
integration  along  the  arbitrary  straight  line  on  the  complex  plane  of 
the  independent  variable. 
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As  far  as  simulation  on  TsVM  of  linear  systems  with 
variable/alternating  coefficients  is  concerned,  here  it  is  possible 
to  isolate  the  case  of  a  slow  change  in  the  parameters  of  the 
components/1 inks ,  when  it  is  possible  to  use  the  methods,  which  are 
used  for  the  linear  systems  with  the  constant  parameters.  If  the 
parameters  of  system  vary  rapidly,  then  in  this  case  numerical 
methods  must  be  chosen  on  the  basis  of  the  concrete/specific/actual 
structure  of  system  and  its  special  features/peculiarities. 

Page  370. 

The  same  can  be  said  also  about  the  simulation  of  nonlinear 
systems. 

In  the  majority  of  the  practical  cases  nonlinear  automatic 
control  system  with  the  variable  parameters  can  be  represented  in  the 
form  of  the  complex  of  the  components/1 inks ,  for  each  of  which  the 
methods  of  simulation  are  sufficiently  clear.  For  example,  if  system 
can  be  represented  in  the  form  of  the  connections  of  the 
components/1 inks  of  linear  with  the  constant  parameters,  functional 
nonlinearity,  amplifying  circuits  with  the  variable  amplification 
factors,  then  during  the  simulation  of  linear  stationary 
components/1 inks  it  is  possible  to  use  with  some  limitations  by 
recommendations  presented  above.  Functional  nonlinearity  and  variable 
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coefficients  on  TsVM  are  simulated  without  any  difficulties. 

The  mentioned  limitations  during  the  simulation  of  linear 
stationary  components/1 inks  consist  of  the  following.  If  the  signal, 
which  enters  into  the  input  of  nonlinearity,  is  changed  smoothly  and 
it  is  approximated  well  and  it  is  extrapolated  with  the  help  of  the 
polynomials,  then  output  signal  in  a  number  of  cases  can  be  changed 
abruptly,  which  destroys  the  possibility  of  approximation/approach  by 
its  polynomials.  In  this  case  deteriorate  also  the  possibilities  of 
calculating  the  passage  of  such  signals  through  the  linear 
components/1 inks .  It  is  obvious  that  begin  much  more  badly  "to  work" 
utilized  for  this  purpose  methods  of  the  numerical  integration,  based 
on  the  approximation  of  input  signal  with  polynomials,  if  we  do  not 
take  special  measures  to  account  for  the  disruptions  of  the 
integrated  function  and  its  derivatives.  Such  measures,  obviously, 
can  be  worked  out  and  used,  but  they  will  lead  to  the  complication  of 
calculations.  When  calculations  become  unjustifiably  complicated  for 
the  numerical  integration  of  the  differential  equations,  which 
describe  the  behavior  of  system,  it  is  possible  to  use  Runge-Kutta 
method,  which  is  least  sensitive  to  the  nonlinearity. 

4.  Use/application  of  TsVM  for  the  research  of  the  accuracy  of 
nonlinear  systems. 
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We  will  examine  such  nonlinear  systems,  for  which  it  is 
impossible  to  analytically  determine  errors  with  the  known  values  of 
the  exciting  factors. 

For  the  research  of  the  errors  of  such  nonlinear  systems  the 
methods,  which  require  the  use/application  of  computers,  are  used. 

The  important  group  of  methods  is  based  on  the  approximate 
replacement  of  the  nonlinear  elements  of  system  by  linear  ones  with 
further  use/application  to  such  linearized  systems  of  the  methods  of 
the  theory  of  linear  dynamic  systems. 

Page  371. 

Let  us  consider  certain  nonlinear  element  or  system.  Let  this 
component /link  enter  signal  x(t),  which  can  appear  as  scalar,  so  also 
vector  random  or  nonrandom  function  of  time. 

Can  seem  that  this  signal  is  knowingly  in  a  sense  limited  by 
sufficiently  narrow  limits,  for  example  | x(t)-x, (t) | <a,  where  x0(t)  - 
previously  known  function  and  a  is  sufficiently  small,  or  signal  x(t) 
and  its  first-order  derivative  it  is  sufficiently  small  on  the 
module,  etc.  In  this  case  it  can  seem  that  in  the  preset  narrow  range 
of  a  possible  change  in  the  signal  all  nonlinear  operations  above  the 
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signal  can  be  approximately  replaced  linear,  so  that  errors  from  this 
replacement  can  be  disregarded/neglected.  •• 

This  procedure  is  called  ordinary  linearization,  and  if  it 
proves  to  be  applicable  to  all  nonlinear  elements  of  system,  then 
entire  system  thus  is  linearized.  For  the  linear  automatic  control 
systems  the  methods  of  the  study  of  accuracy  are  worked  out. 

The  much  great  difficulties  of  calculation  and  research  of  the 
accuracy  of  nonlinear  systems  appear  when  the  methods  of  simple 
linearization  prove  to  be  inapplicable  that  for  the  real  systems  it 
is  ordinary.  For  these  systems.it  is  in  principle  possible  to  use  the 
methods  of  the  so-called  statistical  linearization  (see  Chapter  II). 

The  methods  of  statistical  linearization  at  present  underwent 
considerable  development  and  were  worked  out  in  connection  with 
different  settings  the  tasks  of  research  and  different  classes  of 
nonlinearity.  The  statistical  linearization  of  the  nonlinear 
element/cell,  which  realizes  the  nonlinear  inertia-free 
transformation  of  the  general  view 

Y  (/)  -  F  [X  (l)\,  (XI. 24) 


where  F  is  the  static  characteristic  of  nonlinear  element/cell,  is 
one  of  the  central  ideas  for  many  tasks;  x(t)  and  Y(t)  -  scalar 
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random  functions  at  its  input  and  output. 

If  system  is  gotten  soaked,  then  the  probabilistic 
characteristics  of  signals  at  the  inputs  of  all  nonlinear 
elements/cells  easily  are  calculated.  But  if  nonlinear  elements/cells 
are  included  by  elastic  feedback,  then  the  calculation  of  these 
characteristics  is  complicated. 

In  work  [34]  is  presented  the  method,  based  on  the  refinement  of 
the  coefficients  of  statistical  linearization  for  the  nonlinear 
elements  and  values  and  a*  by  the  method  of  successive 
approximations,  with  the  method  of  solution  of  differential  equation 
relative  to  the  mathematical  expectations  of  the  unknown  functions 
and  computation  by  the  methods  of  the  theory  of  the  linear  dynamic 
systems  of  their  second  moments/torques. 

Page  372. 

Other  methods  are  based  on  the  use/application  of  Duncan's 
method  [122]  for  determining  the  moments/torques  of  the  first  and 
second  order  of  the  output  coordinates  of  linear  system,  which  is 
reduced  to  the  solution  of  the  system  of  differential  equations 
relative  to  these  moments/torques,  comprised  on  the  base  of  the 
reference  system  of  the  differential  equations  of  linear  dynamic 
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|  system.  This  idea  is  combined  with  the  simultaneous  use  of 

coefficients  of  statistical  linearization  for  the  nonlinear 
elements/cells,  entering  the  system,  which  leads  to  the  completed 
I  solution  of  the  problem  of  determining  the  first  two  moments/torques 

of  the  output  coordinates  of  system.  This  approach  is  used  in  works 
[3,  35],  etc. 

a 

Thus,  the  fundamental  methodologies  of  the  study  of  the  accuracy 
of  nonlinear  automatic  control  systems  are  reduced  to  the  numerical 
*  integration  of  the  systems  of  ordinary  differential  equations  with 

the  preset  initial  ones  of  condition.  The  integrated  system  is 
obtained'  from  initial  equations,  which  describe  the  dynamics  of  the 
®  control  system.  The  integration  of  this  system  of  equations,  strictly 

speaking,  is  not  simulation. 


During  the  research  of  complex  systems  statistical  linearization 
as  a  result  of  the  unwieldiness  is  inferior  the  place  for  the 
methods,  based  on  the  direct  integration  of  the  differential 
equations,  which  describe  nonlinear  automatic  control  system.  The 
first  of  them  should  be  named  the  method  for  statistical  testing 
(Monte  Carlo  method)  [15]. 


» 


The  Monte  Carlo  method  is  the  set  of  procedures  for  the  solution 
of  the  problems  of  the  varied  ones  in  its  mathematical  setting,  if 


< 


I 


» 


DOC  «  83173418 


PAGE  03 


these  procedures  are  based,  in  the  first  place,  during  the 

construction  of  the  realizations  of  random  variables  and  functions, 

which  possess  the  necessary  probabilistic  characteristics,  in  the 

second  place,  on  the  statistical  processing  of  these  realizations  for 

•  • 

the  purpose  of  the  determination  of  the  unknown  values.  The 
determination  of  the  accuracy  of  system  by  this  method  is  reduced  to 
the  following. 

Let  the  system  or  its  model  be  preset.  The  operating  on  the 
system  exciting  factors,  which  are  random  functions  and  values,  let 
us  designate  through  X„  s»l,  2,  . . . ,  M.  Let  us  designate  their  set 
through  S'-  {*.}. 


Let  us  consider  the  course  of  solution  of  task. 

Certain  set  of  the  conditions  of  task  R  is  recorded.  For  system 
H  of  random  functions  and  values,  which  present  random  interactions, 
are  constructed  consecutively/serially  its  realizations 

2,  =  {*„).  7=1.2 .  N. 


For  each  of  the  realizations  S*  is  made  the  integration  of  the 


system  of  equations,  automatic  control  system  describing  behavior,  as 
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a  result  of  which  are  obtained  the  values  of  output  variables  y>.i< 

1=1  ,  2  ,  •  .  •  ,  m. 

Page  373. 

The  characteristics  of  accuracy  for  this  set  of  the  conditions  of 
task  R  are  obtained  as  a  result  of  statistical  processing  of  the 
values  of  variables  j/u- 

Computations  are  made  for  the  varied  conditions  of  task  R,  as  a 
result  of  which  the  evaluations  of  the  probabilistic  characteristics 
of  output  variables,  which  consider  a  change  in  the  conditions  of 
task,  are  obtained. 

Statistical  processing  usually  consists  in  the  calculation  of 
the  moments/torques  of  the  first  and  second  orders;  more  rarely  we 
calculate  the  moments/torques  of  higher  order  and  the  distribution 
laws . 


For  example,  the  evaluations/estimates  of  mathematical 
expectation  ml  and  dispersion  D’  of  value  y  are  designed  from  the 
formulas  of  the  following  form  (for  simplicity  of  recording  is  here 
omitted  index  i): 
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m 


•  =  —  V , 


'»  n  ^  y>'  Dy ~hZT  ~  %*)’ 


/-i 


/-I 


The  accuracy  of  the  evaluations/estimates  of  mathematical 
expectation  m*  and  dispersion  £>*  can  be  described  by  their 
dispersions 


Dim;  I 


N(N-l) 


..  i/'i 

%  "  /V 


/-i 


ri,  £>* 

-jf; 


-4;  DI0M..JS. 

/V— | 


Table  XI. 1  gives  the  expressed  in  the  percentages  values  of 
values, 


the  characterizing  accuracy  evaluations/estimates  of  mathematical 
expectation  and  dispersion  of  value  y,  i.e.,  the  accuracy  of  the 
Monte  Carlo  method. 

The  methods  of  statistical  processing  and  evaluation  of  accuracy 
sufficiently  detailed  [18,  48,  99],  etc. 
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Usually  a  number  of  realizations  minimally  acceptable  from 
accuracy  conditions  will  be  N=30-4Q,  which  gives  the 
evaluation/estimate  of  mathematical  expectation  with  average/mean 
quadratic  error  lS-20%  of  a*.  To  more  preferably  have  a  number  of 
realizations  N»102,  which  will  give  for  average/mean  quadratic  errors 
a  •  accuracy  is  higher  than  10%. 

“  y 

/ 

The  method  of  the  equivalent  disturbances/perturbations  (see 
Chapter  IV)  is  the  second  method  of  calculation  of  accuracy,  based  on 
the  straight/direct  integration  of  system  of  equations. 

Page  374. 

The  evaluation  of  the  accuracy  of  result  is  complicated  problem 
in  the  method  of  equivalent  disturbances/perturbations,  since  usually 
in  the  real  tasks  it  is  not  previously  known,  what  degree  polynomial 
with  a  sufficient  accuracy  approximates  the  dependence  of  the  unknown 
coordinate  on  the  random  parameters.  Therefore  degree  q  of  the 
approximating  polynomial  is  necessary  to  choose  predominantly 
empirically,  via  tests/samples  and  comparisons  of  the  results  with 
each  other. 

It  must  be  noted  that  on  the  labor  expense  with  the  low  values 
of  m  is  more  preferable  the  method  of  equivalent 
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disturbances/perturbations,  and  with  the  high  values  of  m  -  Monte 
Carlo  method. 

Tasks  examined  above  of  calculation  and  accuracy  analysis  are 
the  essential  component  part  of  approaches  and  methods  of  the 
selection  of  structure  and  parameters  of  nonlinear -system.  For  this 
purpose,  as  a  rule,  it  is  necessary  to  conduct  numerical  research  of 
the  dependence  of  the  probabilistic  characteristics  of  the  accuracy 
of  system  on  the  values  of  some  of  its  parameters  and 
characteristics.  In  this  case  it  is  necessary  to  reveal/detect  the 
insignificant  changes  in  the  accuracy,  which  are  especially  small,  if 
the  values  pf  the  parameters  of  system  are  close  to  the  optimum  ones. 
Changes  in  the  characteristics  of  accuracy  in  this  case  knowingly  are 
considerably  less  than  absolute  errors  in  the  method  of  calculation 
of  accuracy. 

The  method  of  equivalent  disturbances/perturbations  provides  the 
possibility  of  this  type  of  research,  if  with  a  change  in  the 
parameters  the  systems  of  the  realization  of  random  variables  Vj  are 
not  changed.  This  condition,  obviously,  always  can  be  satisfied. 

The  method  for  statistical  testing  can  afford  this  possibility 
only  in  such  a  case,  when  the  realizations  of  initial  random 
interactions  are  not  changed  with  a  change  in  the  parameters  of 
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system. 

Thus,  during  the  use  of  the  Monte  Carlo  method  research  of  the 
dependence  of  the  accuracy  of  system  on  its  parameters  should  be 
conducted  during  one  and  the  same  fixed/recorded  realizations  of  the 
initial  disturbances/perturbations,  which  operate  on  the  system.  This 
draws  together  the  Monte  Carlo  method. with  the  method  of  equivalent 
disturbances/perturbations;  the  difference  between  both  methods  in 
this  case  to  a  considerable  extent  is  erased. 
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Table  XI. 1. 
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7.1 

- y-  .  100 

47,2 

32,4 

26,3 

22,6 

18,4 

15,9 

14,2 

11.6 

10.0 

Key:  (1).  Relative  error  %. 


Page  375. 

Let  us  pass  to  the  examination  of  the  methods  of  obtaining  on 
TsVM  of  the  realizations  of  the  random  interactions,  necessary  during 
the  research  of  the  accuracy  of  nonlinear  systems  by  the  Monte  Carlo 
method. 


5.  Generation  of  random  interactions  during  the  digital  simulation 
SAU. 


There  are  two  in  principle  different  approaches  to  obtaining  of 
random  interactions  during  the  simulation  SAU  and  TsVM. 


The  first  approach  is  based  on  the  use  of  physical  random 
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phenomena,  as  a  result  of  which  are  developed  the  realizations  of  the 
random  interactions,  which  cannot  be  either  previously  forecast,  or 
repeated. 

With  the  second  approach  the  program  (algorithmic)  methods  of 
obtaining  the  realizations  of  random  interactions  are  used.  It  is 
obvious  that  these  realizations  will  no  longer  be,  strictly  speaking, 
random:  it  is  possible  to  previously  predict  them  and  to  repeat  when 
this  is  necessary.  But  these  realizations  will  be  equivalent  to 
random  ones  in  one  (in  this  case  most  important)  sense  -  to  them  it 
is  possible  to  use  the  same  methods  of  statistical  processing,,  that 
also  to  the  realization  of  purely  random  interactions,  and  with 
respect  to  the  results  of  this  processing  they  will  be  equivalent. 
Therefore  developed  in  this  way  realizations  are  called  pseudorandom. 
Pseudorandom  in  this  case  are  called  interactions  themselves  in  the 
model. 

Usually  the  simulation  of  random  or  pseudorandom  variables  and 
functions  is  made  into  two  stages:  are  first  developed  the 
realizations  of  numbers,  which  have  the  uniform  distribution  law  in 
the  specific  fixed/recorded  segment,  then  from  them  by  mathematical 
transformations  are  obtained  the  realizations  of  random  variables  and 
systems  of  the  random  variables,  which  possess  the  required 
statistical  characteristics. 
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This  order  is  caused  by  the  fact  that  has  the  capability  by 
relatively  simple  paths  to  obtain  the  realizations  of  random  and 
pseudorandom  numbers,  which  very  accurately  obey  the  law  uniform 
probability  density  in  the  preset  fixed/recorded  segment. 

The  product ion/consumpt ion/generation  (generation)  of  purely 
random  numbers  is  realized  with  the  help  of  the  special  attachments 
to  the  machines,  usually  called  random-number  generators  [15,  95, 
116].  The  operating  principles  of  such  sensors  are  based  on  the  use 
of  physical  random  phenomena,  for  example,  suchr  as  the  phenomena  of 
radioactive  decay  or  thermal  noises  in  the  electron  tubes.  At  the 
output  of  sensors  is  obtained  the  binary  code,  in  each  bit  of  which 
independent  of  other  bits  can  appear  zero  or  one  with  the 
probability,  equal  to  V,. 

Page  376. 

This  binary  code  can  be  treated  as  positive  binary  fixed-point 
number.  It  is  easy  to  see  that  such  numbers  with  a  sufficiently  large 
quantity  of  bits  can  be  considered  the  realizations  of  the  continuous 
random  variable,  subordinated  to  the  uniform  distribution  law  in  the 
range  from  zero  to  one. 


DOC  *  83173418 


PAGE 


The  fact  that  for  the  generation  of  random  number  there  is 
required  the  small  time,  usually  which  does  not  exceed  the  time  of 
access  to  OZU  of  TsVM,  is  the  advantage  of  the  described  method. 

The  generation  of  pseudorandom  numbers,  as  a  rule,  is  realized 
by  program  methods.  Many  such  algorithms  and  programs  [15,  23,  123] 
are  at  present  known. 

The  simplest  algorithms,  easily  realized  with  the  help  of  TsVM, 
are  constructed  thus.  The  at  random  binary  code,  which  occupies  all 
bits  of  certain  cell  OZU  TsVM  or  specific  part  of  its  bits,  is 
chosen.  Above  this  code  a  number  of  arithmetic  and  other  operations, 
realized  with  the  help  of  certain  simple  machine  program,  which 
consists  usually  of  several  instructions,  is  made. 

As  a  result  of  fulfilling  this  program  is  obtained  the  new  value 
of  the  code,  to  which  again  is  applied  the  same  program,  etc.  Thus  is 
obtained  the  sequence  of  the  codes,  which  under  specific  conditions 
can  be  used  as  the  pseudorandom  numbers. 

The  sequence  of  the  r— bit  codes,  beginning  from  certain  number, 
is  always  periodic  with  the  period  of  not  more  than  2r,  since  it  is 
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completely  obvious  that  not  more  than  through  2r  members  must  again 
appear  one  of  the  years  available  already,-  after  which  in  a  row  all 
remaining  codes  in  the  same  order  again  will  begin  to  be  repeated. 

So  that  obtained  thus  codes  it  would  be  possible  to  use  as  the 
pseudorandom  numbers,  it  is  necessary  to  satisfy  the  following 
conditions: 


<FT 

the  period  of  sequence  must  be  sufficient  to  large  ones;  terms 
must  not  appear  repetition  of  one  and  the  same  number; 

the  statistical  law  of  distribution  of  the  obtained  numbers  must  be 
with  a  sufficient  accuracy  uniform  to; 

the  statistical  connections/communications  between  the  members 
of  sequence  must  be  negligible. 

Therefore  during  the  use  of  new  algorithms,  and  sometimes  also 
the  new  initial  codes  the  obtained  sequence  of  the  codes  is  subjected 
to  research  with  the  help  of  the  special  test  programs  for  the 
satisfaction  to  the  enumerated  requirements. 

Are  worked  out  the  economical  programs  of  the  generation  of 
random  numbers,  which  consist  in  all  of  ter-penta  three-address 
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instructions,  the  developing  sequences  of  numbers  with  period 
10‘-10‘. 

Page  377. 

Let  us  give  some  of  such  methods. 

The  method  of  deductions,  for  the  first  time  used  by  Lemer 
[125],  is  reduced  to  the  formation/education  of  sequence  {«-■}  on  the 


following  recursion  relation: 


*a»  (mod  M), 


(XI.  25) 


i.e.,  an  is  multiplied  to  certain  number  *  and  then  remainder/residue 
from  the  division  of  this  product  into  Mach  number  is  taken. 


Are  applied  and  somewhat  more  complicated  algorithms  of  the  type 


®*+l  =oPn;  Pn+I  =  K$n  (mod  /Vf), 


(XI.  26) 


which  give  the  best  results. 


The  algorithm  of  the  form 


«»fi  -1(2"  +  1)«,  -h  Cl  (mod  T), 


(XI.  27) 


where  *2:2,  and  C  is  odd,  proposed  by  Rotenberg  [130]. 
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Somewhat  more  complicated  methods  give  an  increase  in  the  period 
to  the  virtually  infinite  values. 

A  considerable  number  of  algorithms  and  a  vast  bibliography  on 
this  question  are  given  in  the  work  of  D.  I.  Golenko  [23]. 

In  recent  years  begin  to  be  developed/processed  the  equipment 
sensors  of  pseudorandom  numbers,  using  so-called  linear  switching 
circuits  [41,  71,  103].  Such  sensors  are  not  structurally  very 
complicated  and  develop  the  sequences  of  the  pseudorandom  R-bit 
evenly  distributed  numbers  with  period  2r—  1. 

Diagrams  have  high  speed  operation,  and  the  time  of  access  to 
them  does  not  exceed  the  access  time  to  OZU  of  machine. 

As  it  was  said  above,  from  the  sequence  of  the  independent 
evenly  distributed  random  or  pseudorandom  variables  other  random  or 
pseudorandom  variables  and  their  systems,  subordinated  to  the 
arbitrary  distribution  laws,  can  be  manufactured. 

Analog  quantities  subordinated  to  arbitrary  differential  law 
allocations  p(x),  can  be  obtained,  for  example,  by  Neumann's  method 
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[23,  127]. 

Is  extensively  used  also  the  method  of  functional 
transformation,  or  the  method  of  inverse  functions  [16].  A 
considerable  number  of  methods,  which  do  not  carry  general  character, 
is  worked  out  for  the  single  frequently  encountered  distribution 
laws,  such  as,  for  example  normal,  Rayleigh  and  so  forth  [15,  71, 
123]. 

For  the  systems  of  random  variables,  subordinated  to  the 
arbitrary  distribution  laws,  it  is  possible  to  use  the  method  of 
Neumann  or  the  method  of  functional  transformation,  for  example. 

Page  378. 

During  the  simulation  of  nonlinear  automatic  control  systems  it 
is  very  important  to  obtain  the  realizations  of  random  functions. 

This  can  be  done,  as  it  was  mentioned  higher,  on  the  base  of 
obtaining  random  numbers.  For  this  purpose  it  is  possible,  for 
example,  to  use  a  canonical  expansion  of  random  function,  being 
limited  in  this  case  to  the  final  segment  of  canonical  series.  The 
realizations  of  random  function  then  can  be  obtained  via  the 
substitution  of  the  realizations  of  random  coefficients  in  the 
canonical  series.  For  the  simulation  of  the  consecutive  values  of 
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stationary  random  processes  it  is  possible  to  use,  for  example, 
following  method  [903:  is  developed  the  sequence  of  independent 
variables  I*.  from  which  they  are  obtained  the  value  of  stationary 
process  with  the  help  of  the  sliding  addition: 

Are  known  other  methods  of  obtaining  of  such  processes  [51,  61, 
81].  Different  classes  of  random  processes  can  be  obtained  by  the 
transformations  of  stationary  random  processes.  And  finally  it  is 
possible  to  use  recordings  of  real  random  processes.  The 
use/application  of  this  method  is  facilitated  by  the  fact  that  are  at 
present  developed  the  methods  of  the  digital  recording  of  the  results 
of  experiment  with  the  use  as  the  carrier  of  information  of  magnetic 
tape,  and  sometimes  punched  tape.  Such  methods  of  recording  are  used 
for  processing  of  the  results  of  experiment  on  TsVM,  so  that  during 
the  creation  of  the  systems  of  digital  recording  is  always  solved  a 
question  of  input  of  the  recorded  information  into  the  machine. 


6.  Possibilities  of  applying  TsVM  for  the  search  for  optimal 
solutions  and  selection  of  the  optimum  values  of  the  parameters  of 
nonlinear  systems. 
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In  the  previous  paragraphs  the  methods  of  the  solution  of  some 
problems  of  calculation  and  analysis  of  nonlinear  systems  with  the 
use  of  a  method  of  simulation  on  the  TsVM  were  examined.  It  is  now 
necessary  to  switch  over  to  the  tasks  of  synthesis,  i.e.,  findings  of 
the  optimum  versions  of  systems. 

The  class  of  the  tasks  of  synthesis  is  even  more  wide,  than  the 
class  of  analysis. 

Entire  variety  of  the  tasks  of  synthesis  can  be  divided  into  two 
sub-classes. 

First,  this  those  tasks,  which  admit  solution  by  the  special 
receptions/procedures,  when  from  the  initial  differential  equations 
and  the  variables  it  is  possible  to  switch  over  to  others,  that 
allow/assume  in  this  or  another  sense  more  effective  solution. 

Page  379. 


In  the  second  place,  there  are  such  tasks,  where  effective 
analytical  procedures  indicated  above  it  is  impossible  to  find.  Then 
it  is  necessary  to  construct  the  solution  of  stated  problem  with  the 
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use  of  methods  of  the  simulation  of  systems,  in  this  case  of  digital 
simulation. 

The  sufficiently  wide  arsenal  of  analytical  procedures  for 
finding  the  optimal  solutions  is  at  present  accumulated.  These  are 
variational  methods,  dynamic  programming,  the  use/application  of 

principle  of  maximum  [74],  the  theory  of  optimum  dynamic  systems 

/ 

[77],  different  methods  of  optimum  automatic  systems  [100],  etc. 

All  these  methods  require  the  large  volume  of  computational 
works,  if  system  is  not  sufficiently  simple.  For  the  complex  systems 
usually  is  required  such  volume  of  computational  works,  which  is 
impracticable  even  for  contemporary  TsVM.  In  present  chapter  let  us 
pause  only  at  the  second  sub-class  of  the  tasks,  whose  solution  is 
based  on  the  use  of  methods  of  the  simulation  of  systems. 

As  it  was  said  above,  the  task  of  synthesis  in  this  case  also  is 
based  on  the  multiple  repetition  of  the  task  of  calculation  with  the 
variation  of  the  conditions  of  task.  According  to  the  results  of 
calculation  quality  coefficient  of  system  is  determined.  The 
variation  of  the  conditions  of  task  must  be  organized  so  as, 
gradually  passing  from  one  version  to  the  next,  to  find  version  with 
the  best  quality. 
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Quality  coefficient  must  show,  how  good  system  satisfies  the 
requirements  presented  to  it.  For  the  numerical  definition  of  quality 
coefficient  it  is  necessary  in  the  mathematical  form  to  record  all 
those  requirements  to  the  system,  which  must  be  taken  into 
consideration  during  the  solution  of  the  problem  of  synthesis. 

Further  on  their  basis  it  is  necessary  to  form  quality  coefficient  of 
system.  This  formulation  of  the  problem  corresponds  to  the 
methodology  of  the  theory  of  operations,  and  actually  the  task  of  the 
selection  of  the  best  version  in  this  setting  is  a  task  of  the  theory 
of  operations. 

Let  us  consider  the  task  of  the  selection  of  the  optimum  version 
of  system  in  more  detail. 

To  the  mathematical  formulation  of  the  requirements,  presented 
to  the  system,  only  path  conducts.  It  is  necessary  that  each 
requirement  would  be  imposed  on  certain  numerical  characteristics  of 
the  system,  for  which  must  exist  the  method  of  calculating  its  values 
under  given  conditions  of  task. 

Page  380. 


Thus,  must  be  determined  the  method  of  computing  the  functional 
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®z  =  CD/  (x^  x, . x„;  \|>,,  . . . , 

where  <\>\  —  numerical  system  characteristics; 

xj—  parameters  of  the  systems,  whose  values  can  be  varied  and 
must  be  selected  as  a  result  of  the  solution  of  problem; 

• 

t|> « —  some  functions  from  other  independent  variables,  on  form 
of  which  also  depends  the  value  of  characteristic  P<;  the  form  of 
these  functions  is  subject  to  selection.  • 

There  are  following  most  commonly  used  methods  of  the 
formulation  of  requirements  for  the  numerical  values  of  • 

characteristics  (D<. 

• 

1.  Assignment  to  region  of  allowed  values.  This  region  in  the 
technical  tasks  usually  is  not  very  complicated  and  can  be  preset  by 
one  or  several  inequalities,  for  example:  • 

>  b  (limitation  from  below); 


<t><  <  a  ( limitation  on  top); 
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b <  Ot  < a  (limitation  from  above  and  from  below). 

where  a>b. 

Inequalities  can  be  both  the  strict  and  lax. 

In  the  particular  case  the  region  of  allowed  values  <D<  braces 
itself  into  the  point,  then  has  the  equation 

(D,  =  CD, (xl,  xn;  ^  % =  a. 

This  equation  leads  to  exception/elimination  of  one  of  the 
parameters  *<,  and  therefore  this  case  we  will  not  examine. 

2.  Values  of  characteristic  must  be  greatest  (or  smallest)  from 
possible  ones.  This  means  that  the  functional 

<D,  -®i(*i,  ^t»i.  Mj, . *m) 

must  achieve  in  the  permissible  region  the  greatest  (or  smallest) 
value . 

Apparently,  all  forms  of  requirements  can  be  reduced  to  the 
requirements  of  the  1st  or  2nd  kind. 


•A. 
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It  is  most  simple  and  well  studied  the  case,  when  the 
requirement  of  the  2nd  kind  only  one,  for  example,  the  requirement  of 
the  minimum  of  the  mean  square  of  error.  In  this  case  precisely  it 
determines  the  fundamental  idea  of  the  optimization  of  system. 
Remaining  requirements  are  further,  and  their  specific  logical 
combination  determines  region  D  of  the  allowed  values  of  the 
parameters.  Then  mathematically  the  task  of  the  search  for  optimum 
version  is  formulated  as  follows:  to  determine  the  greatest  (or 

smallest)  value  of  value  U  *  F{*\,  xn;  . i|>m)  under  the  condition 

of  fulfilling  certain  logical  combination  of  the  following 
inequalities : 

y,  =  f k  (a.  *1.  >  0. 

where  F  and  •  functionals  from  parameters  and  functions  rpj 

As  it  was  indicated  above,  there  are  many  varieties  of  the  tasks 
of  optimization.  Earlier  all  these  varieties  were  considered 
isolated/insulated  as  in  the  theoretical  sense,  so  also  from  the 
point  of  view  of  the  development  of  computational  algorithms. 

Page  381. 

The  general  mathematical  theory  of  such  extreme  tasks,  based  on  the 
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concepts  of  functional  analysis,  at  present  is  created. 

In  particular,  A.  Ya.  Dubovitskiy  and  A.  A.  Milyutin  [28],  and 
also  Ye.  S.  Levitin  and  B.  T.  Polyak  [59]  presented  the  approach, 
which  makes  it  possible  to  uniform  obtain  the  necessary  conditions  of 
extremum  for  the  tasks  of  this  type  and  to  investigate  questions  of 
existence  and  uniqueness  of  extremum.  These  works  have  fundamental 
scientific  value  in  the  general  theory  of  extreme  tasks. 

The  formulated  above  task  can  be  reduced  to  the  task  of  finding 

the  extremum  in  the  Euclidean  space.  For  this  of  function  tw  they  are 

led  to  the  set  of  certain  quantity  of .parameters,  for  example,  via 

the  approximation  of  function  by  polynomial.  In  this  case  by  the 

parameters,  which  determine  the  form  of  the  function  they  can  be 

coefficients  of  the  polynomial.  Then  the  funtions  F  and  ?„  will  be 
reduced  to  the  functions  of  many  independent  variables,  and  the  task 

of  optimization  -  to  the  task  of  finding  the  optimum  values  of  the 

parameters  of  system.  Task  will  be  formulated  as  follows: 

To  determine  vector  X  in  the  n-dimensional  space,  which 
communicates  the  greatest  (smallest)  value  scalar  function 

U  ^  F(X) 


with  fulfilling  of  the  combinations  of  the  conditions 
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y»ssU(X)>0.  k=  1,2 . jV.  (XI. 28) 

where  /*—  scalar  functions  of  vector  X.  - 

We  will  for  the  certainty  consider  that  the  optimum  version  is 
characterized  by  the  smallest  value  of  function  U(X). 

This  task  relates  to  the  tasks  of  nonlinear  programming,  and  it 
it  is  possible  to  solve  by  the  different  methods,  which  differ  in  the 
complexity  and  the  accuracy.  For  the  case  in  question  one  of 
appropriate  ones  is  the  method  whose  idea  is  stated  below.  This 
method,  being  simple,  provides  the  solution  of  the  problem  of  finding 
the  optimum  values  of  the  parameters  of  system  with  the  acceptable 
accuracy  and  relatively  small  difficulty  of  calculations. 

Task  is  reduced  to  finding  of  the  minimum  of  certain  function  of 
the  V(x)  point  X  in  the  n-dimensional  space,  the  domain  of  definition 
of  which  is  unconfined.  Let  us  determine  function  V(X)  so  that  in 
that  region  D  of  the  space,  where  the  necessary  combination. of 
inequalities  (XI. 28)  is  made,  it  would  be  approximately  equal  to 
function  U(X),  and  out  of  this  region  differed  from  U(X)  to  the  side 
of  worsening/deterioration  in  the  quality,  moreover  this  difference 
must  be  greater,  the  more  strongly  are  broken  inequalities  (XI. 28), 
i.e.,  the  further  it  goes  away  the  point  X  in  the  n-dimensional  space 
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from  the  boundaries  of  the  region  D. 

Page  382. 

Let  us  assign  function  V  in  the  following  manner: 

V{X)~U(X\+Z(X). 

s 

Function  Z(X)  is  called  penalty  function.  Let  us  assume  that  it 
satisfies  the  following  requirements: 

Z(X)>0; 

Z(X)  is  sufficiently  small  within  D  region; 

Z(X)  sharply  grows  out  of  D  region  with  the  removal/distance  of 
point  X  from  its  borders. 

D  region  in  general  form  can  be  described  thus. 

For  each  of  conditions  (XI. 28)  let  us  determine  in  the  space 


Boolean  function 
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=  1.  ecjiH“u,  >  0; 

2k  =  o ,  <  0. 

Key:  (1).  if. 

With  the  help  of  the  operations  of  Boolean  algebra  let  us 
determine  the  Boolean  function  z  from  the  variables  z„  describing  the 
logical  combination  of  inequalities  (XI. 28): 

2  =  /(*„z„....zv)-  V(*). 


This  function  determines  the  D  region  in  the  space  as  follows: 
X£D,  ecj$z  =  ¥(*)=  1;  XS  D,  ec&i  z  =  ¥(*)  -  0. 

Key:  (1).  if. 

In  particular,  if  D  region  is  determined  by  simultaneous 
satisfaction  of  conditions  (XI. 28),  then  z  =  f(zt,Zi .  *.v)  z,  A:,A-  z.v. 


Let  us  asstime  that  function  f  can  be  expressed  with  the  help  of 
the  operations  of  logical  multiplication,  logical  addition  and 
negation,  for  example,  in  the  normal  disjunctive  form.  For  this  case 
let  us  give  the  simple  procedure  of  the  composition  of  penalty 
function. 
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Let  us  introduce  into  the  examination  the  continuous  function 
m(y)  of  the  scalar  variable  y,  which  satisfies  three  conditions 

UI(y)>  0; 

111  (Hv)  <  ce**-,  a>0\  c>0  $y<y><0-. 

Ill  (yj  >  ce4>;  b  >  0;  c  >  0  rip*  y>  yt>0. 

Key:  (1)  when. 

We  will  call  the  class  of  the  functions,  which  satisfy  these 
conditions,  the  ffl-class. 

It  is  obvious  that  this  function  always  can  be  found,  whatever 
a,  b,  c,  ylf  y,.  It  is  possible  to  attain  by  the  corresponding 
selection  its  parameters,  in  order  to 

Z(X)  =  111  (y), 

where  y=fi(X)  satisfies  the  requirements,  before(been  to  the  penalty 
function  Z  with  one  condition  (XI. 28),  i.e.,  with  N*l. 

Page  383. 

Let  us  designate  by  symbol  Q  the  following  operation  above  the 
functions  E(y): 

Wi  (</,)  O  W,  (I/,)  -  Wi  (</,r‘  -i-  (ft)-' I"'  • 
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It  is  possible  to  easily  generalize  operation  ©  to  several 
functions  Uh(yi): 


lUx  (</,)  G  Hi ,  (i/,)  Q...QUL  (i/,)  V  UJt  (y,)~ 


obvious  that  operation  O  is  commutative  and  associative. 


Let  us  designate  by  symbol  m(y)  function  ID(y)*1  or  HI(-y).  Let  us 
assume  now  that  scalar  the  variables  y  will  be  the  left  sides  of 
inequalities  (XI. 28). 


It  is  possible  to  claim  the  following: 


1.  If 


z  -f(* i.  *») --- V  z„ 


then  function  W(X)  of  form 


with  the  appropriate  selection  of  the  parameters  of  functions  UI{{y{) 
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and  LUi(yz)  will  satisfy  the  requirements,  presented  to  the  penalty 
function  Z(X)  with  N=2. 


2.  If 


then  function 


?*)  -  *1  A  z,. 

W  (X)  - UIAyJ  I-  Wt(yJ 


with  appropriate  selection  of  parameters  of  functions  ZI/,(j/i)  and 
///2 (//a) will  also  satisfy  the  requirements,  presented  to  penalty  function 
Z(X)  with  N=2. 

3.  If 


*  /(*.)  ■ 

then  function 

W(X)  =  W^) 


during  appropriate  selection  of  its  parameters  satisfies  the 
requirements,  presented  to  penalty  function  Z(X)  with  N=l. 

Hence  it  follows  that  many  specific  above  logical 
variable/alternating  and  all  possible  Boolean  functions  from  2,. 
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those  formed  with  the  help  of  the  operations  of  logical  addition, 
logical  multiplication  and  negation,  are  isomorphic  to  many  functions 
of  the  in-class  from  the  left  sides  of  inequalities  (XI. 28)  and  all 
possible  functions  from  them,  formed  with  the  help  of  operations  0<  + 
and  ~ ,  formed  thus  functions  W(X)  during  the  appropriate  selection 
of  the  parameters  of  functions  UI((yi)  satisfying  the  requirements, 
presented  to  the  penalty  functions  Z(x).  This  gives  the  possibility 
to  realize  the  procedure  of  the  construction  of  penalty  functions. 

Page  384. 

On  the  basis  of  the  preset  logical  combination  of  conditions 
(XI. 28)  are  chosen  Boolean  variables  z<  and  Boolean  function 
z  —  /(Z|,  z2,...,  zN).  From  the  formula  for  z  we  will  obtain  expression  for  the 
penalty  function  Z(  X)  path  of  replacing  the  variables  z»  on 
function  IUi(yt),  z  on  Z(X),  symbols  V  on  O  and  symbols  A  on  + 

(symbols  ~  they  are  retained). 

In  the  obtained  equation  we  reveal  the  sense  of  symbols  O  and 
and  find  the  unknown  expression  for  the  penalty  function.  After 
this  there  remains  only  to  make  more  precise  the  values  of  the 
parameters  of  functions  Wt(yi)  so  that  the  values  of  function  Z(X) 
would  correspond  to  the  requirements  presented  to  it. 
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For  the  determination  of  the  minimum  of  function  V(X)  it  is 
possible  to  use  a  method  of  gradient  [37,. 72],  the  method  of  steepest 
descent  [36,  86],  8ox-Wilson  method  [65],  the  methods  of  random 
search  [82],  simplex  method  [115],  the  method  of  ravines  [21],  etc. 
All  these  methods  are  realized  in  the  digital  computers. 

Experiment  confirms  the  possibility  of  the  automation  of  the 
selection  of  optimal  solutions  for  any  systems,  if  this  does  not 
require  the  excessive  volumes  of  computational  work. 

The  automated  method  of  optimization  makes  it  possible  to  lay 
the  analysis  of  the  results  of  calculations,  the  selection  of  the  new 
values  of  the  varied  parameters,  their  gradual  improvement  and 
fulfillment  according  to  them  of  the  check  calculations  on  the 
machine.  Thus,  is  improved  the  quality  of  the  development  of 
automatic  control  systems  and  the  expenditures  of  time  for  their 
designing  considerably  are  reduced. 
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Appendix  2.  Formulas  for  the  statistical  characteristics  and  the 
factors  of  amplification  of  nonlinearity. 

Designations : 

1.  The  statistical  linearization 

F0  -  the  statistical  characteristic  of  nonlinearity; 

k,  -  statistical  amplification  factor  on  the  mathematical 
expectation; 

kx  -  statistical  factor  of  amplification  of  fluctuations; 

kj,  -  statistical  factor  of  amplification  of  derived  fluctuations; 

2.  The  combined  statistical  and  harmonic  linearization 

F t  -  the  average/mean  statistical  characteristic  of  nonlinearity; 
a*  -  first  statistical  harmonic  factor  of  amplification  of 
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nonlinearity? 

b*  -  second  statistical  harmonic  factor  of  amplification  of 
nonlinearity? 

k*  -  average/mean  statistical  amplification  factor  of  mathematical 
expectation? 

k?  -  average  statistical  factor  of  amplification  of  fluctuations? 
k?  -  average  statistical  factor  of  amplification  of  derived 


fluctuations. 
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B0  (a);  b*  =  0  npn  mx  -(-  *0  =  0; 

<& 

k\  =  --=•  C.  (a);  *2  ="  0  npii  »>x  I-  *„  - 


a„  (a) . 


“  ^20/ 

00 

*»o 

(-  l)*-1  n  |2  (k  4-  n)|I 

(2n)!  («•)«(<£ +  n)! 
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00 
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K  « ^ 

mi  (2/.)!  (*!)»(*  +  «)! 

V  2  / 

n  =  0,  t , . . , 

0), 


HeAuneuHoemb  2 


F° = fc°m* - *  [*  (irr‘ )  -,l>  (±7r) 


Y2nDx 


/ 

1  M— m,\« 


1  /  !+"■,  I  /l— m,v 

2  \  ®.  )  +  e~  2  l  a,  ) 


h  x. 1 

«*  =  —  2.  *< D"ia)i 


<£? 


n««0 


6*  =  0  npH  mx  +  xQ  =  0; 

k  00 

•  ft  <»_ 

’''F^a;c”w; 


0  nail  m  x  -f  x  =  0, 
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HcAutteuHoanb  8 


Fo  -  V'x  “  *"‘X°X 


3  + 


Mx  =  3 sDx 


I  +- 


tUr* 


b*  =»  0  npH  rn  x  +  xQ  =?  0; 


3  05 

*i  =rs(-«m  +  20x);  *2=0  npit  mx  +  x0  =  0. 


& 


HeAUHeuuocmb  9 


Fa  “  i0.V  V  1  '1'  O, 


«■  2smx. 


CD 


HeAUMcaHOCTb  10 


“  7  (*1 -*»)  +  (* »  +  A|)*| 


XV 


^x/' 


+  *1 
|/  2nOx 


"‘X 


Key:  (1).  Nonlinearity. 

FOOTNOTE  J.  Nonlinearities  are  numbered  in  accordance  with 
application/appendix  1.  ENDFOOTNOTE. 

(2).  with.  (3).  where.  (4).  and  function. 
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Appendix  3.  Values  of  function 


X 

X 

<Wi> 

X 

«U) 

B 

OU) 

0.00 

0,26 

0,1026 

0,52 

0.1985 

0.01 

0.0040 

0,27 

0.1064 

0,53 

0,2019 

0,2852 

0,0080 

0,28 

0,1103 

0,54 

0,2054 

0,2881 

I 

0.0120 

0,29 

0.1141 

0,55 

0,2088 

0,2910 

ESI 

0.0160 

0,30 

0,1179 

0,56 

0,2123 

0,82 

0.05 

0,0199 

0,31 

0,1217 

0.57 

0,2157 

0,83 

EBB 

0.06 

0,0239 

0,32 

0.1256 

0,58 

0,2190 

0,84 

0,2996 

0.07 

0,0279 

0,33 

0,1293 

0,59 

0,2224 

0,86 

0,3023 

0,08 

0,0319 

U.34 

0,1331 

0.60 

!  0,2257 

0,86 

0,3061 

0,09 

1  0.0369 

0,36 

1  0,1368 

0.61  * 

0,2291 

0,87 

0,3078 

0.10 

0.0398 

0,36 

0,1406 

0.62 

0,2324 

0,88 

0,3108 

o.n 

0,0438 

0,37 

0, 1443 

0,63 

0,2367 

0.89 

0,3133 

0.12 

0.0478 

0,38 

0,1480 

0.64 

0,2389 

0,90 

0,3169 

0,13 

0,0617 

0,39 

1 

0,1517 

0,65 

0,2422 

0.91 

0,3186 

0,14 

0.0657  1 

0,40 

0,1554 

0,66 

0,2454 

0,92 

0,3212 

0.15 

0.0596  ' 

0,41 

0,1591 

0,67 

0,2486 

0,93 

0,3238 

0,16 

0,0636 

0,42 

0, 1628 

0.68 

0,2517 

0,94 

0,3254 

0.17 

0,0676 

0,43 

0,1664 

0,69 

0.254U 

.  0,95 

0,3289 

0, 16 

0,0714 

0,44 

0.17U0 

0,70 

0,2580 

0,96 

0,3316 

0.19 

0,0753 

0,45 

0,1736 

0,71 

0,2611 

0,97 

0,3340 

0.20 

0.0793 

0.46 

0.1772 

0,72 

0,2642 

0,98 

0,3366 

0,21 

0.0832 

0,47 

0,1808 

0,73 

0,2673 

0,99 

0,3389 

0.22 

0.0871 

0,48 

0,1844 

0,74 

0,2703 

1,00 

0,3413 

0.23 

0,0910 

0,49 

0,1879 

0.75 

0.2734 

1,01 

0,3438 

0.24 

0,0948 

0,60 

0,1915 

0,76 

0,2764 

1,02 

0,3461 

0.26 

0,0987 

0.51 

0,1960 

0,77 

0,2794 

1.03 

0,3486 
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Continuation  appendix  3. 


X 

<Wx) 

X 

X 

i 

X 

1,04 

0,3508 

1,34 

1,64 

0,4496 

1,94 

0,4738 

0,3531 

1,36 

0,4115 

1,(55 

1,95 

0,4744 

1,06 

0.3554 

1,36 

0,4131 

1,66 

0,4515 

1,96 

0,4750 

0,3577 

1,37 

0,4147 

1.67 

0,4525 

1,97 

0,4756 

1,08 

0,3599 

1,38 

0,4162 

1,68 

0,4535 

1,98 

0,4761 

1,09 

0,3621 

1.39 

0,4177 

1,69 

0.4545 

1,99 

0,4767 

1,10 

0,3643 

1.40 

0,4192 

1.70 

0,4654 

2,00 

0,4772 

1.11 

0,3665 

1.41 

1.71 

0,4564 

2,02 

0,4783 

1.12 

0,3686 

1.42 

0,4222 

1,72 

0,4573 

2,04 

0.4793 

1,13 

0.3708 

1.43 

0,4236 

1,73 

0,4682 

2,06 

0.4803 

1,14 

0,3729 

1,44 

0.4261 

1,74 

0,4591 

2,08 

0,4812 

1,16 

0,3749 

1,45 

0,4266 

1,76 

0,4699 

2.10 

9.4821 

1.16 

0.3770 

1,46 

0,4279 

1.76 

0,4608 

2,12 

9,4830 

1.17 

0,3790 

1.47 

0,4292 

1.77 

0,4616 

2.14 

0,4838 

1.18 

0,3810 

1.48 

0,4306 

1.78 

0,4625 

2,16 

9,4846 

1.19 

0.3830 

1.49 

0,4319 

1.79 

0,4633 

2,18 

0,4864 

0.3849 

1.50 

0,4332 

1.80 

0,4641 

2,20 

0,4861 

1.21 

0.3869 

1.51 

0,4345 

1.81 

0,4649 

2,22 

0,4868 

1.22 

0,3888 

1.52 

0.4357 

1.82 

0,4656 

2,24 

0,4875 

1.23 

0,3907 

1,53 

0,4370 

1,83 

0,4664 

2,26 

0,4881 

1.24 

0.3925 

1,54 

0,4382 

1.84 

0,4671 

2,28 

0,4887 

1.25 

0,3944 

1,55 

0.4394 

1,85 

0,4678 

2,30 

0,4893 

1.26 

0,3962 

1,56 

0,4406 

1,86 

0,4686 

2,32 

0,4898 

1.27 

0.3980 

1,57 

0,4418 

1,87 

0,4693 

2,34 

0,4904 

1.28 

0,3997 

1,58 

0,4429 

1,88 

0,4699 

2,36 

0,4909 

1.29 

0.4015 

1,59 

0,4441 

1,89 

0,4706 

2,38 

0,4913 

0.4032 

1,60 

0,4952 

1,90 

0,4713 

2,40 

0,4918 

1.31 

0,4049 

1.61 

0,4463 

1,91 

0,4719 

2,42 

0,4922 

1,32 

0,4066 

1,62 

0,4474 

1,92 

0,4726 

2,44 

0,4927 

1,33 

0.4082 

1.63 

0,4484 

1.93 

0,4732 

2.46 

0,4931 

2,48 

0,4934 

2,66 

0,4961 

2,84 

0,4977 

3,00 

0,40866 

2,60 

0,4938 

2,68 

0,4963 

2,86 

0,4979 

3,20 

0,49031 

2,52 

0,4941 

2,70 

0,4965 

2,88 

0,4980 

3,40 

0,49066 

2,54 

0,4945 

2,72 

0,4967 

2,90 

0,4981 

3,60 

0,499841 

2,56 

0,4948 

2,74 

0,4969 

2,92 

0,4982 

3,80 

0,499928 

2.58 

0,4951 

2,76 

0,4971 

2,94 

0,4984 

4,00 

0,499968 

2,60 

0,4953 

2,78 

0,4973 

2,96 

0,4985 

4,50 

0,499997 

2,62 

2.64 

0,4956 

0,4959 

2,80 

2,82 

0,4974 

0,4976 

2,98 

0,4966 

5,00 

0.49999997 
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Appendix  6.  Optimum  nodes  of  interpolation  and  number  of  Christoff el. 


Standard  nodes  of  Chebyshev  and  number  of  Christoffel  for  the  uniform 
distribution  of  probabilities. 


Table  1. 


<7 

*7 

kJ*l 

#>7 

i 

1 

0,0000000 

1,0000000 

1 

0.5773503 

0,5000000 

Z 

2 

—0,5773503 

0,5000000 

1 

0.0000000 

0,4444444 

3 

2 

0, 7745967 

0,2777778 

3 

-0,7745967 

0.2777778 

1 

0,3399810 

0,3260726 

2 

—0,3399810 

0,3260726 

3 

0,8611363 

0.1759274 

4 

—0,8611363' 

0,1759274 

1  1 

0,0000000 

0,2844444 

2 

0,5384693 

0,2393143 

5 

3 

—0,5384693 

0,2393143 

4 

0,9061798 

0,1184634 

5 

—0,9061798 

0,1184634 

1 

0.2386192 

0,2339570 

2 

—0,2386192 

0,2339570 

3 

0,6612094 

0, 1803808 

4 

—0,6612094 

0,1803808 

5 

0,9324695 

0,0856622 

6 

—0,9324695 

0,0856622 

1 

0,0000000 

0,2089706 

2 

0,4058452 

0,1909150 

3 

—0,4058462 

0,1909160 

7 

4 

0,7415312 

0,1398627 

5 

—0,7415312 

0,1398527 

6 

0,9491079 

0,0647425 

7 

—0,9491079 

0,0647425 

1 

0,1834346 

0,1813419 

2 

—0, 1834346 

0,1813419 

3 

0,5255324 

0,1668633 

4 

—0,5265324 

0, 1568633 

r. 

0,7066665 

0,1111006 

• 

6 

—0,7966666 

0,1111906 

7 

0,9602898 

0,0606142 

8 

— 0,9602898 

0,0506142 
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Continuation  Table  1. 


<? 

1 

kJ 

>/«, 

1 

0,0000000 

0,1661197 

2 

0,3242534 

0,1561736 

3 

—0,3242534 

0,1661736 

9 

4 

0,6133714 

0,1303063 

S 

—0,6133714 

0,1303063 

6 

0,83602  ; 

0,0903240 

7 

—0,8360311 

0,0903240 

8 

0,9681602 

0,0406372 

9 

—0,9681602 

0,0406372 

l 

0,1488743. 

0,1477621 

2 

—0,1488743 

0,1477621 

3 

0,4333954 

0,1346334 

4 

—0,4333954 

0,1346334 

10 

5 

0,6794096 

0, 1095432 

6 

—0,6794096 

0,1096432 

7 

0,8650634 

0.0747257 

a 

—0,8650634 

0,0747257 

9 

0.9739065 

0,0333357 

10 

—0.9739065 

0,0333367 

Standard  nodes  of  Chebyshev  and  number  of  Christoffel  for  the  normal 
law  of  distribution  of  probabilities. 
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PAGE 


pf 


0,0000000 
1. 732050a 
-1,7320508 


0,7419638 

—0,7419638 

2,3344142 

—2.3344142 


0,0000000 

1,3556261 

-1,3556261 

2,8569693 

—2,8569693 


0,6167066 
—0,6167066 
1,8891769 
—  1,8891759 
3.3242574 
-3.3242574 


0,0000000 
1,1544063 
—1,1544063 
2.3667594 
—2.3667594 
3,7604397 
— 3 , 7504397 


0,5390796- 

—0,5390708 

1,6365190 

—1.6365190 

2,8024859 

—2,8024859 

4,1445472 

-4,1445472 


0,0000000 

1,0232657 

-1,0232557 

2,0768480 

—2,0768480 

3,2064290 

-3,2064290 

4,5127458 

-4,5127468 


0,4849357 

-0,4849357 

1,4659891 

—1,4659891 

2,4843258 

-2,4843258 

3,5818235 

—3,5818236 

4,8594628 

-4,8594628 


0,6666667 

0,1666667 

0,1666667 
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0,0112574 
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0,4088284 
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0,4571428 

0,2401231 

0,2401231 

0,03075712 

0,03075712 

0.5482688. 10“’ 

0,6482688.  Iff-3 


0.3730122 
0,3730122 
0,1172399 
0,1172399 
0,9635220- 10-“ 
0,9635220. Iff-* 
0,1126146.10-? 
0,1128146.  IQ-3 


0,4063492 

0,2440976 

0,2440975 

0,04901640 

0,04001040 

0,789141-1(7-? 

0,789141- 10  * 

0,02234684.10"? 

0,02234684- Iff-5 


0,3446423 
0,3446423 
0, 1354837 
0,1364837 
0,01911158 
0,0(911158 
0,758071- 10"? 
0,758071 -10"3 
0,4310653- 10" 
0,4310663-10- 
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